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Preface to the Second Edition

In preparing this second and enlarged edition, a third author has joined the
team. Still, the scope of the book has not changed. We try to provide a rig-
orous understanding of the theory and methods of univariate and multivar-
iate time series analysis. At the same time, the main objective is the devel-
opment of empirical skills with a special emphasis on the link to economic
applications. Therefore, we strengthened the specific feature of our book
that now contains 63 examples, most of them using real data sets. The
computations for the empirical examples were performed by means of
EViews, Version 7.2. Note that previous versions partly result in (slightly)
different numbers for parameters, standard errors and test statistics. The
same is likely to hold true with other computer programmes or future ver-
sions of EViews. Since the empirical examples are central to the book, we
now provide all data sets contained in EViews files on the homepage of
UWE HASSLER.

For this second edition we have updated some of the time series ana-
lysed in the examples, while other data sets containing historical series
taken from the literature remain unchanged. The major change of this en-
larged edition, however, consists of additional material. First, the new
Chapter 7 covers nonstationary panel data analysis. This accommodates
that during the last decade many of the time series techniques treated in
our book have been carried to the panel situation where series from sever-
al, possibly correlated units are investigated. Second, the final chapter on
conditional heteroscedasticity has been supplemented by a section on mul-
tivariate ARCH models accounting for time-varying conditional correla-
tion. Third, some subsections have been added (see Section 2.2.2 on tem-
poral aggregation), while others have been enlarged (see Section 5.5.1 on
fractional integration). Finally, we removed typos from the first edition
and improved the exposition where this seemed necessary.

We wish to thank all those who have helped us with this second edition.
It is our pleasure to mention, in particular, FLORIAN HABERMACHER.
TERESA KORNER, and GABRIELA SCHMID. They have made valuable con-
tributions towards improving the presentation but, of course, are not re-
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sponsible for any remaining deficiencies. Moreover, we are indebted to Dr.
MARTINA BIHN and RUTH MILEWSKI from Springer for their kind collabo-
ration.

St Gallen/Berlin/Frankfurt, August 2012

GEBHARD KIRCHGASSNER JURGEN WOLTERS UWE HASSLER



Preface to the First Edition

Econometrics has been developing rapidly over the past four decades. This
is not only true for microeconometrics which more or less originated dur-
ing this period, but also for time series econometrics where the cointegra-
tion revolution influenced applied work in a substantial manner. Econo-
mists have been using time series for a very long time. Since the 1930s
when econometrics became an own subject, researchers have mainly
worked with time series. However, economists as well as econometricians
did not really care about the statistical properties of time series. This atti-
tude started to change in 1970 with the publication of the textbook Time
Series Analysis, Forecasting and Control by GEORGE E.P. BOX and
GWILYM M. JENKINS. The main impact, however, stems from the work of
CLIVE W.J. GRANGER starting in the 1960s. In 2003 together with ROBERT
F. ENGLE, he received the Nobel Prize in Economics for his work.

This textbook provides an introduction to these recently developed
methods in time series econometrics. Thus, it is assumed that the reader is
familiar with a basic knowledge of calculus and matrix algebra as well as
of econometrics and statistics at the level of introductory textbooks. The
book aims at advanced Bachelor and especially Master students in eco-
nomics and applied econometrics but also at the general audience of econ-
omists using empirical methods to analyse time series. For these readers,
the book is intended to bridge the gap between methods and applications
by also presenting a lot of empirical examples.

A book discussing an area in rapid development is inevitably incomplete
and reflects the interests and experiences of the authors. We do not in-
clude, for example, the modelling of time-dependent parameters with the
Kalman filter as well as Markov Switching Models, panel unit roots and
panel cointegration. Moreover, frequency domain methods are not treated
either.

Earlier versions of the different chapters were used in various lectures
on time series analysis and econometrics at the Freie Universitit Berlin,
Germany, and the University of St. Gallen, Switzerland. Thus, the book
has developed over a number of years. During this time span, we also
learned a lot from our students and we do hope that this has improved the
presentation in the book.

VII



VIII  Preface

We would like to thank all those who have helped us in producing this
book and who have critically read parts of it or even the whole manuscript.
It is our pleasure to mention, in particular, MICHAEL-DOMINIK BAUER,
ANNA CISLAK, LARS P. FELD, SONJA LANGE, THOMAS MAAG, ULRICH K.
MULLER, GABRIELA SCHMID, THORSTEN UEHLEIN, MARCEL R. SAVIOZ,
and ENZO WEBER. They have all made valuable contributions towards im-
proving the presentation but, of course, are not responsible for any remain-
ing deficiencies. Our special thanks go to MANUELA KLOSS-MULLER who
edited the text in English. Moreover, we are indebted to Dr. WERNER A.
MULLER and MANUELA EBERT from Springer for their kind collaboration.

St Gallen/Berlin, April 2007

GEBHARD KIRCHGASSNER JURGEN WOLTERS
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1 Introduction and Basics

A time series is defined as a set of quantitative observations arranged in
chronological order. We generally assume that time is a discrete variable.
Time series have always been used in the field of econometrics. Already at
the outset, JAN TINBERGEN (1939) constructed the first econometric model
for the United States and thus started the scientific research programme of
empirical econometrics. At that time, however, it was hardly taken into ac-
count that chronologically ordered observations might depend on each oth-
er. The prevailing assumption was that, according to the classical linear re-
gression model, the residuals of the estimated equations are stochastically
independent from each other. For this reason, procedures were applied
which are also suited for cross section or experimental data without any
time dependence.

DONALD COCHRANE and GUY H. ORCUTT (1949) were the first to no-
tice that this practice might cause problems. They showed that if residuals
of an estimated regression equation are positively autocorrelated, the vari-
ances of the regression parameters are underestimated and, therefore, the
values of the F and t statistics are overestimated. This problem could be
solved, at least for the frequent case of first order autocorrelation, by trans-
forming the data adequately. Almost at the same time, JAMES DURBIN and
GEOFFREY S. WATSON (1950/51) developed a test procedure which made
it possible to identify first order autocorrelation. The problem seemed to be
solved (more or less), and, until the 1970’s, the issue was hardly ever
raised in the field of empirical econometrics.

This did not change until GEORGE E.P. BOX and GWILYM M. JENKINS
(1970) published a textbook on time series analysis that received consider-
able attention. First of all, they introduced univariate models for time se-
ries which simply made systematic use of the information included in the
observed values of time series. This offered an easy way to predict the fu-
ture development of this variable. Today, the procedure is known as Box-
Jenkins Analysis and is widely applied. It became even more popular when
CLIVE W.J. GRANGER and PAUL NEWBOLD (1975) showed that simple
forecasts which only considered information given by one single time se-
ries often outperformed the forecasts based on large econometric models
consisting sometimes of many hundreds of equations.

G. Kirchgéssner et al., Introduction to Modern Time Series Analysis, Springer Texts in Business 1
and Economics, DOI 10.1007/978-3-642-33436-8 1, © Springer-Verlag Berlin Heidelberg 2013



2 Introduction and Basics

In fact, at that time, many procedures applied in order to analyse rela-
tions between economic variables were not really new. Partly, they had al-
ready been used in other sciences, in particular, for quite a while, in the
experimental natural sciences. Some parts of their theoretical foundations
had also been known for a considerable time. From then on, they have
been used in economics, too, mainly because of two reasons. Up to then,
contrary to the natural sciences there had not been enough economic ob-
servations available to even consider the application of these methods.
Moreover, at the beginning of the 1970’s, electronic computers became
available which were quite powerful compared to earlier times and which
could manage numerical problems comparatively easy. Since then, the de-
velopment of new statistical procedures and larger, more powerful com-
puters as well as the availability of larger data sets has advanced the appli-
cation of time series methods which help to deal with economic issues.

Before we discuss modern (parametric) time series procedures in this
chapter, we give a brief historical overview (Section 1.1). In Section 1.2,
we demonstrate how different transformations can show the properties of
time series. In Section 1.3, we show how the lag operator can be used as a
simple but powerful instrument for modelling economic time series.

Certain conditions have to be fulfilled in order to make statistical infer-
ence based on time series data. It is essential that some properties of the
underlying data generating process, in particular expectation, variance and
covariances, between elements of these series, are not time dependent, i.e.
that the observed time series are stationary. Therefore, the exact definition
of stationarity is given in Section 1.4. which also introduces the autocorre-
lation function as an important statistical instrument for describing (time)
dependencies between the elements of a time series. Finally, in Section 1.5,
we introduce Wold’s Decomposition, a general representation of a station-
ary time series. Thus, this chapter mainly covers some notions and tools
necessary to understand the later chapters of this textbook.

1.1 The Historical Development of Time Series Analysis

Time series already played an important role in the early natural sciences.
Babylonian astronomy used time series of the relative positions of stars
and planets to predict astronomical events. Observations of the planets’
movements provided the basis of the laws JOHANNES KEPLER discovered.
The analysis of time series helps to detect regularities in the observa-
tions of a variable and derive ‘laws’ from them, and/or exploit all infor-
mation included in this variable to better predict future developments. The
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basic methodological idea behind these procedures, which were also valid
for the Babylonians, is that it is possible to decompose time series into a
finite number of independent but not directly observable components that
develop regularly and can thus be calculated in advance. For this proce-
dure, it is necessary that there are different independent factors which have
an impact on the variable.

In the middle of the 19™ century, this methodological approach to as-
tronomy was taken up by the economists CHARLES BABBAGE and
WILLIAM STANLEY JEVONS. The decomposition into unobserved compo-
nents that depend on different causal factors, as it is usually employed in
the classical time series analysis, was developed by WARREN M. PERSONS
(1919). He distinguished four different components:

¢ along-run development, the trend,

e a cyclical component with periods of more than one year, the business
cycle,

e a component that contains the ups and downs within a year, the seasonal
cycle, and

e a component that contains all movements which neither belong to the
trend nor to the business cycle nor to the seasonal component, the resid-
ual.

Under the assumption that the different non-observable factors are inde-
pendent, their additive overlaying generates the time series which we can,
however, only observe as a whole. In order to get information about the
data generating process, we have to make assumptions about its unob-
served components. The classical time series analysis assumes that the sys-
tematic components, i.e. trend, business cycle and seasonal cycle, are not
influenced by stochastic disturbances and can thus be represented by de-
terministic functions of time. Stochastic impact is restricted to the residu-
als, which, on the other hand, do not contain any systematic movements. It
is therefore modelled as a series of independent or uncorrelated random
variables with expectation zero and constant variance, i.e. as a pure ran-
dom process.

However, since the 1970’s, a totally different approach has increasingly
been applied to the statistical analysis of time series. The purely descrip-
tive procedures of classical time series analysis were abandoned and, in-
stead, results and methods of probability theory and mathematical statistics
have been employed. This has led to a different assessment of the role of
stochastic movements with respect to time series. Whereas the classical
approach regards these movements as residuals without any significance
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for the structure of time series, the modern approach assumes that there are
stochastic impacts on all components of a time series. Thus, the ‘law of
movement’ of the whole time series is regarded as a stochastic process,
and the time series to be analysed is just one realisation of the data gener-
ating process. Now the focus is on stochastic terms with partly rather com-
plex dependence structures.

The first steps in this direction were taken by the Russian statistician
EVGENIJ EVGENIEVICH SLUTZKY and the British statistician GEORGE
UDNY YULE at the beginning of the last century. Both of them showed that
time series with cyclical properties similar to economic (and other) time
series can be generated by constructing weighted or unweighted sums or
differences of pure random processes. EVGENI] EVGENIEVICH SLUTZKY
and GEORGE UDNY YULE developed moving average and autoregressive
processes as models to represent time series. HERMAN WOLD (1938) sys-
tematised and generalised these approaches in his doctoral thesis. Their
widespread practical usage is due to GEORGE E.P BOX and GWILYM M.
JENKINS (1970), who developed methods to implement these models em-
pirically. They had abandoned the idea of different components and as-
sumed that there was a common stochastic model for the whole generation
process of time series. Firstly, this method identifies a specific model on
the basis of certain statistical figures. Secondly, the parameters of this
model are estimated. Thirdly, the specification of the model is checked by
statistical tests. If specification errors become obvious, the specification
has to be changed and the parameters have to be re-estimated. This proce-
dure is re-iterated until it generates a model that satisfies the given criteria.
This model can finally be used for forecasts.

Recently, the idea of decomposing a time series has been taken up
again, particularly for the modelling of seasonal variations. However, con-
trary to the classical approach, it is now assumed that all components of a
time series can be represented by simple stochastic models. The procedure
for the seasonal adjustment of time series used by EUROSTAT is, for ex-
ample, based on such an approach.

Moreover, since the 1980’s the possible nonstationarity of time series
has increasingly been taken into consideration. Nonstationarity might not
only be caused by deterministic but also by stochastic trends and, further-
more, the nonstationarity of time series is no longer simply eliminated
through the application of filters in order to continue within the framework
of stationary models. Nonstationarity is rather explicitly taken into account
when constructing models, as long as this is possible and seems to make
sense. Accordingly, after this introduction of the basic principles, we will
first deal with models of stationary time series and then turn to the model-
ling of nonstationary time series.
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1.2 Graphical Representations of Economic Time Series

When investigating (economic) time series, it is generally useful to start
with graphical representations to detect those properties of the series which
can be seen by simply looking at the plot of a time series. In this context, it
is important to consider different transformations of the time series to be
analysed, as, for example, its levels, its changes and its relative changes.

bn Euro
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100 L B L B L I

196 1970 1980 1990 2000 2010

Figure 1.1: Real Gross Domestic Product of the Federal Republic
of Germany in billions of Euro, 1960 — 2011

year

Figure 1.1 shows the real Gross Domestic Product (GDP) of the Federal
Republic of Germany in billions of Euros from the first quarter of 1960 to
the fourth quarter of 2011, in prices of 1995. Up to 1999, the data stem
from the National Accounts of the Federal Republic of Germany issued by
the German Institute of Economic Research (DIW) in Berlin. From 2000
onwards, the series is based on data published by the German Bundesbank
based on data of the Federal Statistical Office. This time series increases in
the long run, i.e. it has a positive trend. On the other hand, it shows well-
pronounced short-run movements which take place within one year. These
are seasonal variations. There are two remarkable shifts in the series. The
first one is due to the German Unification: from the third quarter of 1990
on, the series is based on data for the unified Germany while the earlier da-
ta are based on the former West Germany only. The second one is due to
the big financial and economic crisis which caused a drop of the German
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GDP of about 10 per cent from the third quarter in 2008 to the first quarter
in 2009.
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Figure 1.2: Quarterly Changes of the Real Gross Domestic Product (AGDP)

of the Federal Republic of Germany, 1960 — 1989

When changes from quarter to quarter are analysed, i.e. AGDP, = GDP; —
GDPy;, where t is the time index, Figure 1.2 shows that the trend is elimi-
nated by this transformation while the seasonal variations remain. (Be-
cause of the structural break due to the German Unification, we only con-
sider the West German data from 1960 to 1989.) The resulting values
fluctuate around zero with almost constant amplitude. Moreover, the sea-
sonal component shows a break: up to 1974, the annual minimum is almost
always located in the first quarter, from 1975 onwards in the fourth quar-
ter.

If the relative changes from quarter to quarter are to be observed, we
take the quarterly growth rates. In percentage points, these are usually cal-
culated as

GDP. —GDP
1.1 = —— L Q0.
(L.1) qer, GDP

t-1

However, the problem with this representation is that there is an asym-
metry with respect to positive and negative changes: A rise from 100 to
125 is seen as an increase of 25 percent, whereas a decline from 125 to 100
is seen as a decrease of ‘only’ 20 percent. This can lead to considerable
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problems if average growth rates are calculated for time series with strong-
ly pronounced fluctuations. In an extreme case this might lead to the calcu-
lation of positive average growth rates in spite of a negative trend. In order
to avoid this, ‘continuous’ growth rates are usually employed today, which
are calculated (again in percentage points) as

(1.1 qere = (In(GDP,) — In(GDP..,)) - 100.

Here, In(-) denotes the natural logarithm. In the following, we will always
use this definition. As the approximation In(1 + x) = x is valid for small
values of x, the differences between (1.1) and (1.1') can generally be ne-
glected for small growth rates.

percent
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Figure 1.3: Quarterly Growth Rates of the Real Gross Domestic Product (qgr)

of the Federal Republic of Germany, 1960 — 1989

Figure 1.3 shows that the growth rates, too, reflect a seasonal pattern. In
1975, this pattern is clearly disrupted. However, contrary to Figure 1.2, the
amplitude and thus the relative importance of the seasonal variation has
obviously been declining over time.
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Figure 1.4:  Annual Changes of the Real Gross Domestic Product (4,GDP) of

the Federal Republic of Germany, 1961 — 1989

If seasonal variations are to be eliminated, changes should be related to the
same quarter of the preceding year and not to the preceding quarter. With
AGDP; = GDP; — GDPy4, Figure 1.4 shows the annual changes in the
German Gross Domestic Product compared to the same quarter of the pre-
vious year. This series does no longer show any seasonal variations. These
changes are mostly positive; they are only negative during recessions. This
is particularly true for 1967, when Germany faced its first ‘real’ recession
after the Second World War, as well as for the recessions in 1975 and
1981/82 which followed the two oil price shocks.

The annual growth rates, i.e. the corresponding relative annual changes
(in percent), are, however, more revealing. They are presented in Figure
1.5 and can be calculated as

agr; = (In(GDPy) — In(GDP.4)) - 100.

The sixties and seventies are characterised by highly fluctuating growth
rates between -3.5 and just below 10 percent. In the seventies, the big re-
cession of 1975 can clearly be recognised as well as the recession in the
early eighties. Subsequently, real growth rates were positive, but at a lower
level than before, between zero and just under five percent.
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Figure 1.5:  Annual Growth Rates of Real Gross Domestic Product (agr) of
the Federal Republic of Germany, 1960 — 1989

year

A further possibility to eliminate seasonal variations without eliminating
the trend is given by the following transformation:

GDPS, = l(GDP +GDP_, +GDP,_, +GDP, ;).
t 4 t t—1 t-2 t-3

Four consecutive values of the time series are added and, in order to avoid
a shift in the level, divided by 4. Thus, we get an (unweighted) moving av-
erage of order four, i.e. with four elements. Figure 1.6 shows the series
GDP and GDPS for the period from 1961 to 2011. The latter indicates the
long-term development, the so-called smooth component of the Gross
Domestic Product around which the actual values fluctuate. The smooth
component clearly indicates four (normal) recessions: in the late 1960’s,
the mid 1970’s, the early 1980’s and the last one after 1992. It also shows
the structural break caused by the German Unification and the shift caused
by the financial and economic crisis. But while the German Unification
clearly caused a shift in the level of the series, the one caused by the finan-
cial and economic crisis might just be the result of the big recession from
which the German economy had not yet fully recovered in 2011. Thus, it
might have no long-run impact on the level of the series. It is also obvious
that these shifts are partly smoothed and thus ‘averaged away’. This exam-
ple clearly shows that different ways of transforming one and the same
time series can reveal the different kinds of information contained in it.
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Figure 1.6: ‘Smooth Component‘ and actual values of the Real Gross Domestic
Product of the Federal Republic of Germany, 1961 — 2011
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1.3 The Lag Operator

We introduce the lag operator L to show the relation between the differ-
ences and the moving average. Let x be a time series. If we apply the lag
operator on this series, all values are delayed by one period, i.e.

(12) LXt = Xt—l'

If we apply the lag operator to x.;, we get X, because of relation (1.2), and
we can indicate

LXt-l = L(th) = LZXt = Xt-2 .
By generalising we get
(1.3) L% = xw, k= ..,-1,0,1,2,....

For k = 0 we get the identity L%, = x,. Usually, instead of L’ we just write
‘1’. For k > 0 the series is shifted k periods backwards, and for k <0 |k| pe-
riods forward. For example: L'3xt = Xu3. Furthermore, the usual rules for
powers apply. Thus, we can write the following:

Lth_n = Lln(LnXt) = LernXt = Xt_(ern) .
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The following notation results from using the lag operator for the first dif-
ferences:

(1.4) Ax; = x¢—X¢1 = (I-L)x;.
For fourth differences it holds that
(L.5) AXe = X¢—Xes = (1- L4)Xt >

while growth rates as compared to the same quarter of the preceding year
can be written as

(1.6) Adn(x) = In(x) — In(xes) = (1—LYHIn(x,) .

Finally, the unweighted moving average of order four can be written as
1 1
(L7)  xs; = Z(Xt+Xt-1 + X2+ Xe3) = Z(l +L+L2+L3)Xt~

Quite generally, a polynomial of order p in the lag operator can be repre-
sented as

aL)x, = (1-oyL—opl? — ... — o, LP)x
= Xi{— 0 Xg1 — 00X — ooe — (XpXt_p.
Trivially, there can be no delay if we apply the lag operator on a constant
d, 1.e. it holds that
aL)o = (1-oy—ar—...—ap)o.
Thus, the value of the lag polynomial is the sum of all its coefficients in
this case. We get the same result if we substitute L by L’ = 1:

p

(1.8) al) = 1-Ya,.
i=l1

Relations (1.4) to (1.7) show the great advantage of the lag operator: trans-
formations can be represented independently from the special time series,
simply by a polynomial in the lag operator. Moreover, the same operations
as with common polynomials (in real or complex variables) can be per-
formed with lag polynomials, especially multiplication and division. For
the multiplication the commutative law holds, i.e.

DBL) = PL)a(L).

Such polynomials of the lag operator are also called ‘linear filters’. If we
multiply the first difference filter (1.4) with the moving average of third
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order (1.7) multiplied by four, we get the filter of fourth difference (1.5) be-
cause of

(1-L)Q1+L+L*+L% = (1-L"%.

This reveals that, as the long-term component is eliminated by the first dif-
ference filter and the seasonal component by the moving average, both
components are eliminated from a time series by the product of those two
filters, the filter of fourth differences.

1.4 Ergodicity and Stationarity

Formal models for time series are developed on the basis of probability
theory. Let the T-dimensional vector of random variables X;, X, ..., Xt be
given with the corresponding multivariate distribution. This can also be in-

. . T .
terpreted as a series of random variables {Xt}tzl , as stochastic process or

as data generating process (DGP). Let us now consider a sample of this

process of length T. Consequently, the real numbers {X%l),xg),. . .,X(Tl)} are

just one possible result of the underlying data generating process. Even if
we were able to observe this process infinitely long, {xﬁl)}: would be just

one realisation of this stochastic process. It is obvious, however, that there
is not just one realisation of such a process, but, in principle, an arbitrary
number of realisations which all have the same statistical properties as they
all result from the same data generating process.

In the following, a time series is considered as one realisation of the un-
derlying stochastic process. We can also regard the stochastic process as
the entirety of all of its possible realisations. To make the notation as sim-
ple as possible, we will not distinguish between the process itself and its
realisation. This can be taken out of the context.

Stochastic processes of the dimension T can be completely described by
a T-dimensional distribution function. This is, however, not a practicable
procedure. We rather concentrate on the first and second order moments,
i.e. on the mean (or expected value)

E[x],t=1,2,.., T,
the T variances
V[x] = E[(x—E[x])’], t=1,2,.., T,

as well as the T(T-1)/2 covariances
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Cov[xy,Xs] = E[(x¢— E[x])(xs — E[x])], t<s.

Quite often, these are denoted as autocovariances because they are covari-
ances between random variables of the same stochastic process. If the sto-
chastic process has a multivariate normal distribution, its distribution func-
tion is fully described by its moments of first and second order. This holds,
however, only in this special case.

As we usually have only one time series, i.e. just one realisation of the
stochastic process in practical applications, we have to make additional as-
sumptions in order to be able to perform statistical inference. For example,
to be able to estimate the expected value, the variance and the covariances
of the stochastic process {x;}, there should be more than one realisation of
this random variable available for a given point in time t.

The assumption of ergodicity means that the sample moments which are
calculated on the basis of a time series with a finite number of observations
converge (in some sense) for T — oo against the corresponding moments of
the population. This concept is only meaningful, however, if we can as-
sume that, for example, the expectations E[x;] = n and the variances V[x] =
o’ are constant for all t.

More precisely, a DGP is said to be mean ergodic if
1< ’
IimE|| =) x, — = 0,
T (T ; t HJ
and variance ergodic if

T 2
limE GZ(XI—M)Q—Gij = 0.

Too
t=1

These conditions are ‘consistency properties’ for dependent random varia-
bles and cannot be tested. Therefore, they have to be assumed.

A stochastic process has to be in statistical equilibrium in order to be er-
godic, i.e. it has to be stationary. Two different kinds of stationarity can be
distinguished. If we assume that the common distribution function of the
stochastic process does not change by a shift in time, the process is said to
be strictly stationary. As this concept is difficult to apply in practice, we
only consider weak stationarity or stationarity in the second moments. We
first define stationarity for the corresponding moments of the stochastic
process {X}:

(1) Mean Stationarity: A process is mean stationary if E[x] = pu, = p is
constant for all t.
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(i1) Variance Stationarity: A process is variance stationary if V[x(] = E[(x;
—w)’1= o2 =v(0) is constant and finite for all t.

(iii)) Covariance Stationarity: A process is covariance stationary if
Cov[xy,xs] = E[(X¢ — m)(Xs — Ks)] = y(]s—t|) 1s only a function of the
time distance between the two random variables and does not depend
on the actual point in time t.

(iv) Weak Stationarity: As variance stationarity immediately results from
covariance stationarity for s = t, a stochastic process is weakly sta-
tionary when it is mean and covariance stationary.

Because we only assume this kind of stationarity in the following, we will
mostly drop the adjective weak.

Example 1.1

We call the stochastic process {u.} a pure random or a white noise process, if it
has the following properties: E[u,] = 0 and V[u,] = 6> for all t, as well as Cov[u,us]
= E[uu] = 0 for all t # s. Apparently, this process is weakly stationary. The ran-
dom variables all have mean zero and variance o and are uncorrelated with each
other.

Example 1.2
Let the stochastic process {x;} be defined as

u, for t=1,

(EL.D) X, =
X, +u, for t=273,...,

where {u;} is a pure random process. This stochastic process, a random walk

without drift, can also be written as

t
(E1.2) X, =u .
=1

Let us assume that we generate {u,} by flipping a fair coin. We get heads with
probability 0.5 (in this case, our random variable has the value +1) and tails with
probability 0.5 (in this case, our random variable has the value -1). Let us start, for
example, with xo = 0 for t = 0. Then it is easy to see that all possible realisations
(time series) of this random walk can only take values within the area in Figure
1.7 which is limited by the two angle bisectors. If each flip results in heads (tails),
the corresponding time series would take the value +1 (-1) for t = 1, the value +2
(-2) for t =2, and so on.
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Figure 1.7:  Example of a Random Walk where only the steps +1
and —I are possible

Which moments of first and second order does the stochastic process as defined in
(E1.1) have? Due to (E1.2) and the properties of a pure random process it holds
that

Cov[x,.x,] = EKZuJ(ZuH = Z E[uy, | = min(t,s)c’.

j=1 i=1

Thus, the random walk without drift is mean stationary, but neither variance nor
covariance stationary and, consequently, also not weakly stationary. The random
walk without drift is an important element of a category of nonstationary stochas-
tic processes which, as will be shown later, are well suited to describe the devel-
opment of economic time series.

It is impossible to evaluate the strength of dependence of random variables
of a stochastic process by using autocovariances as these are not normal-
ised and, therefore, dependent on the applied measurement units. If the co-
variances are normalised with the respective variances, the result is a term
which is independent of the applied measurement unit, the autocorrelation
function. For weakly stationary processes this is given by
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(1.9) p(r) = E[(Xé[_(i)(_x&]_“)] - zgi t=..-1,0,1,..,
and has the following properties:

@ p(0) =1,

(i1) p(t) = p(-1), and

(ii) lp(t)] < 1, forall t.

Because of (i) and the symmetry (ii) it is sufficient to know the autocorre-
lation function or the autocorrelogram fort =1, 2, ....
Due to the ergodicity assumption, mean, variance and autocovariances
of stationary processes can be estimated in the following way:
- .
no= ?;‘,Xt )
T

20) = %Z(Xt Y,

t=1
. 1S - .
Y(T) = ?Z(Xt _H)(Xt+‘t _M)a t=12,.,T-1
t=1

These are consistent estimators of p, y(0) und y(t). The consistent estima-
tor of the autocorrelation function is given by
T-1
(Gt 190 S () BN
o tz ' ' _ o
(1.10) p(r) = - = 0)’ t=12,..,T-1.
> (x,—p) !

t=1

This estimator is asymptotically unbiased. For white noise processes, its
variance can be approximated by 1/T and is asymptotically normally dis-
tributed. Due to this, approximate pointwise 95 percent confidence inter-

vals of =2/ \/T are often indicated for the estimated autocorrelation coef-
ficients.

According to MAURICE STEVENSON BARTLETT (1946), the variance of
autocorrelation coefficients of stochastic processes in which all autocorre-

lation coefficients disappear from the index value k + 1 on, p(t) =0 for T >
k, is approximately given by
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V@] ~ %(szp(j)zj, >k

In order to evaluate estimated time series models, it is important to know
whether the residuals of the model really have the properties of a pure ran-
dom process, in particular, whether they are uncorrelated. Thus, the null
hypothesis to be tested is

Hp:p(t)=0fort=1,2,..,m,m<T.
The first possibility to check this is to apply the 95 percent confidence lim-
its +2/~/T valid under the null hypothesis to every estimated correlation
coefficient. Under Hy at most 5 percent of p(t) may lie outside these lim-
its.
To make a global statement, i.e. to test the common hypothesis whether
a given number of m autocorrelation coefficients are zero altogether,

GEORGE E. P. Box and DAVID A. PIERCE (1970) have developed the fol-
lowing test statistic:

(1.11) Q* = T 2 ().

M
o>

]

Under the null hypothesis it is asymptotically ¥* distributed with m-k de-
grees of freedom, k being the number of estimated parameters.

As — strictly applied — the distribution of this test statistic holds only as-
ymptotically, GRETA M. LJUNG and GEORGE E. P. BOx (1978) proposed
the following modification for small samples,

(1.12) Q = T(T+2)i§i‘_)}

which is also asymptotically y* distributed with m-k degrees of freedom.

It should be intuitively clear that the null hypothesis of non-auto-
correlation of the residuals should be rejected if some of the p(j) are too
large, i.e. if Q* or Q is too large, or — to be more precise — if they are larger
than the corresponding critical values of the % distribution with m-k de-
grees of freedom for a specified significance level.

An alternative to these testing procedures is the Lagrange-Multiplier
Test (LM Test) developed by TREVOR S. BREUSCH (1978) and LESLIE G.
GODFREY (1978). Like for the Q (Q*) test the null hypothesis is

Hy: The residuals are not autocorrelated,
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which is tested against the alternative that the residuals follow an auto-
regressive or a moving average process of order m. The test can be per-
formed with an auxiliary regression. The estimated residuals are regressed
on the explanatory variables of the main model and on the lagged residu-
als, up to order m. The test statistic which is y* distributed with m degrees
of freedom is given by T times the multiple correlation coefficient R* of
the auxiliary regression, with T being the number of observations. Alterna-
tively, an F test can be used for testing the combined significance of the
lagged residuals in the auxiliary regression.

Compared to the Durbin-Watson test which is used in traditional econ-
ometrics for testing autocorrelation of the residuals of an estimated model,
the Q (Q*) as well as the LM test have two major advantages: firstly, they
can check for autocorrelation of any order, and not only of first order. Sec-
ondly, the results are also correct if there are lagged endogenous variables
in the regression equation, whereas in such cases the results of the Durbin-
Watson test are biased in favour of the null hypothesis.

The fact that the residuals are not autocorrelated does not imply that
they are independently and/or normally distributed; absence of autocorre-
lation does only imply stochastic independence if the variables are normal-
ly distributed. It is, however, often assumed that they are normally distrib-
uted, as the usual testing procedures are based on this assumption. Whether
this is actually true depends on the higher moments of the distribution. Es-
pecially the third and fourth moments are important,

E[(x—E[x])], i = 3,4.
The third moment is necessary to determine the skewness of the distribu-
tion which can be estimated by
T

Z(Xt _ﬂf

t=1

A

1
S = ? —
7(0)’
For symmetric distributions (as the normal distribution) the theoretical
value of the skewness is zero. The kurtosis which is based on the forth
moment can be estimated by
i 4
X f—
o l:l( )

T 0

For the normal distribution it holds that K = 3. Values larger than three in-
dicate that the distribution has ‘fat tails’: the density of a distribution in the
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centre and at the tails, i.e. outside the usual = 2¢ limits, is higher and in the
areas in between smaller than the density of a normal distribution. This
holds, for example, for the t distribution. Such fat tails are typical for high
frequency financial market data.

Using the skewness S and the kurtosis K, CARLOS M. JARQUE and ANIL
K. BERA (1980) proposed a test for normality. It can be applied directly on
the time series itself (or on its differences). Usually, however, it is applied
to check estimated regression residuals. The test statistic

T( A A
JB = —(SZ + l(K— 3)2j
6 4

is y* distributed with 2 degrees of freedom. T is again the sample size. The
hypothesis that the variable is normally distributed is rejected whenever
the values of the test statistic are larger than the corresponding critical val-
ues.

Example 1.3

The price development in efficient markets as, for example, stock prices or ex-
change rates, can often be represented by a random walk. An example is the ex-
change rate between the Swiss Franc and the U.S. Dollar. Monthly data of this se-
ries are shown in Figure 1.8a for the period from January 1974 to December 2011.
Below this, continuous monthly returns corresponding to (1.1') are presented.
They behave like a pure random process. This can be seen from the correlogram:
none of the estimated correlation coefficients which are presented in Figure 1.8c is
significantly different from zero. (The dashed lines in Figure 1.8c represent the
approximate 95 percent confidence limits.) Moreover, neither the Ljung-Box Q
test nor the Breusch-Godfrey LM test indicate autocorrelation: For m =2 and m =
12 the test statistics are Q(2) = 0.767, Q(12) = 11.813, LM(2) = 0.749, LM(12) =
13.608. (The critical values of the y* distribution with 2 degrees of freedom are
4.605 and with 12 degrees of freedom 18.549, both at the 10 percent significance
level.) On the other hand, the hypothesis of normality has to be rejected at the 0.1
percent level since JB = 18.178. (The critical value of the x* distribution with 2
degrees of freedom at the 0.1 percent level is 13.816). The reason for this is the
kurtosis with a value of 3.964.
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1.5 The Wold Decomposition

Before we deal with special models of stationary processes, a general
property of such processes is discussed: the Wold Decomposition. This de-
composition traces back to HERMAN WOLD (1938). It exists for every co-
variance stationary, purely non-deterministic stochastic process: After sub-
tracting the mean function, each of such processes can be represented by a
linear combination of a series of uncorrelated random variables with zero
mean and constant variance, which are the errors made in forecasting x, on
the basis of a linear function of lagged x.

Purely non-deterministic means that all additive deterministic compo-
nents of a time series have to be subtracted in advance. By using its own
lagged values, any deterministic component can be perfectly predicted in
advance. This holds, for example, for a constant mean, as well as for peri-
odic, polynomial, or exponential series in t. Thus, one can write:

(1.13) X —w = Z:\Vjut_j with vy, = 1 and Z\p}z < o,
j=0 =0
There, u; is a pure random process, i.e. it holds that

o’ for t=s

E[w] = 0 and E[uu] = o
0 otherwise

The quadratic convergence of the series of the y; guarantees the existence
of second moments of the process. There is no need of any distributional
assumption for this decomposition to hold. Especially, there is no need of
the u,to be independent, it is sufficient that they are uncorrelated.

For the mean we get

E[x,-n] = E[Z‘l’jut—j} - Z\ij[uH] =0,
j=0 =0
i.e., it holds that
E[x] =

The variance can be calculated as follows:
Vixd = E[(x¢— “'t)z] = E[(u+ Wi Upr T Yo U+ )2] .

Because of E[u,u..j] = 0 for j # 0, this can be simplified to
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VIxJ = E[u]+ yiE[u’,] + yiE[ug,] + ...

= o’y v = 7(0).
=0

Thus, the variance is finite and not time dependent. Correspondingly, with
T > 0 we get the time independent autocovariances
Cov[x, Xl = E[(X¢ — M)(Xer 1 — Her )]
= E[(uw + yiu + o0 F Yol T Yol L0
“(Uer + WU T o T oy F Yo ug )]

= o(L'ye + Yo + Yoo + ..0)

= GZZWjW‘r+j = Y(T) < wa

=0

with yo = 1. It becomes clear that the autocovariances are only functions of
the time difference, i.e. the distance between two random variables. Thus,
all conditions of covariance stationarity are fulfilled. Because of (1.9) the
autocorrelation function is given by:

Z\Vj W1:+j

p(t) = = =12,

DV
=0

All stationary models discussed in the following chapters can be represent-
ed on the basis of the Wold Decomposition (1.13). However, this represen-
tation is, above all, interesting for theoretical reasons: in practice, applica-
tions of models with an infinite number of parameters are hardly useful.
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2 Univariate Stationary Processes

As mentioned in the introduction, the publication of the textbook by
GEORGE E.P. BOX and GWILYM M. JENKINS in 1970 opened a new road to
the analysis of economic time series. This chapter presents the Box-Jen-
kins Approach, its different models and their basic properties in a rather
elementary and heuristic way. These models have become an indispensa-
ble tool for short-run forecasts. We first present the most important ap-
proaches for statistical modelling of time series. These are autoregressive
(AR) processes (Section 2.1) and moving average (MA) processes (Section
2.2), as well as a combination of both types, the so-called ARMA process-
es (Section 2.3). In Section 2.4 we show how this class of models can be
used for predicting the future development of a time series in an optimal
way. Finally, we conclude this chapter with some remarks on the relation
between the univariate time series models described in this chapter and the
simultaneous equations systems of traditional econometrics (Section 2.5).

2.1 Autoregressive Processes

We know autoregressive processes from traditional econometrics: Already
in 1949, DONALD COCHRANE and GUY H. ORCUTT used the first order au-
toregressive process for modelling the residuals of a regression equation.
We will start with this process, then treat the second order autoregressive
process and finally show some properties of autoregressive processes of an
arbitrary but finite order.

2.1.1 First Order Autoregressive Processes

Derivation of Wold’s Representation

A first order autoregressive process, an AR(1) process, can be written as
an inhomogeneous stochastic first order difference equation,

(2.1) Xy = 0 + aXep t+oug,

G. Kirchgéssner et al., Introduction to Modern Time Series Analysis, Springer Texts in Business 27
and Economics, DOI 10.1007/978-3-642-33436-8 2, © Springer-Verlag Berlin Heidelberg 2013
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where the inhomogeneous part 6 + u; consists of a constant term & and a
pure random process u;. Let us assume that for t = t, the initial value Xy, is

given. By successive substitution in (2.1) we get

X =06+ ax, tu

to+l

X = 0§ + ax +u

to+2 to+l to+2

= 6 + 0’(8 + (X.Xto + ut0+1) + u10+2
— 2
=d6tw tax, tau ,t+tu.,

Xt0+3 = 6 + axtﬂ+2 + ut0+3

_ 2 3 2
Xto+3 =d+atadta Xto T ut0+1 +aut0+2 + ut0+3

= (1 +a+ad+ ... +ahs+ax,

Xyt

+u

to+1-1 to+T 2

1-1 T-2
tfa u , tovu, + ... +tou

or

T -1

i
- d + Z():OL U
e

-

X = a'x, +
0

to+T

Fort=t,+ 1, we get

1— ot t=ty-l
(2.2) x = o'’'x, +——-38 + o'u
0 1 — Qo j=0

The development and thus the properties of this process are mainly deter-
mined by the assumptions on the initial condition X, .

The case of a fixed (deterministic) initial condition is given if X, is as-
sumed to be a fixed (real) number, for example for t, = 0, i.e. no random
variable. Then we can write:

l1-a SR
X = o'xo + 5 + Zocju,.
1- i
o Py

This process consists of time dependent deterministic and stochastic parts.
Thus, it can never be weakly stationary, since first and second order mo-
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ments are time dependent. It is, however, asymptotically stationary be-
cause the time dependence vanishes for ty — -co.

We can imagine the case of stochastic initial conditions as (2.1) being
generated along the whole time axis, i.e. -co <t < co. If we observe the
process only for positive values of t, the initial value x, is a random varia-
ble which is generated by this process. Formally, the process with stochas-
tic initial conditions results from (2.2) if the solution of the homogeneous
difference equation has disappeared. This is only possible if |a| < 1. There-
fore, in the following, we restrict a to the interval -1 <o < 1. If lim X, is

ty—>—©
bounded, (2.2) for ty — - co converges to

00

o .
2.3 = —— + o'u, ..
(2.3) o= o > o'y,

=0

The time dependence has disappeared. According to Section 1.5, the AR(1)
process (2.1) has the Wold representation (2.3) with y; = o and |o| < 1.
This results in the convergence of

0

2 v =2 o=

o0
j=0 =0

1
1 - a

P

Thus, assuming stochastic initial conditions, the process (2.1) is weakly
stationary.

The Lag Operator

Equation (2.3) can also be derived from relation (2.1) by using the lag op-
erator defined in Section 1.3:

(2.1 (1-al)x, = d+u.
If we solve for x, we get

o 1
+ u
1-oLlL 1-oL

(2.4) X =

t .

The expression 1/(1 — aL) can formally be expanded to a geometric series,

1
1-alL

= 1 +al + L2+ oL + ... .

Thus, we get
x = (1 +aL + 0oL+ ..)8 + (1 +aL + &L + ...)u

= (l+o+a+ .)0+u+aut Cusy + ...,
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and because of |o| <1

X; = 16—+Za’u”

=0

The first term could have been derived immediately if we substituted the
value ‘1’ for L in the first term of (2.4). (See also relation (1.8) on p. 11).

Calculation of Moments

Due to representation (2.3), the first and second order moments can be cal-
culated. As E[u;] = 0 holds for all t, we get for the mean

) 2
E[x] = E|l— + o’u, .
[t] |:1_a J:ZO l-]:|

) S )
e A Sl 1 Bl il
=0

i.e. the mean is constant. It is different from zero if and only if & # 0. Be-
cause of 1 — a > 0, the sign of the mean is determined by the sign of 5. For
the variance we get

o-ite] ] - (B

E[(u; + auy; + (Izut-z + .. )2]

VIx]

E[u’ + o u’, + o' ul, + ... + 20uu.; + 200w, + ... ]
= o’(1+o*+a'+..),

because E[u, us] = 0 for t # s and E[u, u,] = ¢° for t =s. Applying the sum-
mation formula for the geometric series, and because of |a| < 1, we get the
constant variance

Vixd = —o

The covariances can be calculated as follows:

Cov [XuXe] = El(xt —6—] (XH —S—H
- 1-a
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= E[(w+au,+..+ta u.,+..)
(U + 0 U ey + 07 U +..)]
= E[(u+aue + ...+ 0" uen
F 0 (U + QU ey + 02 U +...))
(U + AUy + o’ Upro + .00)]
= o E[(Upr + 0ot + 00+ ... )]
Thus, we get

2
T (e}

Cov [XuXe] = A'V[Xe] = a =
1-a

The autocovariances are only a function of the time difference t and not of

time t, and we can write:

2
()

1-ao?

(2.5) y(t) = of , t=0,1,2,...

Therefore, the AR(1) process with |a| < 1 and stochastic initial conditions
is weakly stationary.
An Alternative Method for the Calculation of Moments

Under the condition of weak stationarity, i.e. for |a| < 1 and stochastic ini-
tial conditions, the mean of X, is constant. If we apply the expectation op-
erator on equation (2.1), we get:

E[x] = E[d+axy+u] = 6+aE[x.]+E[u].
Because of E[u;] = 0 and E[x(] = E[X¢1] = p for all t we can write

)
Ex] = p = 1—o

If we consider the deviations from the mean,
X, = X — 1
and substitute this in relation (2.1), we get:
X, tp=90+taXx,tap+u.

From this it follows that
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X, = d0+tp(a-1) + o X, + u
d -
= 6+1 (a—1) +a X +u
(2.6) X, = oX, tu.

This is the AR(1) process belonging to (2.1) with E[ X, ] = 0.
If we multiply equation (2.6) with X,__ for T > 0 and take expectations
we can write:

(27) E[ it—‘r ~t ] = a E[ it—‘c it—l ] + E[ it—r ut] .

Because of (2.3) we get

X, ;. = U + Ol + O Upry + on.
This leads to
2
- c° for 1=0
2.8 E[Xx,_.u] = .
28 (Xl {0 for t>0

Because of the stationarity assumption and because of the (even) sym-
metry of the autocovariances, y(t) = y(-1), equation (2.7) results in

1=0: E[%’] = aE[X,X_] + o,
or
¥(0) = ay() + 0,
t=1: EB[XX_] = aE[X],],
or
y(1) = av(0).

This leads to the variance of the AR(1) process

2
(o)

1-o®

y(0) =

Fort>1 (2.7) implies
y(1) = ay(0)
12) = ay(1) = o*¥(0)
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¥3) = ay2) = @ %0

v = ay(-l) = a'y(0) .

Thus, the covariances can be calculated from the linear homogeneous first
order difference equation

y(r) —ay(t-1) = 0
with the initial value y(0) = 6°/(1 — o?).

The Autocorrelogram

Because of p(t) = y(t)/y(0), the autocorrelation function (the autocorrelo-
gram) of the AR(1) process is

(2.9) p(tr)y = a', Tt=1,2,...

This function converges geometrically to zero for 1 — oo, and its infinite
sum equals 1/(1 — a) since |a| < 1. This convergence is monotone for posi-
tive and oscillating for negative values of a.

Example 2.1

For 3 =0and a € {0.9, 0.5, -0.9}, Figures 2.1 to 2.3 each present one realisation
of the corresponding AR(1) process with T = 240 observations. To generate these
series, we used realisations of normally distributed pure random processes with
mean zero and variance one. We always dropped the first 60 observations to elim-
inate the dependence of the initial values.

The realisation for o = 0.9, presented in Figure 2.1, is relatively smooth. This is
to be expected given the theoretical autocorrelation function because random vari-
ables with a considerable distance between each other still have high positive cor-
relations.

The development of the realisation in Figure 2.2 with o = 0.5 is much less sys-
tematic. The geometric decrease of the theoretical autocorrelation function is ra-
ther fast. The fourth order autocorrelation coefficient is only 0.0625.

Contrary to this, the realisation of the AR(1) process with o = -0.9, presented in
Figure 2.3, follows a well pronounced zigzag course with, however, alternating posi-
tive and negative amplitudes. This is consistent with the theoretical autocorrelation
function indicating that all random variables with even-numbered distance are posi-
tively correlated and those with odd-numbered distance negatively correlated.
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a) Realisation

b) Theoretical autocorrelation function

1] ¢) Estimated autocorrelation function
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Figure 2.2: AR(1) process with a= 0.5
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Figure 2.3: AR(1) process with a = -0.9
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It generally holds that the closer the parameter a is to +1, the smoother the realisa-
tions will be. For negative values of o we get zigzag developments which are the
more pronounced the closer a is to -1. For a = 0 we get a pure random process.
The autocorrelation functions estimated by means of relation (1.10) with the given
realisations are also presented in Figures 2.1 to 2.3. The dotted parallel lines show
approximate 95 percent confidence intervals for the null hypothesis assuming that
the true process is a pure random process. In all three cases, the estimated func-
tions reflect quite well the typical development of the theoretical autocorrelations.

Example 2.2

In a paper on the effect of economic development on the electoral chances of the
German political parties during the period of the social-liberal coalition from 1969
to 1982, GEBHARD KIRCHGASSNER (1985) investigated (besides other issues) the
time series properties of the popularity series of the parties constructed by monthly
surveys of the Institute of Demoscopy in Allensbach (Germany). For the period
from January 1971 to April 1982, the popularity series of the Christian Democrat-
ic Union (CDU), i.e. the share of voters who answered that they would vote for
this party (or its Bavarian sister party, the CSU) if there were a general election by
the following Sunday, is given in Figure 2.4. The autocorrelation and the partial
autocorrelation function (which is discussed in Section 2.1.4) are also presented in
this figure. While the autocorrelation function goes slowly towards zero, the par-
tial autocorrelation function breaks off after T = 1. This argues for an AR(1) pro-
cess.

The model has been estimated with Ordinary Least Squares (OLS), the method
proposed in Section 2.1.5 for the estimation of autoregressive models. Thus, we
get:

CDU, = 8053 + 0.834CDU,, + i,
(3.43)  (17.10)

R® = 0.683, SE = 1.586, Q(11) = 12.516 (p = 0.326).

The estimated t values are given in parentheses, SE denotes the standard error of
the residuals. The autocorrelogram, which is also given in Figure 2.4, does not in-
dicate any higher-order process. Moreover, given the high p-value, the Ljung-Box
Q statistic with 12 correlation coefficients (i.e. with 11 degrees of freedom) gives
no reason to reject this model. The mean is calculated as

T 8053 = 48.512.

1-0.834

It shows that about 48.5 percent of the voters voted on average for the CDU dur-
ing this period.
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Stability Conditions

Along with the stochastic initial value, the condition |a| < 1, the so-called
stability condition, is crucial for the stationarity of the AR(1) process. We
can also derive the stability condition from the linear homogeneous differ-
ence equation, which is given for the process itself by

X — 0 Xep = 0,
for its autocovariances by

y(©) — ay(z-1) =0

and for the autocorrelations by
p(t) — ap(t-1) = 0.
These difference equations have stable solutions, i.e. limp(t) = 0, if and
only if their characteristic equation .
(2.10) A—a=0

has a solution (root) with an absolute value smaller than one, i.e. if |a| < 1
holds. We get an equivalent condition if we do not consider the character-
istic equation but the lag polynomial of the corresponding difference equa-
tions,

(2.11) 1 —aL = 0.

This implies that the solution has to be larger than one in absolute value.
(Strictly speaking, L, which denotes an operator, has to be substituted by a
variable, which is often denoted by ‘z’. To keep the notation simple, we
use L in both meanings.)

Example 2.3

Let us consider the stochastic process
(E2.1) Vi = Xt vy

In this equation, x, is a stationary AR(1) process, x, = o X.| + u,, with |a| < 1; v,is
. . 2 . .
a pure random process with mean zero and constant variance o, which is uncorre-

lated with the other pure random process u, with mean zero and constant variance

2
(¢}

We can interpret the stochastic process y; as an additive decomposition of two
stationary components. Then y; itself is stationary. In the sense of MILTON
FRIEDMAN (1957) we can interpret x, as the permanent (systematic) and v as the

transitory component.
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What does the correlogram of y, look like? As both x, and v, have zero mean,
E[y:] = 0. Multiplying (E2.1) with y,_, and taking expectations results in

Ely: vy = Elyiexd + E[ywcvi -
Due to yi; = Xio + Vi, We get
Elye: ¥d = E[Xee X + E[vie X + E[Xe: Vil + E[ver vil.

As u, and v, are uncorrelated, it holds that E[v., x] = E[X.; V] = 0, and because of
the stationarity of the two processes, we can write

(E2.2) 1y(D) = 7D T 7u(0)

For 1 = 0 we get the variance of y, as

2
2

1(0) = 1(0)+ &* = 1"" + o,

2

For t> 0, because of y,(t) = 0 for t # 0, we get from (E2.2)

2
T GL\
YD) = (D) = o T -
l-a
Thus, we finally get
(D) = X 1=1,2 ..,

1+(1-a’)ol/c.

for the correlogram of y;. The overlay of the systematic component by the transito-
ry component reduces the autocorrelation generated by the systematic component.
The larger the variance of the transitory component, the stronger is this effect.

2.1.2 Second Order Autoregressive Processes

Generalising (2.1), the second order autoregressive process (AR(2)) can
be written as

(212) Xt = o+ O Xep T 0 Xep T Uy,

with u, denoting a pure random process with variance o~ and a, # 0. With
the lag operator L we get

(2.13) (l-oL-aLH)x = d+u.
Witha(L)=1—0o; L—a, L* we can write

(2.14) a(L)x, = 6+u,.
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As for the AR(1) process, we get the Wold representation from (2.14) if
we invert o(L); i.e. under the assumption that o'(L) exists and has the
property

(2.15) a(L)a'(L) = 1
we can ‘solve’ for x, in (2.14):
(2.16) x = o'(L)8 + o’'(L) u,.

If we use the series expansion with undetermined coefficients for
a'(L) = yo+yiL+yl?+ ...
it has to hold that
1 = (1—a;L—opL?)(yo+yiL+y,L> +ysl? +..)

because of (2.15). This relation is an identity only if the coefficients of L,
j=0,1,2, ..., are equal on both the right and the left hand side. We get

1= vy, + yL + y,I' + yI' + ..
- oy,L - ) S A B
- oy, - oyl -

Comparing the coefficients of the lag polynomials on the right- and left-
hand side finally leads to

L yo = 1

L' yi—o;yo =0 = y; = q.

L% W0y —0yo=0 = y, = a’ +a,.
L ys—oya—0y =0 = y3 = o +20,0;.

By applying this so-called method of undetermined coefficients, we get the
values yj, j = 2, 3, ..., from the linear homogeneous difference equation
Wi — 0 Wi — 02 Wi = 0

with the initial conditions yo =1 and y; = a;.
The stability condition for the AR(2) process requires that, for j — oo,
the y; converge to zero, i.e. that the characteristic equation of (2.12),

(2.17) M- A—o = 0,

has only roots with absolute values smaller than one, or that all solutions
of the lag polynomial in (2.13),
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(2.18) -y L—a, L2 =0
are larger than one in modulus. Together with stochastic initial conditions,
this guarantees the stationarity of the process. The stability conditions are
fulfilled if the following parameter restrictions hold jointly for (2.17) and
(2.18):

1 + (-(11) + (-(7.2) > 0,

I — (-oy) + (-0p) > 0,

1 - (-(Xz) > 0.
As a constant is not changed by the application of the lag operator, the
number ‘1’ can substitute the lag operator in the corresponding terms.

Thus, due to (2.16), the Wold representation of the AR(2) process is given
by
0

2.19 X = — + u s L, ye=1.
( ) t 1—(1,1—(12 J:ZO WJ t—j Yo

Under the assumption of stationarity, the expected value of the stochastic
process can be calculated directly from (2.12) since E[x] = E[X.1] = E[X(2]
=pn. We get

pH=0t+tuptop
or

S

(2.20) Ex] = p = — .
l-a,—-a,

As the stability conditions are fulfilled, 1 — a; — o, > 0 holds, i.e. the sign
of  also determines the sign of p.

In order to calculate the second order moments, we can assume — with-
out loss of generality — that p = 0, which is equivalent to 6 = 0. Multiply-
ing (2.12) with X, T> 0, and taking expectations leads to
(2.21) E[xe: X¢] = o E[Xer Xe1] + 02 E[Xer Xe2] + E[Xe ug] -

Because of representation (2.19), relation (2.8) holds here as well. This
leads to the following equations

=0 : y(0) = oyl + a,y2) + o
(2.22) =1 : vy = oy0) + o,y ,
=2 : y2) = oy + o,7(0)
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and, more generally, the following difference equation holds for the auto-
covariances Y(t), T >2,

(2.23) V() — oy y(t-1) — oy y(z-2) = 0.

As the stability conditions hold, the autocovariances which can be recur-
sively calculated with (2.23) are converging to zero for T — oco.
The relations (2.22) result in

1—0(.2 2
(¢)
(1+ az) [(1_0(‘2)2 _O(‘lz]

for the variance of the AR(2) process, and in

(2.24) Vix] = v(0) =

a 2
y(1) = 1 G,
(1+0L2) [(l—OLz)Z—OLIZ]
and
,y(z) — (XIZ‘FOLz—O(é 2

(¢}
(1+0L2) [(1_0‘2)2 _(Xlz]

for the autocovariances of order one and two.

The autocorrelations can be calculated accordingly. If we divide (2.23)
by the variance y(0) we get the linear homogeneous second order differ-
ence equation,

(2.25) p(1) — oy p(t-1) —ap p(1-2) = 0

with the initial conditions p(0) = 1 and p(1) = a,/(1 — a,) for the autocorre-
lation function. Depending on the values of a; and a,, AR(2) processes can
generate quite different developments, and, therefore, these processes can
show considerably different characteristics.

Example 2.4

Let us consider the AR(2) process

(E2.3) X = 1 +1.5%—-0.56 %X+,

with a variance of u, of 1. Because the characteristic equation
M —150L+0.56 = 0

has the two roots A; = 0.8 and A, = 0.7, (E2.3) is stationary, given that we have
stochastic initial conditions. The expected value of this process is
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1 -
W= ——— = 166.
1-1.5+0.56

The variance of (E2.3) can be calculated from (2.24) as y(0) = 19.31. A realisation
of this process (with 180 observations) is given in Figure 2.5 in which the (esti-
mated) mean was subtracted. Thus, the realisations fluctuate around zero, and the
process always tends to go back to the mean. This mean-reverting behaviour is a
typical property of stationary processes.

Due to (2.25) we get

p(1)—1.5p(t-1) +0.56 p(t-2) = 0, T = 2,3, ..,
with p(0)=1, p(1)=0.96

for the autocorrelation function. The general solution of this homogeneous differ-
ence equation is

p(r) = C,(0.8)"+C,(0.7)",

where C; and C, are two arbitrary constants. Taking into account the two initial
conditions we get

p(t) = 2.6(0.8) — 1.6 (0.7)°

for the autocorrelation coefficients. This development is also expressed in Figure
2.5. The coefficients are always positive but strictly monotonically decreasing.
Initially, the estimated autocorrelogram using the given realisation is also mono-
tonically decreasing, but, contrary to the theoretical development, the values begin
to fluctuate from the tenth lag onwards. However, except for the coefficient for t =
16, the estimates are not significantly different from zero; they are all inside the
approximate 95 percent confidence interval indicated by the dotted lines.

The characteristic equations of stable autoregressive processes of second
or higher order can result in conjugate complex roots. In this case, the time
series exhibit dampened oscillations, which are shocked again and again
by the pure random process. The solution of the homogeneous part of
(2.12) for conjugate complex roots can be represented by

x; = d'(C; cos (ft) + C; sin (ft))

with C; and C, again being arbitrary constants that can be determined by
using the initial conditions. The dampening factor

d = |J-a,

corresponds to the modulus of the two roots, and

f = arccos %
2 —a,



2.1 Autoregressive Processes 45

N WU

-10

a) Realisation
p(1)
1 —

0.8
0.6
0.4
0.2

b) Theoretical autocorrelation function

0.84
0.6+
0.47

0.2

-0.2+

0.4
¢) Estimated autocorrelation function
with confidence intervals

Figure 2.5: AR(2) process with a; = 1.5, a,=-0.56
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is the frequency of the oscillation. The period of the cycles is P = 2n/f.
Processes with conjugate complex roots are well-suited to describe busi-
ness cycle fluctuations.

Example 2.5

Consider the AR(2) process

(E2.4) X, = 1.4x.—-0.85x%x,+u,

with a variance of u; of 1. The characteristic equation
AM—14%1+085 = 0

has the two solutions A; = 0.7 + 0.61 and A, = 0.7- 0.61. (‘1’ stands for the imagi-
nary unit: i> = - 1.) The modulus (dampening factor) is d = 0.922. Thus, (E2.4)
with stochastic initial conditions and a mean of zero is stationary. According to
(2.24) the variance is given by y(0) = 8.433.

A realisation of this process with 180 observations is given in Figure 2.6. Its
development is cyclical around its zero mean. For the autocorrelation function we
get

p(t)—1.4p(t-1)+0.85p(1-2) = 0, T = 2,3, ...,
p(0)=1, p(1)=0.76,

because of (2.25).
The general solution is

p(t) = 0.9227 (C; cos (0.709 1) + C; sin (0.709 1)) .

Taking into account the two initial conditions, we get for the autocorrelation coef-
ficients

p(t) = 0.922%(cos (0.709 7) + 0.1 sin (0.709 1)) ,

with a frequency of f = 0.709.

In case of quarterly data, this corresponds to a period length of about 9 quarters.
Both the theoretical and the estimated autocorrelations in Figure 2.6 show this
kind of dampened periodical behaviour.

Example 2.6

Figure 2.7 shows the development of the three month money market rate in Frank-
furt (GSR) from the first quarter of 1970 to the last quarter of 1998 as well as the
autocorrelation and the partial autocorrelation functions explained in Section 2.1.4.
Whereas the autocorrelation function tends only slowly towards zero, the partial
autocorrelation function breaks off after two lags. As will be shown below, this
indicates an AR(2) process. For the period from 1970 to 1998, estimation with
OLS results in the following:
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Figure 2.7: Three month money market rate in Frankfurt, 1970 — 1998
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GSR, = 0575 + 1.407GSR,, — 0.498 GSR,, + 0.
(2.82)  (17.50) (-6.16)

R> = 0910, SE = 0.812, Q(6) = 6.475 (p = 0.372),

with t values being again given in parentheses. On the 0.1 percent level, both es-
timated coefficients of the lagged interest rates are significantly different from ze-
ro. The autocorrelogram of the estimated residuals (given in Figure 2.7c) as well
as the Ljung-Box Q statistic which is calculated with 8 correlation coefficients
(and 6 degrees of freedom) does not indicate any higher order process.

The two roots of the process are 0.70 + 0.06i, i.e. they indicate dampened cycles.
The modulus (dampening factor) is d = 0.706; the frequency f= 0.079 corresponds
to a period of 79.7 quarters and therefore of nearly 20 years. Correspondingly, this
oscillation cannot be detected in the estimated autocorrelogram presented in Fig-
ure 2.7b.

2.1.3 Higher Order Autoregressive Processes

An AR(p) process can be described by the following stochastic difference
equation,
(2.26) Xe = O+ 0y Xeq + 0 Xeo T oo T 0 Xep T U,

with o, # 0, where u; is again a pure random process with zero mean and
variance o°. Using the lag operator we can also write:

(2.26") (l-oL-L*—..—0, L) x, = §+u.

If we assume stochastic initial conditions, the AR(p) process in (2.26) is
stationary if the stability conditions are satisfied, i.e. if the characteristic
equation

(2.27) Wy W = A0, = 0

only has roots with absolute values smaller than one, or if the solutions of
the lag polynomial

(2.28) l-wyL-oL*—..—a,L” = 0

only have roots with absolute values larger than one.
If the stability conditions are satisfied, we get the Wold representation
of the AR(p) process by the series expansion of the inverse lag polynomial,

1

l—al—. -l PHyil+yol® +
L-.. -a

as
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6 00
(2.29) X, = + Z\ujutfj .

l—a, —..—a, ‘=

Generalising the approach that was used to calculate the coefficients of the
AR(2) process, the series expansion can again be calculated by the method
of undetermined coefficients.
From (2.29) we get the constant (unconditional) expectation as
)
E[x] = B

l-o - ..—q,

Again, similarly to the AR(1) and AR(2) cases, a necessary condition for
stability is

I-oy—op—..—a, > 0.

Without loss of generality we can set 6 = 0, i.e. u = 0, in order to calcu-
late the autocovariances. Because of y(t) = E[x.. X¢], we get according to
(2.26)

(2.30) Y(t) = E[Xee (0 Xer + 02 X2 + o+ 0 Xeop T U]

Fort=0, 1, ..., p, it holds that

(0 = ay@®  + o,y + -+ ayp)  + o
2.31) :v(l) = o,7(0) + o,y + o+ ay(p-D
v(p) = oy(-D + ay(p-2) + - + o,v0)

because of the symmetry of the autocovariances and because of E[x. u] =
o° for =0 and zero for t > 0.

This is a linear inhomogeneous equation system for given o; and 6> to
derive the p + 1 unknowns v(0), y(1), ..., Y(p). For T > p we get the linear
homogeneous difference equation to calculate the autocovariances of order
T>p:

(2.32) V(@) —o y(v-1) — .. — o y(t-p) = 0.

If we divide (2.32) by y(0), we get the corresponding difference equation
to calculate the autocorrelations:

(2.33) p(t) —a; p(t-1)— ... —a, p(t-p) = 0.

The initial conditions p(1), p(2), ..., p(p) can be derived from the so-called
Yule-Walker equations. We get those if we successively insert T =1, 2, ...,
p in (2.33), or, if the last p equations in (2.31) are divided by y(0),
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p()y = o top(l)  +op)  +..o+ oapp-1)
p2) = wpl) + o toap(l)  +.. 7+ opp(p-2)
(2.34)
p(p) = ap(P-D+ ap(p-2) + ozp(p-3) +.. + 0o
If we define p' = (p(1), p(2), ..., p(p)), @' = (o1, 0z, ..., Op) and
1 pM) p2) - plp-1)
_| p() 1 p) - plp-2)
pxp :
p(p=D p(p-2) p(p-3) - 1
we can write the Yule-Walker equations (2.34) in matrix form,
(2.35) p = Ra.

If the first p autocorrelation coefficients are given, the coefficients of the
AR(p) process can be calculated according to (2.35) as

(2.36) a = R'p.

Equations (2.35) and (2.36) show that there is a one-to-one mapping be-
tween the p coefficients a and the first p autocorrelation coefficients p of
an AR(p) process. If there is a generating pure random process, it is suffi-
cient to know either a or p to identify the AR(p) process. Thus, there are
two possibilities to describe the structure of an autoregressive process of
order p: the parametric representation that uses the parameters a;, oy, ..., a,,
and the non-parametric representation with the first p autocorrelation coef-
ficients p(1), p(2), ..., p(p). Both representations contain exactly the same
information. Which representation is used depends on the specific situa-
tion. We usually use the parametric representation to describe finite order
autoregressive processes (with known order).

Example 2.7
Let the fourth order autoregressive process
Xg = O4Xeq TU, 0 <04 <1,

be given, where u, is again white noise with zero mean and variance 6°. Applying
(2.31) we get:

¥(0) = 04y(4) + o
y(1) o4 ¥(3),
Y2) = wy(2),
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v(3) = asy(D),
Y4 = 047(0).

From these relations we get

_ (e}
YO0 = or
(1) = y2) = y3) = 0,
14 = a—— .
1 - o

As can easily be seen, only the autocovariances with lag t=4j,j =1, 2, ... are dif-
ferent from zero, while all other autocovariances are zero. Thus, for T > 0 we get
the autocorrelation function

o(1) = {aj for t=4j j=1, 2,
0 elsewhere.

Only every fourth autocorrelation coefficient is different from zero; the sequence
of these autocorrelation coefficients decreases monotonically like a geometric se-
ries. Employing such a model for quarterly data, this AR(4) process captures the
correlation between random variables that are distant from each other by a multi-
plicity of four periods, i.e. the structure of the correlations of all variables which
belong to the i-th quarter of a year, i = 1, 2, 3, 4, follows an AR(1) process while
the correlations between variables that belong to different quarters are always ze-
ro. Such an AR(4) process provides a simple possibility of modelling seasonal ef-
fects which typically influence the same quarters of different years. For empirical
applications, it is advisable to first eliminate the deterministic component of a sea-
sonal variation by employing seasonal dummies and then to model the remaining
seasonal effects by such an AR(4) process.

2.1.4 The Partial Autocorrelation Function

Due to the stability conditions, autocorrelation functions of stationary fi-
nite order autoregressive processes are always sequences that converge to
zero but do not break off. This makes it difficult to distinguish between
processes of different orders when using the autocorrelation function. To
cope with this problem, we introduce a new concept, the partial autocorre-
lation function. The partial correlation between two random variables is
the correlation that remains if the possible impact of all other random vari-
ables has been eliminated. To define the partial autocorrelation coefficient,
we use the new notation,
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Xt = OuXer T doXex .o+ GaXek T U

where ¢y; is the coefficient of the variable with lag i if the process has or-
der k. (According to the former notation it holds that o; = ¢y; 1= 1,2,...,k.)
The coefficients ¢y are the partial autocorrelation coefficients (of order k),
k=1,2,... . The partial autocorrelation measures the correlation between x;
and X, which remains when the influences of X, Xi2, ..., Xtx+1 ON X; and
Xk have been eliminated.

Due to the Yule-Walker equations (2.35), we can derive the partial au-
tocorrelation coefficients ¢y from the autocorrelation coefficients if we
calculate the coefficients ¢y, which belong to x.y, for k=1, 2, ... from the
corresponding linear equation systems

1 p() p2) - pk=D) |0y | |pd)
PO 1 @) k=D (b | [P L,
pk=1 pk-2) pk=3) - 1 Oy | [ P(K)
With Cramer’s rule we get
1 p - p()

p(D) 1 - p(2)

pk—1) pk-2) --- p(k)

2.37 - L k=1,2, ...
@37 b 1 p) -+ p(k-1)

p(1) 1 < pk—=2)

pk=1) pk-2) -- 1

Thus, if the data generating process (DGP) is an AR(1) process, we get for
the partial autocorrelation function:

o = p(1)
‘ L p()

b — PO P _ PR —pM)’ _
‘ 1 P(l)‘ 1-p(1)° ’
p(h) 1
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because of p(2) = p(1)*. Generally, the partial autocorrelation coefficients
O = 0 for k >1 in an AR(1) process.
If the DGP is an AR(2) process, we get

o = p(1), ¢ = M,%k =0 for k>2.
1=p(1)

The same is true for an AR(p) process: all partial autocorrelation coeffi-
cients of order higher than p are zero. Thus, for finite order autoregressive
processes, the partial autocorrelation function provides the possibility of
identifying the order of the process by the order of the last non-zero partial
autocorrelation coefficient. We can estimate the partial autocorrelation co-
efficients consistently by substituting the theoretical values in (2.37) by
their consistent estimates (1.10). For the partial autocorrelation coefficients
which have a theoretical value of zero, i.e. the order of which is larger than
the order of the process, we get asymptotically that they are normally dis-

tributed with E[ ¢,, ]=0and V[ ¢, ]= 1/T fork>p .

Example 2.8

The AR(1) process of Example 2.1 has the following theoretical partial autocorre-
lation function: ¢;; = p(1) = a and zero elsewhere. In this example, o takes on the
values 0.9, 0.5 and -0.9. The estimates of the partial autocorrelation functions for
the realisations in Figures 2.1 and 2.3 are presented in Figure 2.8. It is obvious for
both processes that these are AR(1) processes. The estimated value for the process

with a = 0.9 is ¢,, = 0.91, while all other partial autocorrelation coefficients are

not significantly different from zero. We get 4311 = -0.91 for the process with a

= -0.9, while all estimated higher order partial autocorrelation coefficients do not
deviate significantly from zero.

The AR(2) process of Example 2.4 has the following theoretical partial auto-
correlation function: ¢;; = 0.96, ¢, = -0.56 and zero elsewhere. The realisation of
this process, which is given in Figure 2.5, leads to the empirical partial autocorre-
lation function in Figure 2.8. It corresponds quite closely to the theoretical func-
tion; we get &)11 =0.95 and &)22 = -0.60 and all higher order partial autocorrelation

coefficients are not significantly different from zero. The same holds for the
AR(2) process with the theoretical non-zero partial autocorrelations ¢;; = 0.76 and
d2p = -0.85 given in Example 2.5. We get the estimates $11 =0.76 and $22 =-0.78,

whereas all higher order partial correlation coefficients are not significantly differ-
ent from zero.
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2.1.5 Estimating Autoregressive Processes

Under the assumption of a known order p we have different possibilities to
estimate the parameters:

(1) If we know the distribution of the white noise process that generates
the AR(p) process, the parameters can be estimated by using maxi-
mum likelihood (ML) methods.

(i1)) The parameters can also be estimated with the method of moments by
using the Yule-Walker equations.

(i) A further possibility is to treat
(2.26) Xt = 8 + 0 X1 + O Xt +...+ Otp Xt-p + Uy,

as a regression equation and apply the ordinary least squares (OLS)
method for estimation. OLS provides consistent estimates. Moreover,

if (2.26) fulfils the stability conditions, T(5-8) as well as
JT (&, —a,),1=1,2, .., p, are asymptotically normally distributed.

If the order of the AR process is unknown, it can be estimated with the
help of information criteria. For this purpose, AR processes with succes-
sively increasing orders p = 1, 2, ..., p™" are estimated. Finally, the order
p* is chosen which minimises the respective criterion. The following crite-
ria are often used:

(1) The final prediction error which goes back to HIROTUGU AKAIKE
(1969)

T+m 1
FPE = =Y @)
T—m T;( <)

(i1) Closely related to this is the Akaike information criterion (HIROTUGU
AKAIKE (1974))

1< 2
AIC = n=) ((")*+ m= .
LSy m

(i1i1) Alternatives are the Bayesian criterion of GIDEON SCHWARZ (1978)

1< InT
SC = n=>» (") +m—
nT;(ut )" +m T
(iv) as well as the criterion developed by EDWARD J. HANNAN and
BARRY G. QUINN (1979)
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T
HQ = 1n12(ﬁﬁp))2+m—2ln(lnT) .
TS T

" are the estimated residuals of the AR(p) process, while m is the number

of estimated parameters. If the constant term is estimated, too, m = p + 1
for an AR(p) process. These criteria are always based on the same princi-
ple: They consist of one part, the sum of squared residuals (or its loga-
rithm), which decreases when the number of estimated parameters increas-
es, and of a ‘penalty term’, which increases when the number of estimated
parameters increases. Whereas the first two criteria overestimate the true
(finite) order asymptotically, the two other criteria estimate the true order
of the process consistently. For T > 16, the penalty term of SC is larger
than the one of HQ which itself is larger than the one of AIC. This leads to
the following ordering of the estimated AR orders:

SC order < HQ order < AIC order.

Please note that choosing such an order does not always imply that we
have white noise residuals. This has to be checked independently. Many
computer programmes like, for example, EViews, do not exactly report the
criteria given in (ii) through (iv). Relying on the log-likelihood function
instead of on the sum of squared residuals directly, they add 1 + In(2w) =
2.8379, which does, of course, neither affect the order nor which value of p
minimises the information criteria.

Example 2.9

As in Example 2.6, we take a look at the development of the three month money
market interest rate in Frankfurt am Main. If, for this series, we estimate AR pro-
cesses up to the order p = 4, we get the following results (for T = 116):

p=0: AIC = 4.8334, HQ = 4.8430, SC = 4.8571;
p=1: AIC = 2.7180, HQ = 2.7373, SC = 2.7655;
p=2: AIC = 2.4457, HQ = 2.4746, SC = 2.5169;
p=3: AIC = 2.4609, HQ = 2.4995, SC = 2.5559;
p=4: AIC = 24778, HQ = 2.5260, SC = 2.5965.

With all three criteria we get the minimum for p = 2. Thus, the optimal number of
lags is p* =2, as used in Example 2.6.



58  Univariate Stationary Processes

2.2 Moving Average Processes

Moving average processes of an infinite order have already occurred when
we presented the Wold decomposition theorem. They are, above all, of
theoretical importance as, in practice, only a finite number of (different)
parameters can be estimated. In the following, we consider finite order
moving average processes. We start with the first order moving average
process and then discuss general properties of finite order moving average
processes.

2.21 First Order Moving Average Processes

The first order moving average process (MA(1)) is given by the following
equation:

(2.38) X = B+ u — Buyg,
or
(2.38) X — p = (I-BDu,

with u; again being a pure random process. The Wold representation of an
MA(1) process (as of any finite order MA process) has a finite number of
terms. In this special case, the Wold coefficients are yo = 1, y; = - and ;
=0 for j > 2. Thus, %\yf is finite for all finite values of B, i.e. an MA(1)

process is always stationary.
Taking expectations of (2.38) leads to

Ex] = p + Eflu] — BE[ua]= p.
The variance can also be calculated directly,
VIxd = E[(xi—w)’]
= E[(u—-B ut-l)z]
= E[(u{ 2B ucuu +B* u,)]
= (14B)S = ¥(0).

Therefore, the variance is constant at any point of time.
For the covariances of the process we get

E[(x — WXer—w)] = E[(u— B ue) (U — B tpr1)]

= E[(Ulu — B Ui 1 — B Uil + B Uil )]
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The covariances are different from zero only for T =+ 1, i.e. for adjoining
random variables. In this case

(1) = -po.

Thus, for an MA(1) process, all autocovariances and therefore all autocorre-
lations with an order higher than one disappear, i.e. y(t) = p(t) = 0 for t > 2.
The correlogram of an MA(1) process is

—B
1+p°
If we consider p(1) as a function of B, p(1) = f(B), it holds that f(0) = 0 and
f(B) = -f(-P), i.e. that f(P) is point symmetric to the origin, and that |f(B)| <
0.5. f(B) has its maximum at f = -1 and its minimum at 3 = 1. Thus, an
MA(1) process cannot have a first order autocorrelation above 0.5 or be-
low -0.5.

If we know the autocorrelation coefficient p(1) = p;, for example, by es-

timation, we can derive (estimate) the corresponding parameter 3 by using
the equation for the first order autocorrelation coefficient,

(1+B)p +p = 0.

The quadratic equation can also be written as

p(0) = 1, p(1) = p(t) = 0 for t>2.

(2.39) Bz+iﬁ+1 =0,
P

and it has the two solutions

P = - L ( 11\/1—4912 ) .

2p,

Thus, the parameters of the MA(1) process can be estimated non-linearly
with the method of moments: the theoretical moments are substituted by
their consistent estimates and the resulting equation is used for estimating
the parameters consistently.

Because of |p;| < 0.5, the quadratic equation always results in real roots.
They also have the property that 3,8, = 1. This gives us the possibility to
model the same autocorrelation structure with two different parameters,
where one is the inverse of the other.

In order to get a unique parameterisation, we require a further property
of the MA(1) process. We ask under which conditions the MA(1) process
(2.38) can have an autoregressive representation. By using the lag operator
representation (2.38') we get
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poo, 1
1-p 1-BpL

Uy = — Xt .

An expansion of the series 1/(1 — BL) is only possible for | B | <1 and re-
sults in the following AR(c0) process

U = — L + Xt + BXt—l + Bzxt_z + ..

1-B
or

X¢ + BXep + Bzxt_z +. = B + u.

1-B

This representation requires the condition of invertibility ( | B | <1). In this
case, we get a unique parameterisation of the MA(1) process. Applying the
lag polynomial in (2.38'), we can formulate the invertibility condition in
the following way: An MA(1) process is invertible if and only if the root
of the lag polynomial

1-BL = 0

is larger than one in modulus.

Example 2.10
The following MA(1) process is given:
(E2.5) X = & — P&, &~N(,2%,
with  =-0.5. For this process we get

E[x] =0,

V[x] = (1+0.5%4 = 5,

0.5

1+0.5%
p(t)y = 0 for © > 2.

p(l) = =04,

Solving the corresponding quadratic equation (2.39) for this value of p(1) leads to
the two roots B; = -2.0 and B, = -0.5. If we now consider the process

(E2.5a) Ve = M+ 21Me, Mo~ N, 1),
we obtain the following results:

E[y] = 0,

Viy] = (1+2.0°1 = 5,
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2.0
1+2.0°

p(1) = = 04,

p(t) = 0 for 1 > 2,

i.e. the variances and the autocorrelogram of the two processes (E2.5) and (E2.5a)
are identical. The only difference between them is that (E2.5) is invertible, be-
cause the invertibility condition |B| < 1 holds, whereas (E2.5a) is not invertible.
Thus, given the structure of the correlations, we can choose the one of the two
processes that fulfils the invertibility condition without imposing any restrictions
on the structure of the process.

With equation (2.37), the partial autocorrelation function of the MA(1)
process can be calculated in the following way:

o = p(1),
1 P(l)‘
o — O] py
1 p(l)‘ 1-p(1)* ’
p() 1
L pd) p)
o) 1 0
0 p O]  p1y = <
BT 0] 1oy <0 P
ph) 1 p()
0 p() 1

1L pm 0 pd)
py 1 pd O

0 pM 1 0

0 0 p@»H O] _ —p(D)’

I pd 0 0 (1-p(1)*)* —p(1)’
py 1 pd O

0 p 1 p@d)

0 0 p0 1

b

etc.
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If B is positive, p(1) is negative and vice versa. This leads to the two
possible patterns of partial autocorrelation functions, exemplified by =
+0.8:

B =08, ¢ie{-0.49,-0.31,-0.22, -0.17, ...},
B =-0.8, ¢ie {0.49,-0.31, 0.22, -0.17, ...} .

Thus, contrary to the AR(1) process, the autocorrelation function of the
MA(1) process breaks off, while the partial autocorrelation function does
not. These properties hold generally, since invertible finite order MA pro-
cesses are equivalent to infinite order AR processes.

2.2.2 MA(1) and Temporal Aggregation

The time series which are discussed in this book are measured in discrete
time, with intervals of equal length. Exchange rates, for example, are nor-
mally quoted at the end of each trading day. For econometric analyses,
however, monthly, quarterly, or even annual data are used, rather than the-
se daily values. Usually, averages or end-of-period data are used for tem-
poral aggregation.

Thus, two aggregation schemes have to be distinguished. The first one is
skip sampling (or: systematic sampling) where only every m™ data point is
recorded. If x, is the basic series at t = 1, 2, 3,..., the skip sampled series y;
with new time scale s is end-of-period data,

Yi = Xmy, Y2 7 Xomy, Y3 T X3my -eon ¥s T Xome

Such an aggregation is typical for stock variables. However, the second
scheme of averaging over m non-overlapping periods is also widely used,
in particular for rates or indices:

- 1

y, = E(Xm + Xy et X))

- 1

y2 = E(XZm +X2m—1 +"'+Xm+1)

ys = _(Xsm +Xsm—1 +“‘+X(s—1)m+1)‘

m
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In the following, we do not present a general theory of temporal aggrega-
tion but just discuss a special case of particular applied interest, the ran-
dom walk, with

Xy = Xep U

where an artificial MA(1) structure arises due to aggregation by averaging.
It is straightforward to see that systematic sampling does not affect the
random walk property, since in this case we can write

sm
Ys = Xo T Zut.
t=1

From this representation we get

Ys T ¥s1 T M
with n being white noise:
Ns = Usm T Usm1 T .. + Usmris
with E[n;] =0 and
B, -ne_.) = {mci for 1=0
0  elsewhere

Hence, the random walk property is inherited by ys, only the variance of
the differences ys — ys.1 is inflated in the obvious way. In case of averaging,

Yy, , matters get more complicated. It can, however, be shown that the dif-
ferences

g’s - S]s—l = ﬁs
follow no longer a white noise process but an MA(1) scheme hidden be-
hind

s sm—1

= L(usm +2u

o Foobmu o+ Zu(s_z)m+3 Uy )

We omit details but refer to HOLBROOK WORKING (1960) who showed
that with increasing aggregation level, m — oo, one obtains the autocorre-
lation function
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, =0
E[ff,.] 1
p(r) = — -, T=1
0, elsewhere

Note that the above autocorrelation function corresponds to the following
MA(1)-process

ﬁs = l’:ls _Bﬁsfl

where U, is white noise, and the limiting value (for m — o) of the MA pa-
rameter is

B = 3-2 ~ —0.268.

GEORGE C. TIAO (1972) generalised this result the following way:
If x, — X¢1 is not generated by white noise but by an invertible MA(1) pro-

cess, then y —Yy,, behaves with growing m like the MA(1) process

u, — Bﬁs—l , where ﬁ is independent of the underlying MA(1) structure of x,

— X¢1. This result even continues to hold when the assumption that x, — X
is MA(1) is replaced by a more general moving average process of higher
order as introduced in subsection 2.2.3.

Example 2.11

Consider averaging over m = 2 periods,

- 1
Ys = E(Xzs"'xzm)'

For the random walk x, = X..; + u,, it holds that

5 (Xos T Xos1 — Xog2 — X253)

1
5 (ups + 2upgy + upgn) .
This process can be described as

ﬁs = lis - Bﬁs—l

with p= 242 — 3 ~—0.172, and
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3 c. for 1=0
2

L 1
E( ns ’ nS_T ) = ZGU for |T| = 1 b

0 elsewhere

such that for m = 2 the autocorrelation coefficient at lag one becomes p(1) = 1/6.

Example 2.12

Example 1.3 as well as Figure 1.8 present the end-of-month exchange rate be-
tween the Swiss Franc and the U.S. Dollar over the period from January 1974 to
December 2011. The autocorrelogram of the first differences of the logarithms of
this time series indicates that they follow a pure random process. The tests we ap-
plied did not reject this null hypothesis.

If we use monthly averages instead of end-of-month data, the following MA(1)
process can be estimated for the first difference of the logarithms of this exchange
rate:

Aln(e) = -0.003 + 4, + 0.308 Gy,

(-1.53) (6.91)
R’ = 0.082, SE = 0.028, Q(11) = 8.216 (p = 0.694),
B = 21.194 (p = 0.000),

with the t values again given in parentheses. In(-) denotes the natural logarithm.
The estimated coefficient of the MA(1) term is highly significantly different from
zero. The Ljung-Box Q-statistic indicates that there is no longer any significant
autocorrelation in the residuals. As m = 20 is relatively large (in this context), the
estimated values of the MA(1) term should not be too different from the theoreti-
cal value given by GEORGE C. TIAO (1972). The theoretical value -0.268 lies in the
two-sigma confidence interval of the estimated parameter -0.308.

2.2.3 Higher Order Moving Average Processes

In general, the moving average process of order ¢ (MA(q)) can be written
as

(240) Xt = “ + U — Bl U1 — Bz U — ... — Bq ut_q
with B4 # 0 and u, as a pure random process. Using the lag operator we get
(2.40") Xi — p = (1-BL—BL’— ... —BLYu

= BD)u,.
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From (2.40) we see that we already have a finite order Wold representation
with y, = 0 for k > q. Thus, there are no problems of convergence, and
every finite MA(q) process is stationary, no matter what values are used
forBj,j=1,2, ..., q.

For the expectation of (2.40) we immediately get E[x,] = p. Thus, the
variance can be calculated as:

VIx] = El(x—w’]
= El(u—PBrua — ... —Bq ut—q)z]
= E[(u} + Blu’, +..+ Bsuf_q — 2B vy — ...
=2 Bg-1Bq Uegi1lg)] -
From this we obtain

VIx] = (1 B +p+..+B))c’.

For the covariances of order T we can write

Cov[xy, Xl = E[(xe— W)(Xere — )]

= E[(ut — Bl U — e — Bq ut_q)
'(ut+r - Bl Ul — oo — Bq ut+r-q)]

= E[ut(ut-h' - Bl Ugre1 — vee — Bq ut+r-q)
= Bruci(Ue = Br Vg — oo — Bq Ugtrq)
- Bq ut—q(utﬂ: - Bl U1 — oo — Bq ut+r—q)] .

Thus, fort=1, 2, ..., g we get
T =1 y(1) = (-Bi+Bi Bat oo + Bgt Bo)”,

T=20 y2) = (P2t BiBst . + Py Bq)Gza

(2.41)

T=q (9 = Bo

while we have y(t) =0 for t > q.

Consequently, all autocovariances and autocorrelations with orders
higher than the order of the process are zero. It is — at least theoretically —
possible to identify the order of an MA(q) process by using the autocorre-
logram.

It can be seen from (2.41) that there exists a system of non-linear equa-
tions for given (or estimated) second order moments that determines
(makes it possible to estimate) the parameters B, ..., Bq. As we have al-
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ready seen in the case of the MA(1) process, such non-linear equation sys-
tems have multiple solutions, i.e. there exist different values for By, B, ...
and P, that all lead to the same autocorrelation structure. To get a unique
parameterisation, the invertibility condition is again required, i.e. it must
be possible to represent the MA(q) process as a stationary AR(co) process.
Starting from (2.40"), this implies that the inverse operator f(L) can be
represented as an infinite series in the lag operator, where the sum of the
coefficients has to be bounded. Thus, the representation we get is an
AR(o0) process

U = B (1) +p(L) x
SRR T
where
(1-BiL— ... —BLY( 1 +cL+cl>+...),
and the parameters c;, 1 = 1, 2, ... are calculated by using again the method
of undetermined coefﬁ01ents. Such a representation exists if all roots of
l-BL—...=BL? = 0

are larger than one in absolute value.

Example 2.13
Let the following MA(2) process
X = u;+0.6u.;—0.1u,

be given, with a variance of 1 given for the pure random process u. For the vari-
ance of x we get

V[x] = (1+036+0.01)-1 = 1.37.
Corresponding to (2.41) the covariances are
y(1) = +0.6-0.06 = 0.54
v2) = -0.1
y(r) = 0 fort>2

This leads to the autocorrelation coefficients p(1) = 0.39 and p(2) = -0.07. To
check whether the process is invertible, the quadratic equation

1+06L-01L%* = 0
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has to be solved. As the two roots -1.36 and 7.36 are larger than 1 in absolute val-
ue, the invertibility condition is fulfilled, i.e. the MA(2) process can be written as
an AR(o0) process

x, = (1+0.6L-0.1L%u,
1
—_— X
1+0.6L—0.112

= I+ L+ L+ LP+..)x.

U = t

The unknowns ¢;, 1 =1, 2, ..., can be determined by comparing the coefficients of
the polynomials in the following way:

1 = (1+06L-0.1L*1+c¢c,L+c,L*+csL3+..)
1 =1+ ¢L+ ocLl*+ oL+,
+06L + 0.6¢, L* +0.6c, L + ...
- 01L*-01¢ L —..
It holds that
¢, +06 =0 = ¢ = —0.60,

¢, +06¢c —01 =0 = c,= 046,
c; +06c, —01lci =0 = c3 —0.34,
¢4 +06¢c; —01c, =0 = ¢4 = 0.25,

Thus, we get the following AR(o0) representation
Xt - 0.6 Xt-] + 046 Xt—2 - 0.34 X[_3 + 025 Xt—4 - ... = ut .

Similarly to the MA(1) process, the partial autocorrelation function of the MA(q)
process does not break off. As long as the order q is finite, the MA(q) process is
stationary whatever its parameters are. If the order tends towards infinity, howev-
er, for the process to be stationary the series of the coefficients has to converge
just like in the Wold representation.

2.3 Mixed Processes

If we take a look at the two different functions that can be used to identify
autoregressive and moving average processes, we see from 7able 2.1 that
the situation in which neither of them breaks off can only arise if there is
an MA(o0) process that can be inverted to an AR(c0) process, i.e. if the
Wold representation of an AR(c0) process corresponds to an MA(oo) pro-
cess. However, as pure AR or MA representations, these processes cannot
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be used for empirical modelling because they can only be characterised by
means of infinitely many parameters. After all, according to the principle
of parsimony, the number of estimated parameters should be as small as
possible when applying time series methods.

In the following, we introduce processes which contain both an auto-
regressive (AR) term of finite order p and a moving average (MA) term of
finite order q. Hence, these mixed processes are denoted as ARMA(p,q)
processes. They enable us to describe processes in which neither the auto-
correlation nor the partial autocorrelation function breaks off after a finite
number of lags. Again, we start with the simplest case, the ARMA(1,1)
process, and consider the general case afterwards.

Table 2.1: Characteristics of the Autocorrelation and the Partial
Autocorrelation Functions of AR and MA Processes

Autocorrelation Function Partial Autoc.orrelatlon
Function
MA(q) breaks off with q does not break off
AR(p) does not break off breaks off with p

2.3.1 ARMA(1,1) Processes

An ARMAC(1,1) process can be written as follows,
(2.42) X = 0+ axey + u — Bu,
or, by using the lag operator

(2.42" (1-al)x, = & + (1- BL) u,

where u, is a pure random process. To get the Wold representation of an
ARMAC(1,1) process, we solve (2.42") for x;,
X = o N 1-BL u
I-a 1-al

t .

It is obvious that a #  must hold, because otherwise x; would be a pure
random process fluctuating around the mean p = 6/(1 — a)). The y;, j =0, 1,
2, ..., can be determined as follows:
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1-BL
PL vo + Wik + yol? + yl? + L
1-oL
1-BL = (1—aL)(yo + yiL + ywL? + yl? + ..)

1—BL = VYo + \IIIL + \|12L2 + \|I3L3 + ...
—ayol — OL\|11L2 - (1\|12L3 —

Comparing the coefficients of the two lag polynomials we get
L% yo =1
L yi—ayo=-Bp = vy, =o-P
L% yo—ay; =0 = vy, =a(a—p)
L ys—oy, =0 = w3 =a’(a—p)

U yi—ayy =0 = y =d'(a—B).

The vj, j = 2 can be determined from the linear homogeneous difference
equation

Vi — oy =0

with y; = a — B as initial condition. The y; converge towards zero if and
only if |o| < 1. This corresponds to the stability condition of the AR term.
Thus, the ARMA(1,1) process is stationary if, with stochastic initial condi-
tions, it has a stable AR(1) term. The Wold representation is

243) x, = IL +u + (0—-P)ug ta(a—Pp)us+ az(a -Bust....
-

Thus, the ARMA(1,1) process can be written as an MA(o0) process.

To invert the MA(1) part, |3| < 1 must hold. Starting from (2.42") leads
to

) 1-aL
u = + Xt .
1-B 1-BL

If 1/(1 — BL) is developed into a geometric series we get

u = — + (1—oL)(1+pL+FL*+...)x

= _B + xﬁ-(B—a)xH+B(B—a)xt_2+BZ(B—a)xt_3+....



2.3 Mixed Processes 71

This proves to be an AR(c0) representation. It shows that the combination
of an AR(1) and an MA(1) term leads to a process with both MA(c0) and
AR(o0) representation if the AR term is stable and the MA term invertible.

We obtain the first and second order moments of the stationary process
in (2.42) as follows:

E[xJ = E[0 + axu + u — But—l]
= o + U,E[Xt_l] .
Due to E[x] = E[x¢.1] = 1, we get

= i
H l-o

i.e. the expectation is the same as in an AR(1) process.
If we set & = 0 without loss of generality, the expectation is zero. The
autocovariance of order T > 0 can then be written as

(2.44) E[xex] = E[xelaxe; + u — PBuey)],
which leads to

7(0) = ay(l) +E[xu]-B E[xwuu]
for T = 0. Due to (2.43), E[xu] = o and E[xu.;] = (a — B) o°. Thus, we can
write
(2.45) v0) = ay(l) + (1-pa-p) o’
(2.44) leads to

v(1) = ay(0) +E[xu] - P E[Xeiue]
for T = 1. Because of (2.43) this can be written as
(2.46) y(1) = ay(0) -po’.
If we insert (2.46) in (2.45) and solve for y(0), the resulting variance of the
ARMAC(1,1) process is
(2.47) y(0) = ”'32—_220‘5 o,
I-a

Inserting this into (2.46), we get

(2.48) v(1) = w &

2
(04
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for the first order autocovariance. For T > 2, (2.44) results in the autoco-
variances

(2.49) v(t) = ay(t-1)
and the autocorrelations
(2.50) p(t) = ap(t-1).

This results in the same difference equation as in an AR(1) process but,
however, with the different initial condition

(a=B)1-0B)

P = P 2ap

The first order autocorrelation coefficient is influenced by the MA term,
while the higher order autocorrelation coefficients develop in the same
way as in an AR(1) process.

If the process is stable and invertible, i.e. for |a| < I and |B| < I, the sign
of p(1) is determined by the sign of (o — p) because of (1 + B> — 2ap) > 0
and (1 — af) > 0. Moreover, it follows from (2.49) that the autocorrelation
function — as in the AR(1) process — is monotonic for o > 0 and oscillating
for a < 0. Due to |a| < 1 with T increasing, the autocorrelation function also
decreases in absolute value.

Thus, the following typical autocorrelation structures are possible:

(i) a>0and a>p: The autocorrelation function is always positive.

(i1)) o < 0 and o < B: The autocorrelation function oscillates; the initial
condition p(1) is negative.

(iii)) a > 0 and a < B: The autocorrelation function is negative from p(1)
onwards.

(iv) a < 0 and o > B: The autocorrelation function oscillates; the initial
condition p(1) is positive.

Figure 2.9 shows the development of the corresponding autocorrelation
functions up to T = 20 for the parameter values a, p € {0.8, 0.5, -0.5, -0.8}
in which, of course, a # B must always hold, as otherwise the ARMA(1,1)
process degenerates to a pure random process.

For the partial autocorrelation function we get

(0 —P)1-ap)

b= e = e oo

b
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-0.2 5 10 15 20

o=-0.5,p=-08

Figure 2.9: Theoretical autocorrelation functions of ARMA(1,1) processes
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1 p(l)‘

b p) p(2) _ p@)-p()’ _ p(l)(a—p(l))’
‘ 1 p(l)‘ 1—p(1)* 1-p(1)’
pl) 1

because of p(2) = a p(1),

L pd p@) L p)  pd
p() 1 p(2) p) 1 apd)

by = PO PO PO _ ap(l) p() ao’p(l)
L p) p(2) 1+ 2ap(1)’ = p(1)* (2 +a?)
p() 1 pd)
p2) p) 1

_ p(1)(a —p(1))*
1+ 2ap(1) —p(1)*2+a?)

Thus, the ARMAC(1,1) process is a stationary stochastic process where nei-
ther the autocorrelation nor the partial autocorrelation function breaks off.

The following example shows how, due to measurement error, an
AR(1)-process becomes an ARMA(1,1) process.

Example 2.14
The ‘true’ variable X, is generated by a stationary AR(1) process,

(E2.8) X, = ax_, t+u,

t

but it can only be measured with an error v,, i.e. for the observed variable x; it
holds that

(E2.9) X = X, t v,

where v; is a pure random process uncorrelated with the random process u.. (The
same model was used in Example 2.3 but with a different interpretation.) If we
transform (E2.8) to

and insert it into (E2.9) we get

(I—al)x, = u + vy — dVvyy.
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For the combined error term {; = u, + v, — o v,.; we get

1(0) = o + (1+d) o)

(1) = -a o’
Y(t) = 0 for 12> 2,

or

oo’

1:+, 1) =0 for T > 2.
pdD) Gi+(l+(12)63 PV

Thus, the observable variable x, follows an ARMA(1,1) process,
(I-al)x, = 1-BL)n,

where B can be calculated by means of p,(1) and n, is a pure random pro-
cess. (See also the corresponding results in Section 2.2.1.)

2.3.2 ARMA(p,q) Processes

The general autoregressive moving average process with AR order p and
MA order q can be written as
(251) x¢ = 0+ oy Xer T oo T O Xep T U — Prunr — oo — PqUig,

with u, being a pure random process and o, # 0 and B, # 0 having to hold.
Using the lag operator, we can write

251 (I-ol—..—alP)x = 8 + (1-BL—...— BLYu,,
or
(2.51") al)x. = & + B(L)u.

As factors that are common in both polynomials can be reduced, a(L) and
B(L) cannot have identical roots. The process is stationary if — with sto-
chastic initial conditions — the stability conditions of the AR term are ful-
filled, i.e. if a(L) only has roots that are larger than 1 in absolute value.
Then we can derive the Wold representation for which

BL) = aL)(1+wL+y,L*+..)

must hold. Again, the yj, j =1, 2, ..., can be calculated by comparing the
coefficients. If, likewise, all roots of B(L) are larger than 1 in absolute val-
ue, the ARMA(p,q) process is also invertible.

A stationary and invertible ARMA(p,q) process may either be repre-
sented as an AR(c0) or as an MA(co) process. Thus, neither its autocorrela-
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tion nor its partial autocorrelation function breaks off. In short, it is possi-
ble to generate stationary stochastic processes with infinite AR and MA
orders by using only a finite number of parameters.

Under the assumption of stationarity, (2.51) directly results in the con-
stant mean

Elx] = n =

If, without loss of generality, we set 6 = 0 and thus also p = 0, we get the
following relation for the autocovariances:

Y(®) = E[Xexd
= E[Xeog Xe1 + oo T 0pXep T U — Brugr — ... — BqUeg)] -
This relation can also be written as
Y(© = wmy(-1) + opy(t-2) + ...+ a,y(T-p)
+ E[Xedt] — Bi E[Xeer] — ..o — Bg E[Xedleq] -

Due to the Wold representation, the covariances between x; and u;, i = 0,
..., g, are zero for T > q, i.e. the autocovariances for T > q and t > p are gen-
erated by the difference equation of an AR(p) process,

v(©) — o y(t-1) = ay(r-2)— ...— a,y(t-p) = 0 fort>q At>Dp

whereas the first q autocovariances are also influenced by the MA part.
Normalisation with y(0) leads to exactly the same results for the autocorre-
lations.

If the orders p and q are given and the distribution of the white noise
process u; is known, the parameters of an ARMA(p,q) process can be esti-
mated consistently by using maximum likelihood methods. These esti-
mates are also asymptotically efficient. If there is no such programme
available, it is possible to estimate the parameters consistently with least
squares. As every invertible ARMA(p,q) process is equivalent to an
AR(o0) process, first of all an AR(k) process is estimated with k sufficient-
ly larger than p. From this, one can get estimates of the non-observable re-
siduals ;. By employing these residuals, the ARMA(p,q) process can be
estimated with the least squares method,

Xt = 6 + o Xt + ...+ %Xt_p — Bl ﬁt—l — e = Bqﬁt—q + Vi

This approach can also be used if p and q are unknown. These orders can,
for example, be determined by using the information criteria shown in Sec-
tion 2.1.5.
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Figure 2.10: Three month money market rate in New York, 1994 — 2003
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Example 2.15

Figure 2.10 shows the development of the US three month money market rate
(USR) as well as the estimated autocorrelation and partial autocorrelation function
of the first differences of this time series for the period from March 1994 to Au-
gust 2003 (114 observations). Both functions do not show a clear break-off behav-
iour. Therefore, the following ARMA(1,1) model has been estimated for this time
series:

AUSR, = —0.006 + 0.831 AUSR,, + 6, — 0.457 f,..
(-0.73)  (10.91) (-3.57)

R? = 0351, SE = 0.166, Q(10) = 7.897 (p = 0.639).

The AR(1) as well as the MA(1) terms are different from zero and from one at any
usual significance level. The autocorrelogram of the estimated residuals, which is
also given in Figure 2.10, as well as the Ljung-Box Q statistic, which is calculated
for this model with 12 autocorrelation coefficients (i.e. with 10 degrees of free-
dom), do not provide any evidence of a higher order process.

2.4 Forecasting

As mentioned in the introduction, in the 1970’s, one of the reasons for the
broad acceptance of time series analysis using the Box-Jenkins approach
was the fact that forecasts with this comparably simple method often out-
performed forecasts generated by large econometric models. In the follow-
ing, we show how ARMA models can be used for making forecasts about
the future development of time series. In doing so, we assume that all ob-
servations of the time series up to time t are known.

2.4.1 Forecasts with Minimal Mean Squared Errors

We want to solve the problem of making a t-step ahead forecast for x; with
a linear prediction function, given a stationary and/or invertible data gen-
erating process.

Let X,(t) be such a prediction function for X.. Thus, X,(t)is a random
variable for given t and 1. As all stationary ARMA processes have a Wold

representation, we assume the existence of such a representation without
loss of generality. Thus,

Xt = “+ Z\Vjut—j> Yo = 15 ZOWJZ < oo,
j=

=0
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where u, is a pure random process with the usual properties E[u;] = 0,

o’ for t=s

E[uu] = {

0 for t#s

Therefore, it also holds that

0

(2.52) Xer = B F Dy, 1= 12, ...

i=0

For a linear prediction function with the information given up to time t, we
assume the following representation

(2.53) X() = p+ D6Ou,, 1=12.,
k=0

where the 6;,k =0, 1,2, .., t=1, 2, ..., are unknown. The forecast error
of a 1-step forecast is fi(t) = x.r — X, (1), T=1, 2, ..., . In order to make a
good forecast, these errors should be small. The expected quadratic fore-
cast error E[(X.: — X, (1))*], which should be minimised, is used as the cri-
terion to determine the unknowns ;. Taking into account (2.52) and
(2.53) we can write

2
E [Z\Vjuwr—j - zelzut—k} ]
j=0 k=0

E[f’ (]

- 2
= E (utﬂr + \VluH'rfl +...F \V'rflqu + Z (\V‘Hk - ei )ulk] :| :
k=0

From this it follows that

2

254) E[f) ] = (I+y]+...+yl,)o" + cszi(wﬁk— o) .
k=0

The variance of the forecast error reaches its minimum if we set 0, = Y.«

fork=0, 1, 2, ..., . Thus, we get the optimal linear prediction function for
a t-step ahead forecast from (2.53), as

(2.55) X (1) = p+ Dwou,, t=12...

k=0
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For the conditional expectation of u., given u, vy, ..., it holds that
Efud | u, fors<0
Uig|U, Upt, ...] = .
e T 0 fors >0

Thus, we get the conditional expectation of x..,, because of (2.52), as

E[Xius, Ui, o] = po+ ZW'Hkut—k'

k=0

Due to (2.55), the conditional expectation of X, with all information
available at time t given, is identical to the optimal prediction function.
This leads to the following result: The conditional expectation of x.., with
all information up to time t given, provides the t-step forecast with mini-
mal mean squared prediction error.

With (2.52) and (2.55) the t-step forecast error can be written as

(2.56) fi(t) = Xpe— X, (T) = Upr T Yilpeg T Wolen + oo+ Yo Uy
with

E[f(v)u, vy, ...] = E[fi(t)] = 0.
From these results we can immediately draw some conclusions:

1. Best linear unbiased predictions (BLUP) of stationary ARMA process-
es are given by the conditional expectation for X, T=1,2, ...

X, (t) = E[XedfXp, X1y o] = Ei[Xpw] -

2. For the one-step forecast errors (7= 1), f(1) = u.y, we get
E[f(1)] = E[ux] = 0, and

o’ for t=s

0 for t#s

E[ft(l)fs(l)] = EBlugug] = {

The one-step forecast errors are a pure random process; they are identi-
cal with the residuals of the data generating process. If the one-step
prediction errors were correlated, the prediction could be improved by
using the information contained in the prediction errors. In such a case,

however, X, (1) would not be an optimal forecast.

3. For the t-step forecast errors (T > 1) we get

fi(t) = Upr T YiUger T Yol + oo+ WU,
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i.e. they follow a MA(t-1) process with E[f(t)] = 0 and the variance
(2.57) VIE®] = (1+y] +..+y2,) o .

This variance can be used for constructing confidence intervals for t-
step forecasts. However, these intervals are too narrow for practical ap-
plications because they do not take into account the uncertainty in the
estimation of the parameters y;, 1=1, 2, ..., 7-1.

4. Tt follows from (2.57) that the forecast error variance increases mono-

tonically with increasing forecast horizon t:
V(] = VIfi(z-1)].

5. Due to (2.57) we get for the limit

lim V(] = lim(1+y] + ... +y2,)0’ = & Y y] = V[x],
T—®© T—>®© j=0

i.e. the variance of the t-step forecast error is not larger than the vari-
ance of the underlying process.

6. The following variance decomposition follows from (2.55) and (2.56):
(2.58) Vixud = V[X,(1)] + V[fi(1)].
7. Furthermore,
llilgit (T) = 11_1;1; (H""ZWHkut—kj = n = E[Xt] ’
k=0

i.e. for increasing forecast horizons, the forecasts converge to the (un-
conditional) mean of the series.

The concept of ‘weak’ rational expectations whose information set is re-
stricted to the current and past values of a variable exactly corresponds to
the optimal prediction approach used here.

2.4.2 Forecasts of ARMA(p,q) Processes

The Wold decomposition employed in the previous section has advantages
when it comes to the derivation of theoretical results, but it is not practical-
ly useful for forecasting. Thus, in the following, we will discuss forecasts
directly using AR, MA, or ARMA representations.
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Forecasts with a Stationary AR(1) Process
For this process, it holds that
X; = 0+ aXy +u,
with |a| < 1. The optimal t-step forecast is the conditional mean of X, i.e.
EfXxw:] = B0+ d X T U] = 6+ o EfXpr1] -

Due to the first conclusion, we get the following first order difference
equation for the prediction function

X (1) = 8 +aXx (1),
which can be solved recursively:

=1 X (1)

8 +aX (0) = 8+ ax

1=2: X, = 8+ aX (1) = &+ ad+o’x

X, (1) = d1+a+..+o") +a'x

. I-af
Xt(T) = 1_(; ) +(IrXt = % + GT(Xt—%).

As p=0/(1 — a) is the mean of a stationary AR(1) process,
X,(t) = p+ a(x—p with limX, (t) = p,

i.e., with increasing forecast horizon T, the predicted values of an AR(1)
process converge geometrically to the unconditional mean p of the pro-
cess. The convergence is monotonic if a is positive, and oscillating if a is
negative.

To calculate the t-step prediction error, the Wold representation, i.e. the
MA(e0) representation of the AR(1) process, can be used,

Xt = Ut ut aug + azut_z + a3ul_3 + ...
Due to (2.56) and (2.57) we get the MA(1-1) process
fi(1) = Uue + O Upey T 07 Upen + .. + 07 Uy
for the forecast error with the variance

21
l-a™

V@] = (140’ +..+a™P)o" = —
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With increasing forecast horizons, it follows that

2
o

lim V[f(x)] = = V[x],

1-o?

1.e. the prediction error variance converges to the variance of the AR(1)
process.

Forecasts with Stationary AR(p) Processes
Starting with the representation
Xt = 6 + o X¢-1 + Oy Xt + ...+ (let_p + U,

the conditional mean of x is given by

Exed] = 8 + oy E[Xppa] + ..o + ap Et[Xt+r-p]-

Here,
X, (s) for s>0
E{xus] = .
X,, for s<0
Thus, the above difference equation can be solved recursively:
=1 X, (1) = 8+ oy X + O Xeg T .t Op Xes1p
=20 X,(2) = 8+ oy X, (1) + oaX¢ + ... T 0pXe2p,etc.

Forecasts with an Invertible MA(1) Process
For this process, it holds that

Xt = U+ u — Pugy
with |B| < 1. The conditional mean of X, is

Efxw:] = p + Efue] — B Efuec].
For t =1, this leads to
(2.59) £(1) = n- Bu,
and for t > 2, we get
X, (1) = n,

i.e. the unconditional mean is the optimal forecast of X, T=2, 3, ..., . For
the t-step prediction errors and their variances we get:
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fi(1) = W, VIf()] = &
f(2) = uwr — Buw,  V[EQ)] = 1+
f(t) = U — P,  V[i(D)] = (1+p)c°.

To be able to perform the one-step forecasts (2.59), the unobservable vari-
able u has to be expressed as a function of the observable variable x. To do
this, it must be taken into account that for s < t, the one-step forecast errors
can be written as

(2.60) U = x— K, (1)

For t =0, we get from (2.59)
%,(1) = 1 Puo
with the non-observable but fixed u,. Taking (2.60) into account, we get
fort=1
)21(1) = pu-Bu = p-PB&i- 720 (1))
L=PBxi +Bu-PBu)
m(1+B) — Bxi —Buo.

Correspondingly, we get for t =2
L) = p—Pu = p—-Px-—X (1)
Bo= Bxo + Br(l+B)— Bxi— B uo)
ML+ B+ %) = Bxo —B2xi— B up.
If we continue this procedure, the so-called backcasting, we finally arrive

at a representation of the one-step prediction which — except for uy — con-
sists only of observable terms,

)A(t(l) = H(1+B+.,,+Bt)— BXt_Bzxt—l—---—thl— t+1u0'

Due to the invertibility of the MA(1) process, i.e. for |B| < 1, the impact of
the unknown initial value v, finally disappears.

Similarly, one can show that, after q forecast steps, the optimal forecasts
of invertible MA(q) processes, q > 1 are equal to the unconditional mean
of the process and that the variance of the forecast errors is equal to the
variance of the underlying process. The forecasts in observable terms are
represented similarly to those of the MA(1) process.
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Forecasts with ARMA(p,q) Processes

Forecasts for these processes result from combining the approaches of pure
AR and MA processes. Thus, the one-step ahead forecast for a stationary
and invertible ARMA(1,1) process is given by

X (1) = 8 +ax — PBu.

Starting with t = 0 and taking (2.60) into account, forecasts are successive-
ly generated by backcasting. We first get

X, (1) = &+ axp — Bug,
where X, and uy are assumed to be any fixed numbers. For t =1 we get

X (1)

d+ax; —Bu = 8+ ax; — Bxi—X,(1))
S(1+P) + (@—P)x; + Baxo—Pup,

which finally leads to

2.61) x,(1) = 3A+B+..+B) + (a—B)x + Bla—P) Xe1 + ...

+ B (@—B)xi + B axo—B .

Due to the invertibility condition, i.e. for |B| < 1, the one-step forecast for
large values of t does no longer depend on the unknown initial values X,
and u,.

For the t-step forecast, T =2, 3, ..., we get

)A(t(2) =06+t )A(t(l)

X,(3) = 8+ ax(2

Using (2.61), these forecasts can be calculated recursively.

2.4.3 Evaluation of Forecasts

Forecasts can be evaluated ex post, i.e. when the realised values are avail-
able. There are many kinds of measures to do this. Quite often, only graphs
and/or scatter diagrams of the predicted values and the corresponding ob-
served values of a time series are plotted. Intuitively, a forecast is ‘good’ if
the predicted values describe the development of the series in the graphs
relatively well or if the points in the scatter diagram are concentrated
around the angle bisecting line in the first and/or third quadrant. Such intu-
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itive arguments are, however, not founded on the above-mentioned consid-
erations on optimal predictions. For example, as (2.59) shows, the optimal
one-step forecast of a MA(1) process is a pure random process. This im-
plies that the graphs compare two quite different processes. Conclusion 6
given above states that the following decomposition holds for the vari-
ances of the data generating processes, the forecasts and the forecast er-
rors,

Vixe] = VIX, @] + VIi(@©].

Thus, it is obvious that predicted and realised values are generally generat-
ed by different processes.
As a result, a measure for the predictability of stationary processes can
be developed. It is defined as follows,
VIX, (9] VIt (9]

2 = [ S—— = - —_—-
(2.62) P(7) Vx| 1 Vix ]’

el

with 0 < P(1)> < 1. At the same time, P(1)’ is the correlation coefficient be-
tween the predicted and the realised values of x. The optimal forecast of a
pure random process with mean zero is X, (1) = 0, i.e. P(t)’> = 0. Such a

process cannot be predicted. On the other hand, for the one-step forecast of
a MA(1) process, we can write
2 2 2
pay - P o B .,
1+ p)o 1+ P

However, the decomposition (2.58), theoretically valid for optimal fore-
casts, does not hold for actual (empirical) forecasts, even if they are gener-
ated by using (estimated) ARMA processes. This is due to the fact that
forecast errors are hardly ever totally uncorrelated with the forecasts.
Therefore, the value of P(t)* might even become negative for ‘bad’ fore-
casts.

JACOB MINCER and VICTOR ZARNOWITZ (1969) made the following
suggestion to check the consistency of forecasts. By using OLS the follow-
ing regression equation is estimated

(263) Xt+’[ = a() + al )A(t (T) + 8t+’r'

It is tested either individually with t tests or commonly with a F test
whether ag = 0 and a; = 1. If this is fulfilled, the forecasts are said to be
consistent. However, such a regression produces consistent estimates of

the parameters if and only if X, (1) and &, are asymptotically uncorrelated.
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Moreover, to get consistent estimates of the variances, which is necessary
for the validity of the test results, the residuals have to be pure random
processes. Even under the null hypothesis of optimal forecasts, this only
holds for one-step predictions. Thus, the usual F and t tests can only be
used for T = 1. For T > 1, the MA(t-1) process of the forecast errors has to
be taken into account when the variances are estimated. A procedure for
such situations combines Ordinary Least Squares for the estimation of the
parameters and Generalised Least Squares for the estimation of the vari-
ances, as proposed by BRYAN W. BROWN and SHLOMO MAITAL (1981).

JINOOK JEONG and GANGADHARRAO S. MADDALA (1991) have pointed
out another problem which is related to these tests. Even rational forecasts
are usually not without errors; they contain measurement errors. This im-
plies, however, that (2.63) cannot be estimated consistently with OLS; an
instrumental variables estimator must be used. An alternative to the esti-
mation of (2.63) is therefore to estimate a univariate MA(t-1) model for
the forecast errors of a t-step prediction,

for) = a +uw + ajug + aun ot ag U,

and to check the null hypothesis Hy: ag = 0 and whether the estimated re-
siduals 1, are white noise.

On the other hand, simple descriptive measures, which are often em-
ployed to evaluate the performance of forecasts, are based on the average
values of the forecast errors over the forecast horizon. The simple arithme-
tic mean indicates whether the values of the variable are — on average —
over- or underestimated. However, the disadvantage of this measure is that
large over- and underestimates cancel each other out. The mean absolute
error is often used to avoid this effect. Starting the forecasts from a fixed
point of time, t;, and assuming that realisations are available up to ty+m,
we get

m-—T

MAE(7) Tt=1,2,...

m + 1 - T _]=O +J
Every forecast error gets the same weight in this measure. The root mean
square error is often used to give particularly large errors a stronger
weight:

1 m-t1
RMSE(1) = \/meéﬂ.(r), =12, ...
15

These measures are not normalised, i.e. their size depends on the scale of
the data.
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The inequality measure proposed by HENRY THEIL (1961) avoids this
problem by comparing the actual forecasts with so-called naive forecasts,
1.e. the realised values of the last available observation,

2

—T

ftiﬂ‘ (T)

LMV

URr) = —

— , T =1,2,...
2

Z(Xt0+‘c+j _Xt0+j)

j=0

If U(t) = 1, the forecast is as good as the naive forecast, X, (t) = x,. For

U(t) < 1 the forecasts perform better than the naive one. MAE, RMSE and
Theil’s U all become zero if predicted and realised values are identical
over the whole forecast horizon.

Example 2.16

All these measures can also be applied to forecasts which are not generated by
ARMA models, as, for example, the forecasts of the Council of Economic Experts
or the Association of German Economic Research Institutes. Since the end of the
1960’s, both institutions have published forecasts of the German economic devel-
opment for the following year, the institutes usually in October and the Council at
the end of November. HANNS MARTIN HAGEN and GEBHARD KIRCHGASSNER
(1996) investigated the annual forecasts of the growth rates of GNP for the period
from 1970 to 1995 as well as for the sub-periods from 1970 to 1982 and from
1983 to 1995. These periods correspond to the social-liberal government of SPD
and FDP and the conservative-liberal government of CDU/CSU and FDP.

The results are given in Table 2.2. Besides the criteria given above, the table al-
so indicates the square of the correlation coefficient between realised and predict-
ed values (R?), the estimated regression coefficient 4, of the test equation (2.63) as
well as the mean error (ME). According to almost all criteria, the forecasts of the
Council outperform those of the institutes. This was to be expected, as the Coun-
cil’s forecasts are produced slightly later, at a time when more information is
available. It holds for the forecasts of both institutions that the mean absolute er-
ror, the root mean squared error as well as Theil's U are smaller in the second pe-
riod compared to the first one. This is some evidence that the forecasts might have
improved over time. On the other hand, the correlation coefficient between pre-
dicted and realised values has also become smaller. This indicates a deterioration
of the forecasts. It has to be taken into account that the variance of the variable to
be predicted was considerably smaller in the second period as compared to the
first one. Thus, the smaller errors do not necessarily indicate improvements of the
forecasts. It is also interesting to note that on average the forecast errors of both
institutions were negative in the first and positive in the second sub-period. They
tended to overestimate the development in the period of the social-liberal coalition
and to underestimate it in the period of the conservative-liberal coalition.
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Table 2.2: Forecasts of the Council of Economic Experts
and of the Economic Research Institutes

Period R? RMSE MAE ME a, U

1970 - 1995 | 0.369 1.838 1.346  -0.250*  1.005* 0.572
Institutes | 1970 — 1982 | 0.429 2.291 1.654  -0.731 1.193*  0.625
1983 — 1995 | 0.399 1.229 1.038 0.231 1.081 0.457

. 1970 — 1995 | 0.502* 1.647* 1.171*  -0.256 1.114 0.512%
Council of
Economic | 1970 - 1982 | 0.599* 2.025%* 1.477* -0.723* 1.354 0.552%
Experts
P 1983 — 1995 | 0.472* 1.150* 0.865* 0.212* 1.036* 0.428*

“*’ denotes the ‘better’ of the two forecasts.

2.5 The Relation between Econometric Models and
ARMA Processes

The ARMA model-based forecasts discussed in the previous section are
unconditional forecasts. The only information that is used to generate the-
se forecasts is the information contained in the current and past values of
the time series. There 1s demand for such forecasts, and — as mentioned
above — one of the reasons for the development and the popularity of the
Box-Jenkins methodology presented in this chapter is that by applying the
above-mentioned approaches, these predictions perform — at least partly —
much better than forecasts generated by large scale econometric models.
Thus, the Box-Jenkins methodology seems to be a (possibly much better)
alternative to the traditional econometric methodology.

However, this perspective is rather restricted. On the one hand, condi-
tional rather than unconditional forecasts are required in many cases, for
example, in order to evaluate the effect of a tax reform on economic
growth. Such forecasts cannot be generated by using (only) univariate
models. On the other hand, and more importantly, the separation of the two
approaches is much less strict than it seems to be at first glance. As
ARNOLD ZELLNER and FRANZ C. PALM (1974) showed, linear dynamic
simultaneous equation systems as used in traditional econometrics can be
transformed into ARMA models. (Inversely, multivariate time series mod-
els as discussed in the next chapters can be transformed into traditional
econometric models.) The univariate ARMA models correspond to the fi-
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nal equations of econometric models in the terminology of JAN TINBER-
GEN (1940).

Let us consider a very simple model. An exogenous, weakly stationary
variable x, as defined in (2.64b), has a current and lagged impact on the
dependent variable y, while the error term might be autocorrelated. Thus,
we get the model

(2.64a) yi = ML) xe +maAl) uy,
(2.64b) aL)x, = B(L) uy,

where 1;(L) and np(L) are lag polynomials of finite order. If we insert
(2.64b) in (2.64a), we get for y the univariate model

(2.642") al)y. = L)
with
GL) ve = m(L)BL) vz +ma(L) (L) uyy .

As {(L)v; is an MA process of finite order, we get a finite order ARMA
representation for y. It must be pointed out that the univariate representa-
tions of the two variables have the same finite order AR term.
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3 Granger Causality

So far, we have only considered single stationary time series. We analysed
their (linear) structure, estimated linear models and performed forecasts
based on these models. However, the world does not consist of independ-
ent stochastic processes. Just the contrary: in accordance with general
equilibrium theory, economists usually assume that everything depends on
everything else. Therefore, the next question that arises is about (causal)
relationships between different time series.

In principle, we can answer this question in two different ways. Follow-
ing a bottom up strategy, one might first assume that the data generating
processes of the different time series are independent of each other. In a
second step, one might ask whether some specific time series are related to
each other. This statistical approach follows the proposals of CLIVE W.J.
GRANGER (1969) and is today usually employed when causality tests are
performed. The alternative is a top down strategy which assumes that the
generating processes are not independent and which, in a second step, asks
whether some specific time series are generated independently of the other
time series considered. This approach is pursued when using vector auto-
regressive processes. The methodology, which goes back to CHRISTOPHER
A. S1MS (1980), will be described in the next chapter. Both approaches are
employed to investigate the causal relationships which potentially exist be-
tween different time series.

However, before we ask these questions we should clarify the meaning
of the term causality. Ever since GALILEO GALILEI and DAVID HUME, this
term is closely related to the terms cause and effect. Accordingly, a varia-
ble x would be causal to a variable y if x could be interpreted as the cause
of y and/or y as the effect of x. However, where do we get the necessary
information from? In traditional econometrics, when distinguishing endog-
enous and exogenous (or predetermined) variables, one assumes that such
information is a priori available. Problems arise, however, if there are sim-
ultaneities between the variables, i.e. if it is possible that x is causal to y
and y is causal to x. The usual rank and order conditions for the identifica-
tion of econometric simultaneous equations systems show that the different
relations can only be identified (and estimated) if additional information is
available, for example on different impacts of third variables on the de-

G. Kirchgéssner et al., Introduction to Modern Time Series Analysis, Springer Texts in Business 95
and Economics, DOI 10.1007/978-3-642-33436-8 3, © Springer-Verlag Berlin Heidelberg 2013
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pendent variables. It is impossible to determine the direction of causality
of instantaneous relations between different variables if there is no such in-
formation. In this case, the only possibility is to estimate a reduced form of
the system.

As far as possible, modern time series analysis abstains from using ex-
ogenous information, so that the way in which the identification problem is
treated in traditional econometrics is ruled out. On the other hand, the idea
of causality is closely related to the idea of succession in time, at the latest
since DAVID HUME who said that cause always precedes effect. Traditional
econometrics shared the same view. However, the time periods represented
by a single observation are too long to assume that a change in one varia-
ble might only influence other variables in later time periods, especially
when using annual data. As time series analyses are usually performed
with data of higher frequencies, the situation looks different here. Using
monthly data, we assume in many cases that changes in one variable only
influence other variables in later months. For example, the change in min-
eral oil prices on the international spot markets might only have a delayed
effect on Swiss or German consumer prices for petrol or light heating oil.
Thus, it is reasonable to use succession in time as a criterion to find out
whether or not there exists a causal relation between two series.

If such a causal relation exists, it should be possible to exploit it when
making forecasts. As seen above, it is often possible to make quite good
forecasts with univariate models. The precondition for this is that the in-
formation contained in the past values of the variable is optimally exploit-
ed. Identification and estimation of ARMA models, for example, are at-
tempts in this direction. However, if x is causal to y, current and lagged
values of x should contain information that can be used to improve the
forecast of y. This implies that the information is not contained in the cur-
rent and lagged values of y. Otherwise it would be sufficient to consider
only the present and past values of y. Accordingly, the definition of causal-
ity proposed in 1969 by CLIVE W.J. GRANGER looks at this incremental
predictability, i.e. it examines whether the forecasts of the future values of
y can be improved if — besides all other available information — the current
and lagged values of x are also taken into account.

There is, however, another reason why the lagged values of the corre-
sponding variables are taken into account when it comes to the question of
causality. Even if they are stationary, economic variables often show a
high degree of persistence. This may lead to spurious correlations (regres-
sions) between X, and y,, in case X; has no impact on y, and y, depends on
yi.1 which is not included in the regression equation. CLIVE W. GRANGER
and PAUL NEWBOLD (1974) as well as GEBHARD KIRCHGASSNER (1981)
showed that such spurious regressions can arise even if highly autocorre-
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lated variables are generated independently from each other. If past values
of both the dependent and the explanatory variables are included, the risk
diminishes as this implies that the time series are filtered. With respect to
the causal relation between (two) time series, only the innovations of these
series do matter. Correspondingly, G. WILLIAM SCHWERT (1979) also re-
fers to the results of causality tests as “the message in the innovations”.

In the following, we present the definition of Granger causality and the
different possibilities of causal events resulting from it (Section 3.1). This
is followed by a characterisation of these causal events within the frame-
work of bivariate autoregressive and moving average models as well as by
using the residuals of the univariate models as developed in the preceding
chapter (Section 3.2). Section 3.3 presents three test procedures to investi-
gate causal relations between time series: the direct GRANGER procedure,
the HAUGH-PIERCE test and the HSIAO procedure. In Section 3.4, we ask
how these procedures can be applied in situations where more than just
two variables are considered. The chapter closes with some remarks on the
relation between the concepts of Granger causality and rational expecta-
tions if applied to the analysis of economic policy (reaction) functions
(Section 3.5).

3.1 The Definition of Granger Causality

In the following, we again assume that we have weakly stationary time se-
ries. Let I; be the total information set available at time t. This information
set includes, above all, the two time series x and y. Let X, be the set of all

current and past values of x, i.e. X, := {X, X¢1, -, X¢ko ... ; and analogously

of y. Let 6*(*) be the variance of the corresponding forecast error. For such
a situation, Clive W.J. GRANGER (1969) proposed the following definition
of causality between x and y:

(1) Granger Causality: x is (simply) Granger causal to y if and only if the
application of an optimal linear prediction function leads to

2 2 —
G (Y1+1 It) < © (Y1+1 |It _Xl)7
i.e. if future values of y can be better predicted, i.e. with a smaller
forecast error variance, if current and past values of x are used.

(11) Instantaneous Granger Causality: X is instantaneously Granger causal
to y if and only if the application of an optimal linear prediction func-
tion leads to
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1),

i.e. if the future value of y, yu, can be better predicted, i.e. with a
smaller forecast error variance, if the future value of x, X, is used in
addition to the current and past values of x.

{It’xtﬂ}) < 62 (Yt+1

62 (YHI

(iii) Feedback: There is feedback between x and y if X is causal to y and y
is causal to x.

Feedback is only defined for the case of simple causal relations. The rea-
son is that the direction of instantaneously causal relations cannot be iden-
tified without additional information or assumptions. Thus, the following
theorem holds:

Theorem 3.1: X is instantaneously causal to y if and only if'y is instanta-
neously causal to x.

According to Granger’s definition of causality there are eight different, ex-
clusive possibilities of causal relations between two time series:

(i) xandy are independent: (X, y)
(i1))  There is only instantaneous causality: (x-y)
(ii1)) x is causal to y, without instantaneous causality: (x—>y)
(iv) yis causal to x, without instantaneous causality: (x<-y)
(v) xis causal to y, with instantaneous causality: (x=y)
(vi) yis causal to x, with instantaneous causality: (x<y)

(vii) There is feedback without instantaneous causality: (x<>y)
(viii) There is feedback with instantaneous causality: (xy)

In the definition given above, I, includes all information available at time t.
Normally, however, only the current and lagged values of the two time se-
ries x and y are considered:

It :: {Xt7 Xt']’ A Xt'k’ AR yt’ yt']’ A yt-k’ "'}‘

In many cases, the limitation of the information set does hardly make
sense. Thus, when discussing the test procedures, we must also ask how
these procedures can be applied if (relevant) ‘third variables’ play a role.
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3.2 Characterisation of Causal Relations
in Bivariate Models

In Chapter 1 we already explained that, according to the Wold decomposi-
tion theorem, any weakly stationary process can be represented as an (infi-
nite) moving average of a white noise process. Correspondingly, each pair
of time series can be represented by a bivariate MA() process. If this pro-
cess is invertible, it can also be represented as a bivariate (infinite) AR
process. In the following, starting with the above-mentioned definition of
causality, causal relations between two time series are first of all character-
ised by AR representation and then by MA representation. Finally, accord-
ing to LARRY D. HAUGH (1976), causal relations between two time series
can also be characterised by the residuals of their univariate ARMA mod-
els. These three characterisations, which are the basis of different testing
procedures, are presented in the following.

3.2.1 Characterisation of Causal Relations Using the
Autoregressive and Moving Average Representations

Each bivariate system of invertible weakly stationary processes has the fol-
lowing autoregressive representation (deterministic terms are neglected
without loss of generality):

Yt} _ |:0,11(L) aIZ(L):| {yi| _ |:ut:|
X, o, (L) a,(L)]|x, v,
A(L) is a matrix polynomial. Its elements, a;(L), 1, j = 1,2, are one-sided

(infinite) polynomials in the lag operator L. These polynomials are identi-
cal to zero, (oyi(L) = 0), if all their coefficients, which are denoted as ocg ,

(3.1) A (L) {

are equal to zero. u and v are white noise residuals which might be con-
temporaneously correlated with each other. In order to normalise the equa-
tions, we set

a) = aj, = 1.
As (3.1) is a reduced form, it must hold that
(3.2) a)y = aj)y = 0.

In this system, instantaneous causality exists if and only if u and v are con-
temporaneously correlated because then the forecast errors of y and x can
be reduced if the current value of x or y is included in the forecast equation
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along with all lagged values of x and y. Then, however, there always exist
representations with either o, # 0 and o, =0 or a, =0 and a), # 0.
Both representations are observationally equivalent. However, because of
these two representations there is also one with o, # 0 and o, # 0 which
is observationally equivalent to the two other representations.

In the terminology of traditional econometrics, this implies that the
structural form (3.1) is not identified. It is well known that a specific struc-
tural form of any econometric model can be transformed into another
structural form which is observationally equivalent by pre-multiplying it
with any quadratic regular matrix P whose rank is equal to the number of
endogenous variables. The same happens if we go from one representation
to another. Instantaneous causality therefore results in:

(3.3) (x=-y)vE=y)Vv(x<=y)VvEey)
% p (0)=£0va), # 0va) =0,

where ‘=’ denotes equivalence and p,(0) the contemporaneous correlation
between u and v. In the following, we only consider the reduced form, i.e.
relation (3.2) holds.

The individual causal events lead to the following representations:

(3.4a) ((x,y)v(x-y) ap(l) = o) =0,

(3.4b) (x—=>y)v(x=1y)) —(az(L) = 0) A (L) =0,
(34c) (x«<y)v(x<=y) ap(l) =0 A —=(o2(L) = 0),
(34d) (xey)vExey) —(a(L) = 0) A —(o2i(L) = 0).

Thus, a simple causal relation from x to y only exists if all coefficients of
the lag polynomial (L) are equal to zero, (a1(L) = 0), and if there ex-
ists at least one non-zero coefficient of the lag polynomial cj5(L), —(ct12(L)
= 0).

Analogous to (3.1) and (3.4), we can also characterise the different
causal relations by using the moving average representation

3.5) |:Yt} ~ B(L) |:ut:| _ {Bn (L) By, (L)} |:ut:| ‘
Xy Vi By (L) Bp@)] |V,
B(L) is also a matrix polynomial, whose elements (;(L), 1,j = 1,2, are one-

sided (infinite) polynomials in the lag operator L. To normalise the system
we set

Q

Q

Q

Q

B?l = Bgz = 1.
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(3.2) also leads to
(3.6) B, = By = 0.

As B(L) results from the inversion of A(L), the following relations be-
tween the parameters of the MA and the AR representation hold:

(3.7a) Bu() = axn(L)/d(L),
(3.7b) Bia(L) = —auna(L) /3(L),
(3.7¢) B21(L) = —ax(L)/3(L),
(3.7d) Ba(L) = an(L)/d(L),
with

(L) = oui(L) ax(L) —aux(L) azi(L).

This leads to
(3.8a) Bio(L) = 0 = (L) = 0,
(38b) Bz](L) =0= 0@1(L) = 0.

Thus, in analogy to (3.4) the different causal events result in

(3.92) (x,y)Vv(x-y)) Pi(l) = Bu(L) =0,

(3.9b) (x—=>y)vE=y)) —(Bi(L) = 0) A Pau(L) = 0,
(3.9¢) (x«<y)Vv(x<y) PL) =0 A =(Bu(@) = 0),

(3.9d) (xey)Vvxey) —(Bio(L) = 0) A =(B2u(L) = 0).

The conditions for the different polynomials hold independently of wheth-
er we choose the AR or the MA representation.

I

%

I

Q

3.2.2 Characterisation of Causal Relations Using the
Residuals of the Univariate Processes

As an alternative to (3.1) and (3.5), x and y can also be represented by two
separate univariate ARMA models. In the Wold representation, this leads
to:

2 3 a, . Wi (L) 0 A
(3.10) L{J =¥ (L) {bj N |: 0 Vo (L):| |:bt}.
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Once again, y;(L), i = 1, 2, are one-sided infinite polynomials in the lag
operator L normalised by

‘V?l = \ng = 1
The residuals a and b are again white noise, and they might also be con-
temporaneously correlated. We assume that the two MA processes are

again invertible. The following representation shows the relation between
(3.5) and (3.10):

Yt -1 ut

(3.11) L} = Y({L) ¥Y@L) B(L) L },
or

Yo _ e | N, (L) @) ||y,
G u - G M - [m(L) g (L)} M
with H(L) = W(L)" B(L). The different lag polynomials result in
(3.12a) nu@) = Pu@)/yn(L),
(3.12b) Ni2(L) = Bua(L) / wia(L),
(3.12¢) ML) = Bar(L) / yar(L),
(3.12d) N22(L) = Paa(L) / wa(L).

This leads to the following relation between the residuals u and v and the
residuals a and b:

at -1 yt -1 ut ut
(3.13) [ } = Y(L) { } = Y(L) B(L){ } = H(L){ } ,
bl Xt Vl Vt
with the following equivalencies because of (3.7) and (3.12):
(3143) Otlz(L) =0 ~ BIZ(L) =0 ~ T]]z(L) = 0,
(3.14b) ai(L)=0 = By(L)=0 = ny(L)= 0.

Analogous to (3.4) and (3.9) the different causal events can be expressed
as restrictions on the n;’s:

(3.15a) (%, y)Vv(x-y)
3.15b) (x—>y)v(Ex=Y))

(3.15¢) (x<«y)Vv(x<y))

Q

n(l) = nu) =0,
—(Mi(L) = 0) A (L) = 0,
nl) =0 A =(ma(L) = 0),

Q
Il

Q
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(B3.15d) (x> y)vxey) = —(mi(l) = 0) A =(a(L) = 0).
Thus, n;; is subject to the same conditions as oj and B .

For the cross-correlation function between the residuals of the univariate
processes, a and b, p(k), we get:

316  py ) = —Sbad o ve®

E[a;] E[b}] J1.00)-7,(0)

with:

(317)  ya(k) =E[abu],

E[(nii(L) ue+ Mia(L) v) - (M21(L) vk + M22(L) V)]
E[ni(L) ue - m2i(L) ver] + E[Mi(L) ue - m2o(L) V]
+EMi2(L) ve - M21(L) v + E[Mi2(L) ve - moa(L) veu].

Without instantaneous causality this is reduced to

Yao(k) = E[Mu(L) u - n2i(L) v + E[Mia(L) vi - maa(L) via]

because of the orthogonality of u and v.
Thus, if we exclude instantaneous causality, we get:

(i) xisnotcausal toy:

In this case, n12(L) = 0 and u, and a, are white noise. Because of nor-
malisation it holds n;1(L) = 1, i.e. a, = u;. This leads to

(3.18a) pw(k) = 0 because of E[ui- na(L)uw] = 0 for k=>0.
(i) y is not causal to x:

In this case, n;;(L) = 0 and v, and b, are white noise. Because of nor-
malisation it holds n(L) = 1, i.e. b, = v,. This leads to

(3.18b) pa(k) = 0 since E[np(L) vi-vi] = 0 for k<0.
(i11) y and x are independent:

In this case, Nj2(L) =n21(L) = 0 and u,, vy, a; and b, are white noise. It
follows n11(L) =nxn(L) = 1, i.e. a,=u, and b, = v,. This leads to

(3.18¢) pak) = 0 Vk
From the above results we get

(B.19)(x—>y) =~ Ak k>0: ppk)#0) A (VK k<0: pap(k) =0).
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B.19)(x«y) = Tk k<0: ppk)=0) A (VK k=>0: pup(k)=0).
B 19%)(xy) = Tk, ki <0: pwki) #0) A (Tka, ko> 0: pap(ka) # 0).

As far as instantaneous causality between x and y can be excluded, the
causal relation may also be characterised by using the cross-correlation
function between the residuals a and b of the univariate ARMA processes.
If there is instantaneous causality, (3.17) leads to

(3.20) Pa(0) # 0.

However, if there is feedback, this condition is neither necessary nor suffi-
cient for the existence of instantaneous causality.

3.3 Causality Tests

All these characterisations can be used for testing causality. In 1972,
CHRISTOPHER A. SIMS was the first to propose a test for simple Granger
causal relations. This test was based on the moving average representation.
However, some problems occurred with this procedure. Therefore, it is
hardly applied today and will not be discussed here. THOMAS J. SARGENT
(1976) proposed a procedure which is directly derived from the Granger
causality definition. It is usually denoted as the direct Granger procedure.
LARRY D. HAUGH and DAVID A. PIERCE (1977) proposed a test which us-
es the estimated residuals of the univariate models for x and y. Finally,
CHENG HSIAO (1979) proposed a procedure to identify and estimate biva-
riate models which — like the direct Granger procedure — is based on auto-
regressive representation and can also be interpreted (at least implicitly) as
causality tests. We will present these three procedures and illustrate them
by examples.

3.3.1 The Direct Granger Procedure

As mentioned above, this procedure proposed by THOMAS J. SARGENT
(1976) is directly derived from the Granger definition of causality. Similar
to the method of CLIVE W.J. GRANGER (1969), a linear prediction function
is employed. In the following, let x and y be two stationary variables. To
test for simple causality from x to y, it is examined whether the lagged
values of x in the regression of y on lagged values of x and y significantly
reduce the error variance. By using OLS, the following equation is esti-
mated:
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kl kZ
k k
(B21) Y= ay F DL oY F D, X + U,
k=1

k=K,

with ko = 1. A F test is applied to test the null hypothesis, Hy: o, = o), =

.= a2 = 0. By changing x and y in (3.21), it can be tested whether a

simple causal relation from y to x exists. There is a feedback relation if the
null hypothesis is rejected in both directions. To test whether there is in-
stantaneous causality we finally set ko = 0 in relation (3.21) and perform a t

or F test for the null hypothesis Hy: o, = 0. Accordingly, the correspond-

ing null hypothesis can be tested for x. According to Theorem 3.1 given
above, we expect the same result for testing the equation for y and for x.
However, as our data are based on finite samples, we will generally get
different numerical values for the test statistics. However, with k; =k, i.e.
if we include the same number of lagged variables for the dependent as
well as for the explanatory variable in both test equations, we get exactly
the same numerical values for the test statistics. The reason for this is that
the t or F statistics are functions of the partial correlation coefficient be-
tween x and y. Its value does not depend on the direction of the regression;
it only depends on the correlation between the two variables and the set of
conditioning variables which are included. If k; = k,, the same condition-
ing variables are included, irrespectively of the dependent variable.

One problem with this test is that the results are strongly dependent on
the number of lags of the explanatory variable, k,. There is a trade-off: the
more lagged values we include, the better the influence of this variable can
be captured. This argues for a high maximal lag. On the other hand, the
power of this test is the lower the more lagged values are included.

Two procedures have been developed to solve this problem. In general,
different values of k; (and possibly also of k;) are used to inspect the sensi-
tivity of the results to the number of lagged variables. One of the different
information criteria presented in Section 2.1.5 can be used alternatively. As
we have included an explanatory variable, the number of estimated param-
eters, m, has to be adjusted. If, besides the constant term on the right hand
side, we include k; lagged values of the dependent and k, values of addi-
tional variables, it holds that m =k; + k, + 1.

Example 3.1

When, in the 1970’s, Granger causality tests were applied for the first time, the fo-
cus of interest was on the relation between money and income. (See, for example,
CHRISTOPHER A. SIMS (1972) as well as EDGAR L. FEIGE and DOUGLAS K.
PEARCE (1979).) The simple causal relation from the (real) quantity of money to
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the real gross national product was interpreted as evidence for the monetarist hy-
pothesis of short-run real effects of monetary policy, whereas the reverse relation
was interpreted as evidence for Keynesian doctrines. If such a relation exists, it
can be used for predictive purposes.

In the 1980°s and 1990’s, there was an intensive discussion to what extent the
real economic development can be predicted by the term structure of interest, es-
pecially by using the difference between long-run and short-run interest rates.
Figure 3.1 demonstrates this possibility by presenting the annual growth rates of
the real German GDP and the four quarters lagged interest rate spread for the peri-
od from 1970 to 1989. The precondition for using this spread as a predictor is a
simple Granger causal relation between this spread and real GDP. The question is
which one is ‘better’ suited to indicate the real effects of monetary policy.

percent

Growth Rate of Real GDP

\/ Interest Rate Spread (t-4)
(GLR - GSR)

1970 1972 1974 1976 1978 1980 1982 1984 1986 1988

year

Figure 3.1:  Growth rate of real GDP and the four quarters lagged interest

rate spread in the Federal Republic of Germany, 1970 — 1989
(in percent)

In the following, we investigate by using quarterly data whether Granger causal
relations existed in the Federal Republic of Germany for the period from 1965 to
1989 between the quantity of money M1 or the interest rate differential and the re-
al GDP. (As the German reunification in 1990 is a real structural break we only
use data for the period before.) For the dependent as well as for the explanatory
variable, we always use four or eight lags, respectively. A4In(GDP,) denotes the
annual growth rate of real GDP, A4In(M1,) the annual growth rate of the real quan-
tity of money M1, GLR the rate of government bonds (as a long-run interest rate),
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and GSR the three month money market rate in Frankfurt (as a short-run interest
rate).

Table 3.1  Test for Granger Causality (I): Direct Granger Procedure
1/65 — 4/89, 100 Observations

y X k; k; F(y<x) F(y—x) F(y—x)
AJn(GDP,))  A4n(Ml,) 4 4 6.087*%* 1.918 0.391
8 8 3.561%* 1.443 0.001
Adn(GDP,) GLR-GSR | 4 4 3.160* 3.835%%* 0.111
8 8 1.927(%) 2.077* 0.279
AJdn(M1,) GLR-GSR | 4 4 5.615%%x* 1.489 10.099%*
8 8 2.521% 1.178 15.125%%*

‘(*), *, F* or “***” denote that the null hypothesis that no causal relation exists can
be rejected at the 10, 5, 1 or 0.1 percent significance level, respectively.

The results in Table 3.1 show that there is only a simple causal relation from mon-
ey to GDP. The null hypothesis that no such relation exists can be rejected at the 1
percent significance level by using eight lags, and even at the 0.1 percent level by
using four lags. By contrast, the null hypothesis that no reversed causal relation
exists cannot even be rejected at the 10 percent significance level. The same is
true for an instantaneous relation.

The results for the relation between the interest rate differential and the GDP
are quite different. There is a simple causal relation from the monetary indicator to
GDP, too, but this relation is much less pronounced than the relation between
money and income, and, in addition, there is a simple relation in the reverse direc-
tion. Thus, there exists feedback between these two variables.

There is, first of all, a very pronounced instantaneous relation between the two
monetary indicators. Besides this, there is a simple relation from the interest rate
differential to money growth, while no relation seems to exist in the reverse direc-
tion. This reflects the fact that the German Bundesbank used the quantity of mon-
ey as an intermediate target which it tries to influence. It can, however, only do
this indirectly via (money market) interest rates. (Before 1987, the Bundesbank
had used central bank money as its intermediate target, from then on it used the
quantity of money M3.) It takes some time before money growth has fully adjust-
ed to a monetary impulse based on interest rates. This is reflected in the simple
Granger causal relation from interest rate differential to money growth as well as
in the instantaneous relation between these two variables.
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3.3.2 The Haugh-Pierce Test

This procedure which was first proposed by LARRY D. HAUGH (1976) and
later on by LARRY D. HAUGH and DAVID A. PIERCE (1977) is based on the
cross-correlations p,,(k) between the residuals a and b of the univariate
ARMA models for x and y. In a first step, these models have to be estimat-
ed. By using the Box-Pierce Q* statistic given in (1.11) (or the Ljung-Box
Q statistic given in (1.12)) it is checked whether the null hypothesis — that
the estimated residuals are white noise — cannot be rejected. Then, analo-
gous to the Q* statistic, the following statistic is calculated:

(3.22) S = T'ZZ: P2, (k).

k=k,

Under the null hypothesis Hy: pay(k) = 0 for all k with k; < k <k, this sta-
tistic is asymptotically y distributed with k, — k; + 1 degrees of freedom.
It can be checked for k; < 0 A k, > 0 whether there is any causal relation at
all. If this hypothesis can be rejected, it can be checked fork; =1 Ak, > 1
whether there is a simple causal relation from x to y. In the reverse direc-
tion, for k; <-1 A k, =-1, it can be checked whether there is a simple caus-
al relation from y to x. Finally, it can be tested by using p.,(0) whether
there exists an instantaneous relation. However, the results of the last test
are questionable as long as the existence of a feedback relation cannot be
excluded.

But this is not the only problem that might arise with this procedure. G.
WILLIAM SCHWERT (1979) showed that the power of this procedure,
which uses correlations, is smaller than the power of the direct Granger
procedure which uses regressions. Thus, following a remark by EDGAR L.
FEIGE and DOUGLAS K. PEARCE (1979), this test might only be a first step
to analyse causal relations between time series. On the other hand, infor-
mation on the relations between two time series, which is contained in
cross-correlations, can be useful even if no formal test is applied. This in-
formation offers a deeper insight into causal relations than just looking at
the F and t statistics of the direct Granger procedure.

Example 3.2

To perform the Haugh-Pierce test we estimate univariate models for the three var-
iables of Example 3.1 and for the period from the first quarter of 1965 to the last
quarter of 1989. The results are presented below; the numbers in parentheses are
again the corresponding t statistics:
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AJn(GDP,) = 0.658 + 0.861 Ayn(GDP,.;) — 0.105 Ayn(GDP,.4) +

(3.09) (12.80) (-1.63)
+ Gy = 0.266 0y,
(-2.58)

R*> = 0.669, SE=1.395, AIC =3.542, SC=3.646, Q(9)=5.602 (p = 0.779).

Adn(M1,) = 0.296 + 0.908 Adn(M1,.,) + o, — 0.772 s — 0.137 Gy,
(1.99) (19.44) (-12.99) (-2.30)

R> = 0.764, SE=1.897, AIC=4.158, SC =4.262, Q(9) = 10.845 (p = 0.287).

(GLR-GSR), = 0.291 + 1.039 (GLR — GSR),, — 0.422 (GLR — GSR);

(2.81) (15.95) (-3.56)
+ 0.426 (GLR —GSR).4 — 0.297(GLR — GSR),s + 013,
(3.00) (-3.17)

R> = 0.796, SE=0.771, AIC=2.368, SC =2.498, Q(8)=11.390 (p =0.181).

In all three cases, the Ljung-Box Q statistic calculated for 12 lags does not indi-
cate any autocorrelation of the estimated residuals.

The next step was to calculate the cross-correlation functions presented in Fig-
ure 3.2. (The dotted lines are the approximate 95 percent confidence intervals.) It

p(k)
1.0 -

0.8 -
0.6

0.4 -

-0.4 -
-0.6 -
-0.8 -
-1.0 -

Figure 3.2a:  Cross-correlations between the residuals of the univariate
models of GDP and the quantity of money M1
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Figure 3.2b: Cross-correlations between the residuals of the univari-
ate models of GDP and the interest rate spread
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Figure 3.2c: Cross-correlations between the residuals of the univari-
ate models of the quantity of money M1 and the interest
rate differential
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is quite obvious that this procedure leads to less pronounced (possible) causal rela-
tions. Only in a few cases the estimated cross-correlation coefficients exceed the 5
percent bounds. In particular, the causal relation between interest rate differential
and GDP cannot be detected.

The impression received by the graphs is confirmed by the test statistic S, see
equation (3.22). Again, we use four or eight lags, respectively. The results are
quite similar to those of the direct Granger procedure. As Table 3.2 shows, there is
a simple causal relation from the quantity of money to GDP and, in addition, an
instantaneous relation which is, however, only significant at the 10 percent level.
We find a relation from real GDP growth to the interest rate differential, but noth-
ing in the reverse direction. According to this result, it should be impossible to
make better forecasts on real economic development by using the interest rate as
predictor. Between the two monetary indicators, we find a strong instantaneous re-
lation and also a feedback relation, but only for four lags. Thus, the only two dif-
ferences to the results of the direct Granger procedure are that we do not find a di-
rect relation from the interest rate differential to real GDP growth but find a
reverse relation from the quantity of money to the interest rate differential.

Table 3.2: Test for Granger Causality (I1): Haugh-Pierce Test
1/65 — 4/89, 100 Observations

y X p(0) ko Syex)  Sy-x)  Sy<=x)
Adn(GDP)  Ajdn(M1) | 0.179(%) 16.547**%  7.036 26.771%*
17.234*  11.005 31.426%

AJn(GDP,) GLR-GSR | 0.076 6.031  10218*  16.826(%)
11270 13.718(*)  25.565(%)
11.967%  9.660*  36.295%%*

14.424(*) 11.270 40.362%*

Agdn(M1,) GLR-GSR | 0.383%**

© B~ o0 A~ o0

¥y, k2, ¥*or. “*¥** denote that the null hypothesis that no causal relation exists
can be rejected at the 10, 5, 1 or 0.1 percent significance level, respectively.

Such results are not untypical for this procedure. Firstly, the application of
different test procedures might produce different results: one procedure
might detect a causal relation, the other one might not. Reviewing different
papers on the relation between money and income, EDGAR L. FEIGE and
DOUGLAS K. PEARCE (1979), therefore, referred to the “casual causal rela-
tion between money and income”. Secondly, ‘non-results’ are to be ex-
pected in particular if the Haugh-Pierce test is applied. DAVID A. PIERCE
(1977), for example, was unable to find statistically significant relations
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between various macroeconomic variables whereas economists are con-
vinced that such relations do exist.

3.3.3 The Hsiao Procedure

The procedure for identifying and estimating bivariate time series models
proposed by CHENG HSIAO (1979) initially corresponds to the application
of the direct Granger procedure. However, the lag lengths are determined
with an information criterion. CHENG HSIAO proposed the use of the final
prediction error. Any other criterion presented in Section 2.1.5 might of
course also be used.

Again, the precondition is that the two variables are weakly stationary.
The procedure is divided into six steps:

(i) First, the optimal lag length k; of the univariate autoregressive pro-
cess of y is determined.

(i) In a second step, by fixing k,, the optimal lag length k, of the ex-
planatory variable x in the equation of y is determined.

(iii) Then k; is fixed and the optimal lag length of the dependent variable

y is again determined: k; .

(iv) If the value of the information criterion applied in the third step is
smaller than that of the first step, x has a significant impact on y. Oth-
erwise, the univariate representation of y is used. Thus, we get a (pre-
liminary) model of y.

(v) Steps (i) to (iv) are repeated by exchanging the variables x and y
Thus, we get a (preliminary) model for x.

(vi) The last step is to estimate the two models specified in steps (i) to (v)
simultaneously to take into account the possible correlation between
their residuals. Usually, the procedure to estimate seemingly unrelat-
ed regressions (SUR) developed by ARNOLD ZELLNER (1962) is ap-
plied.

The Hsiao procedure only captures the simple causal relations between the
two variables. The possible instantaneous relation is reflected by the corre-
lation between the residuals. However, by making theoretical assumptions
about the direction of the instantaneous relation, it is possible to take into
account the instantaneous relation in the model for y or in the model for x.
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Example 3.3

As explained above, the first steps of the Hsiao procedure are different from the
usual application of the direct Granger procedure, where the number of lags is
fixed (and might be varied), insofar as an information criterion is used to deter-
mine the optimal lag length. In our example, we used a maximal length of eight
lags for the dependent as well as for the explanatory variable, and we calculated
the values of the Akaike and the Schwarz criterion. In doing so, we did not take
into account a possible instantaneous relation.

Table 3.3: Optimal Lag Length for the Hsiao Procedure

Akaike Criterion Schwarz Criterion
Relation K K, K K K, K
Agdn(M1,) —> A4ln(GDP,) 4 1 1 1 1 1
A4n(GDP;) - A4ln(M1,) 5 3 8 4 0 4
(GLR — GSR) — A4In(GDP,) 4 2 1 1 2 1
A4n(GDP,) - (GLR — GSR) 5 5 5 5 0 5

Table 3.3 shows quite different results for the two criteria. As expected, the opti-
mal lag length is sometimes smaller when using the Schwarz criterion as com-
pared to the Akaike criterion. In our example, this leads to economic implications.
Both criteria reveal simple causal relations from the quantity of money as well as
the interest rate differential to real GDP. Reverse causation, however, can only be
found with the Akaike criterion. While we find one-sided relations only with the
Schwarz criterion, we get feedback relations with the Akaike criterion.

The models which were estimated using these lags are given in Table 3.4 for
the relation between money and income and in 7able 3.5 for the relation between
the interest rate spread and income. In all cases, the simple causal relation from
the monetary indicator to GDP is significant. This also holds when — using Wald
tests — we check the common null hypotheses that all coefficients as well as the
sum of the coefficients of the interest rate differential in the GDP equations are
(jointly) zero. In all cases, the null hypothesis can be rejected at the 0.1 percent
significance level. The reverse causal relations detected by the Akaike criterion
are significant at the 5 percent level in the money equation and at the one percent
level in the interest rate equation. On the other hand, none of the models detects an
instantaneous relation: in both cases, the values of the correlation coefficient be-
tween the residuals of the two equations are below any conventional critical value.
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Table 3.4: Models Estimated with the Hsiao Procedure
1/65 — 4/89, 100 Observations

Criterion Akaike Criterion Schwarz Criterion
) Dependent Variable
Explanatory Variable
Adn(GDP.)  Adn(Ml,)  Adn(GDP,)  Ajn(Ml,)
0.146 1.263%%+ 0.136 1.139%%+
tant t
Constant term (0.67) (3.42) (0.62) (3.94)
0.751 %% -0.195 0.756% %+
- 5 . .
Aqln(GDP 1) 13.59 132 13.68
-0.283
Ayln(GDP,5) (1.65)
0.369%
A4ln(GDPr,t-3) (2.54)
0.159%* 1.027%%+ 0.159% % 0.972%%*
Aqln(M1cr) (4.62) (10.73) (4.61) (10.12)
-0.173 -0.135
Ayin(M1,,5) (1.29) (0.99)
0.185 0.083
Adln(Ml1) (1.36) (0.61)
-0.478%% -0.265%*
Adln(Ml10) (3.53) 2.72)
0.340%
Adn(M1,,5) (2.50)
-0.188
Ayn(M1, 6) (1.36)
0.192
Aydn(M1,7) (1.41)
20.203*
Ayin(M1, 5) (2.08)
B (6,0 0.012 0.077
R 2 0.694 0.750 0.694 0.726
SE 1.340 1.952 1340 2.041
Q(m) 23.084* 11.226% 23.344% 16.548*
m 1 4 1 8

The numbers in parentheses are the absolute values of the estimated t statistics. ‘(*)’,
kSRR or “*¥*¥* denote that the corresponding null hypothesis can be rejected at the
10, 5, 1 or 0.1 percent significance level, respectively. m denotes the number of de-
grees of freedom of the Q statistic.
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Table 3.5: Models Estimated with the Hsiao Procedure
1/65 — 4/89, 100 Observations
Criterion Akaike Criterion Schwarz Criterion
) Dependent Variable
Explanatory Variable
A4n(GDP;)  (GLR-GSR)  A4in(GDP,)  (GLR —GSR),
Constant term 0.327 0.404** 0.320 0.293**
(1.47) (2.80) (1.43) (2.93)
0.730%** -0.034 0.733***
Aqln(GDP 1) (12.22) (0.65) (12.27)
-0.132%*
A4ll’l(GDPm_2) (210)
0.021
A4ln(GDPm_3) (032)
AJn(GDP, ) 0.154*
(2.58)
AJIn(GDP, ) -0.083(%)
(1.72)
(GLR - GSR)..1 -0.105 1.128%%* -0.103 1.138***
(0.64) (11.91) (0.63) (12.13)
(GLR — GSR),» 0.441** -0.168 0.438* -0.198
(2.62) (1.27) (2.60) (1.42)
(GLR — GSR)3 -0.347%* 0.316*
(2.69) (2.32)
(GLR — GSR)4 0.481*** 0.448**
(3.70) (3.25)
(GLR — GSR),s -0.274% -0.327%%
(2.95) (3.53)
B (1,0n) 0.053 0.031
R ? 0.684 0.816 0.684 0.798
SE 1.362 0.732 1.362 0.768
Q(m) 16.513 4.824 16.648 7.118
m 11 7 11 7

The numbers in parentheses are the absolute values of the estimated t statistics. ‘(*)’,
R ekx or “KF* denote that the corresponding null hypothesis can be rejected at the
10, 5, 1 or 0.1 percent significance level, respectively. m denotes the number of de-
grees of freedom of the Q statistic.




116 3 Granger Causality

3.4 Applying Causality Tests in a Multivariate Setting

Whenever such a test is applied, one can hardly assume that there are no
other variables with an impact on the relation between the two variables
under consideration. The definition of Granger causality given above does
not imply such a limitation despite the fact that the relation between just
two variables is investigated: besides y, and X, , the relevant information

set I; can include the values of any other variables z; ,j =1, ..., m. To dis-

tinguish between (real) causal and spurious relations, this enlargement of
the relevant information set is crucial.

However, the above presented test procedures only take into account the
past values of x and y as the relevant information set. In order to apply the-
se models in a multivariate framework, two questions have to be answered:
(i) How can the procedures be generalised so that they can be applied in a
model with more than two variables? (i1) Which conclusions can be drawn
if the procedure considers only two variables, but, nevertheless, relations
to additional variables do exist?

3.4.1 The Direct Granger Procedure with More Than Two
Variables

As the Haugh-Pierce test uses the cross-correlation function between the
residuals of the univariate ARMA models, it is obvious that only two time
series can be considered. Thus, it is not possible to generalise as to situa-
tions with more than two variables. However, the direct Granger procedure
is a different case. Let z,, ..., z, be additional variables. According to the
definition of Granger causality, the estimation equation (3.21) can be ex-
tended to

ki

+

k k, m
k
(3.23) yv = oo * z O‘i{l Yex T Z ai(z X T Z z Bj Zi o T U
k=1 k=1 '

=1 k=1

if we test for simple Granger causal relations, with B?‘ k=1, .,k j=1,

..., m, being the coefficients of the additional variables. It does not matter
whether the additional variables are endogenous or exogenous since only
lagged values are considered. After determining the numbers of lags ki, k,
ks, ..., (3.23) can be estimated using OLS. As in the bivariate case, it can
be checked via an F test whether the coefficients of the lagged values of x
are jointly significantly different from zero. By interchanging x and y in
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(3.23), it can be tested whether there exists a simple Granger causal rela-
tion from y to x and/or feedback.

However, problems arise again if there are instantaneous relations. It is,
of course, possible to extend the test equation (3.23) by including the cur-
rent value of x analogous to (3.21) in order to test for instantaneous causal-
ity as per the definition given in Section 3.1. Again, it holds that it is im-
possible to discriminate between whether x is instantaneously causal to y
and/or y is instantaneously causal to x without additional information. It
also holds that if all conditioning variables have the same maximal lag, i.e.
for k| = k, = ks = ... = k4o, the values of the test statistics are identical irre-
spectively of which equation is used to check for instantaneous causality
between x and y. However, as long as the other contemporaneous values of
the additional variables z; are not included, the resulting relations might be
spurious instantaneous relations.

Example 3.4

The results of the direct Granger procedure as well as those of the Hsiao procedure
given above indicate that both monetary indicators are Granger causal to the real
economic development and can therefore be used for predictive purposes. The
question that arises is not only whether one of the indicators is ‘better’, but also
whether forecasts can be improved by the use of both indicators. This can be in-
vestigated by using the trivariate Granger procedure.

Table 3.6: Test for Granger Causality:
Direct Granger Procedure with Three Variables
1/65 —4/89, 100 Observations

y X z k F(y<«x) F(y—X) F(y—x)
AJdn(GDP,)  AJdn(MIr) GLR-GSR | 4 | 2.747%  3788** 0577
8 2.866%* 2.362%* 0.127
Adn(GDP) GLR-GSR  AJn(Ml1) | 4 | 0.260 2.426(*)  0.247
8 1.430 1.817(%) 0.229
Adn(M1,) GLR-GSR AJn(GDP,) | 4 | 7.615%** 0293 7.273%%%
8 3.432%* 1.009 8. 150%**

(¥, 0, FFor “*¥**° denote that the null hypothesis that no causal relation exists
can be rejected at the 10, 5, 1 or 0.1 percent significance level, respectively.
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Again, we use four and eight lags. The results are presented in 7Table 3.6. Here, z
denotes the respective conditioning (third) variable. The results for M1 and for the
interest rate spread are quite different. While we still find a significant simple
causal relation from the quantity of money to real GDP as well as a reverse rela-
tion, the interest rate differential seems to have no impact at all on real GDP as
soon as M1 is considered as a third variable. This indicates that the quantity of
money is sufficient for predictive purposes; the interest rate spread does not con-
tain any information which is not already contained in M1 but which is relevant
for the prediction of real GDP. This holds despite the fact that (as with the bivari-
ate tests) we find a highly significant simple causal relation from the interest rate
differential to M1.

Analogous to this procedure, third variables can also be considered using
the Hsiao procedure. In this case, first the optimal lag length of the de-
pendent variable y and the conditioning variables z; to z,, must be deter-
mined before the optimal lag length k,* of the variable of interest x is
fixed.

Example 3.5

Applying the trivariate Hsiao procedure, we start with the equation of interest, i.e.
the equation for real GDP. Let us first consider the equations of Table 3.4 with the
lagged quantity of money as explanatory variable. If we add the interest rate dif-
ferential with the Akaike criterion we get the optimal lag length of two compared
to the one lag indicated by the Schwarz criterion. In both cases, however, the val-
ues of the criterion are higher than when this variable is not included. Thus, the in-
terest rate differential, along with real M1, does not significantly contribute to the
explanation of real GDP, and we can stick to the bivariate model of Table 3.4.

We get the same results if we add the quantity of money as additional variable
to the equations including the lagged interest rate spread in Table 3.5. We get the
optimal lag one by using both criteria. In both cases, however, the value of the cri-
terion is below the value that results without considering this variable. If, once
again, we vary the maximal lag of the interest rate differential we end up with the
equation including M1 as explanatory variable. However, we have just found out
that the interest rate spread does not have a significant impact. Thus, we stick to
the estimated equations of Table 3.4.

A quite different procedure is to apply the definition of Granger causality
not to single variables but to groups of variables: a vector Y of dependent
variables and a vector X of explanatory variables. We can ask for the rela-
tions between these two groups of variables. In Section 4.2 this will be dis-
cussed within the framework of vector autoregressive models.
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3.4.2 Interpreting the Results of Bivariate Tests in Systems
With More Than Two Variables

To what extent do the results of bivariate tests apply for systems with more
than two variables? Let us first consider instantaneous relations. Such rela-
tions can be detected with the direct Granger procedure as well as with the
Haugh-Pierce test. However, definite evidence whether these relations are
real or only spurious can only be found in a complete model and by using
additional information. Insofar, the results of bivariate tests are only pre-
liminary with respect to instantaneous relations.

What are the consequences for simple causal relations if third variables
are not considered? GEBHARD KIRCHGASSNER (1981) shows that it usually
implies that an existing simple causal relation appears as a feedback rela-
tion. In the reverse case it holds that if the relation between x and y is only
one-sided in the bivariate model, there are no third variables which are
Granger causal to x and y. Thus, whereas the measured feedback relation
might be spurious and the inclusion of other variables might reduce it to a
one sided relation, the reverse does not hold.

Which are the effects of spurious correlations on the results of Granger
causality tests if there is no direct causal relation between x and y but if
both depend on a third variable z? CHRISTOPHER A. SIMS (1977) showed
that rather extreme assumptions are necessary to avoid such a spurious re-
lation as feedback relation in the data.

With respect to non-considered third relevant variables as well as to
spurious correlations as a result of the common dependence on third varia-
bles, the following holds: If it is found that, in a bivariate model, only a
one-sided causal relation from x to y (or from y to x) without feedback ex-
ists, this should also hold when additional variables are included in the
model. On the other hand, spurious feedback might occur due to several
reasons, without the ‘true’ relation being a feedback relation. Thus, the fact
whether feedback exists or not can only be verified within a full model.

However, it has to be taken into account that spurious feedback relations
arising, for example, from omitted variables or from measurement errors
are, in most cases, rather weakly pronounced compared to the ‘real’ causal
relations. Thus, they might often not be detected with causality tests.
Moreover, as shown above, spurious independence arises quite often when
these test procedures are applied. If, however, the (relatively strongly pro-
nounced) direct causal relations cannot be detected in many cases, it is
even more unlikely that feedback relations which result from measurement
errors or omitted third variables are detected by causality tests. Thus, the
interpretation of detected unidirectional causal relations should also be
treated cautiously. Finally, it should not be ignored that in case a specific
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null hypothesis is not rejected, this does not imply that the null hypothesis
is true.

3.5 Concluding Remarks

The definition of causality proposed by CLIVE W.J. GRANGER (1969) has
been heavily criticised in the first years after the publication of his paper as
it reduces causality to incremental predictability. ,Post hoc, ergo propter
hoc?‘ was the question. It is correct that causality implies predictability,
but the reverse is not generally correct. In time series analysis, this concept
of causality is nevertheless widely accepted today.

Partly, the criticism was definitely exaggerated. Succession in time is a
principal element of the classical causality definition of DAVID HUME, and
exactly this idea was taken up by the definition of CLIVE W.J. GRANGER.
Insofar, the latter is in the classical tradition. However, even if a ‘true’
causal relation exists, its structure does not have to coincide with the struc-
ture represented in the data. Even if the true model contains a temporal
asymmetry, the same asymmetry does not have to be reflected in the data.
The technical problem how the data can be measured and actually are
measured plays a crucial role here. Firstly, as explained above, due to the
long periods covered by one observation, simple causal relations may ap-
pear to be instantaneous relations. Of course, this holds especially when
annual data are used. Secondly, when different variables are measured with
different time delays it might even occur that the measured relation is in
the reverse direction of the true one. When x is causal to y, the tests might
indicate that y is causal to x. Finally, different methods of temporal aggre-
gation might disguise the true relation if, for example, monthly averages
are used for one time series and end of month data for another one.

If economic policy follows a given (contingent) rule, there will general-
ly be a feedback relation even if the ‘true’ relation is a unidirectional one.
If the rule is deterministic, it might even be the case that only the reverse
causation can be detected. Let x be the economic policy instrument and y
the objective variable, which are connected by the simple linear relation

(3.24) Vi = Op T o yer T 02 Xe + U

Let u be white noise. The coefficients of this relation are assumed to be
constant and known to the government. It strives for a constant (optimal)
value y*. In this situation, the optimal (deterministic) rule is given by
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1
(3.25) X = —[y* — ap — o Yl
a,

For the objective variable, it holds that
(3.26) yo = y* + u,

i.e. it follows a white noise process with mean y* and variance o.. In this

case, neither past nor current values of x can improve the forecasts of y.
By inserting (3.26) into (3.25) we get

1
(327) Xy = —[y*(l —(11) — Oy — O ut_l] .

A,

As u is contained in y¢;, but not in X, forecasts of x can be improved
using past values of y (besides past values of x), i.e. there is a simple
Granger causal relation from y to x: the measured causal relation goes into
the opposite direction of the true relation.

If however, one assumes that the government is not able to steer exactly
the economy as, for example, it does not exactly know the coefficients of
the ‘true’ model, it might, instead of (3.25), follow the stochastic rule

1
(3.25" ¢ = —[y* — o — arya] + v, E[v] =0,

o,

where v is independent of u. In such a situation there is also an instantane-
ous relation between x and y because v, the stochastic part of x, has an im-
pact on y but is independent of the lagged values of y. If, in addition to
that, it is assumed that there is a delay in the effect of x on y, we also get a
simple causal relation from x to y.

Thus, as soon as the government reacts systematically to past develop-
ments we expect reverse causal relations. However, under realistic as-
sumptions, we can also expect that there is a simple Granger causal rela-
tion in the ‘true’ direction. This also holds under the conditions of the New
Classical Macroeconomics where people have rational expectations if un-
expected changes, for example in monetary policy, affect real and/or nom-
inal economic development with some delay. Insofar, Granger causality
tests can be used to investigate the effectiveness of economic policy. On
the other hand, we only get distinctive evidence for the true model if we
make additional, sometimes rather restrictive assumptions.

There is also an interesting relation between the efficiency of (financial)
markets and (instantaneous) Granger causality. If the price in an efficient
market really contains all (publicly) available information and can, there-
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fore, be modelled as a random walk or a martingale, there is no simple
Granger causal relation from any other variable on this price. Only instan-
taneous relations are possible, because any simple causal relation would
indicate that information is available which has not been used efficiently.
Thus, the existence or non-existence of Granger causal relations between
economic variables has substantial implications. But one should not forget
that Granger causality is a statistical concept: given a specific set of in-
formation, it asks for the (incremental) predictability of y using x. The
power of these tests, especially of the Haugh-Pierce test, is often rather
low and spurious independence might occur, sometimes caused by omitted
variables. But, nevertheless, it is not sensible in this context to speak of
misspecifications as this always presupposes the existence of a ‘true’ mod-
el. A concept that allows results only according to a specific information
set has no room for the idea of a ‘true’ model. As shown above, this does
not preclude that (stochastic) economic models imply Granger causal rela-
tions for the variables included in these models.
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4 Vector Autoregressive Processes

The previous chapter presented a statistical approach to analyse the rela-
tions between time series: starting with univariate models, we asked for re-
lations that might exist between two time series. Subsequently, the ap-
proach was extended to situations with more than two time series. Such a
procedure where models are developed bottom up to describe relations is
hardly compatible with the economic approach of theorising where — at
least in principle — all relevant variables of a system are treated jointly. For
example, starting out from the general equilibrium theory as the core of
economic theory, all quantities and prices in a market are simultaneously
determined. This implies that, apart from the starting conditions, every-
thing depends on everything, i.e. there are only endogenous variables. For
example, if we consider a single market, supply and demand functions
simultaneously determine the equilibrium quantity and price.

In such a system where each variable depends on all the other ones, the
structural form of an econometric model is no longer identifiable. We need
additional information to identify it. In traditional econometrics, it is usual-
ly assumed that such information is available. One might, for example,
plausibly assume that some variables are not included in some equations.
In a market for agricultural products, for example, there should be no (di-
rect) impact of consumer income on the supply nor of the weather on the
demand of such products.

However, CHRISTOPHER A. SIMS (1980) exemplified that such exclu-
sion restrictions are no longer justified as soon as we assume that individu-
als have rational expectations. For example, the world market prices of
coffee largely depend on the Brazilian production, which is put on the
market in autumn. If a hard frost in spring destroys a significant part of the
Brazilian coffee harvest, supply will be smaller in autumn. This should
lead to higher prices. At first glance, this should have no impact on the
demand function. However, if American consumers know about the frost,
they might try to buy additional (still cheap) coffee in order to stock up.
Thus, the weather in Brazil becomes a determinant of the coffee demand in
the United States; a variable which was thought to be excludable from the
demand function is now included. According to CHRISTOPHER A. SIMS,
nearly all exclusion restrictions are incredible.

G. Kirchgéssner et al., Introduction to Modern Time Series Analysis, Springer Texts in Business 127
and Economics, DOI 10.1007/978-3-642-33436-8 4, © Springer-Verlag Berlin Heidelberg 2013
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He developed the approach of Vector Autoregressive Systems (VAR) as
an alternative to the traditional simultaneous equations system approach.
Starting from the autoregressive representation of weakly stationary pro-
cesses, all included variables are assumed to be jointly endogenous. Thus,
in a VAR of order p (VAR(p)), each component of the vector X depends
linearly on its own lagged values up to p periods as well as on the lagged
values of all other variables up to order p. With the concept of the VAR a
method is proposed which allows to identify and interpret economic
shocks and to assess their influence on macroeconomic variables.

Starting point is the reduced form of a dynamic econometric model.
With such a model we can find out, for example, whether specific Granger
causal relations exist in this system. In doing so, we follow a top-down ap-
proach based on an econom(etr)ic philosophy contrary to the statistical
bottom-up approach of CLIVE W.J. GRANGER. However, it has to be men-
tioned that the number of variables that can jointly be analysed in such a
system is quite small; at least in the usual econometric applications, this is
limited by the number of observations which are available. Nevertheless,
vector autoregressive systems play a crucial role in modern approaches to
analyse economic time series. This holds, for example, for the LSE-
Approach which was originally developed by J. DENIS SARGAN (1964) at
the London School of Economics (LSE) and today is most prominently
represented by DAVID F. HENDRY.

This chapter will show the conclusions about the relation between sta-
tionary time series that can be drawn from such a system. Essentially, we
ask how new information that appears at a certain point in time in one var-
iable is processed in the system and which impact it has over time not only
for this particular variable but also for the other variables of the system. In
this context, we will introduce two new instruments: the impulse response
function and the variance decomposition. The latter depends on the possi-
bility shown in Section 2.4 that the variance of a weakly stationary variable
can be reconstructed as the variance of the forecast error if the prediction
horizon goes to infinity.

In the following, the autoregressive and the moving average representa-
tions of the system as well as its error correction representation are pre-
sented (Section 4.1). Furthermore, we will see how forecasts can be gener-
ated in such a system. Section 4.2 asks for possible Granger causal
relations between sub-vectors in this system. Section 4.3 presents the im-
pulse response analysis and Section 4.4 the variance decomposition. We
close with some remarks on the status of the economic theory in such a
system (Section 4.5).
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4.1 Representation of the System

We start with the k-dimensional stochastic process X. The reduced form of
the general linear dynamic model of this process, a vector autoregression
of order p, VAR(p), can be described as

(41) Xt = 6 + A1 Xt—l + Az Xt—Z + ...+ Ap Xt—p + Ut.

The A;, 1= 1, ..., p, are k-dimensional quadratic matrices, and U represents
the k-dimensional vector of residuals at time t. The vector of constant
terms is denoted as d. This system can compactly be written as

(4.1 AL)X, =8 + U,
with
AL) = I, - AL — AL~ ... — AL",
E[U] = 0, E[U,U] = X, E[U U1 =0 for t # s.

The residuals U might be contemporaneously correlated which indicates
instantaneous relations between the endogenous variables in relation (4.1).

This system is stable if and only if all roots of the characteristic equation
of the lag polynomial are outside the unit circle, i.e.

(4.2)  det(l, — Ayz — AyZ — ..— A, Z°) #0 for |7 < 1.
Under this condition, system (4.1') has the MA representation
4.3) X, = A'L)s + ANL) U,

= u+ U-B U,y —BUs - B3Us — ..
= u+ BL)U;, By = I,
with
B(L) == I - Y Bl = A'(L), p=A"(1)3 = B(1)3.
j=1
The autocovariance matrices are defined as:
(4.4) I'x(t) = E[(Xi— WX —w)'].

Without loss of generality, we set 6 = 0 and, therefore, p = 0. Due to (4.1),
it holds that

E[Xt Xt_-[ '] = A] E[Xt_] Xt_«,; '] + A2 E[Xt_z Xt-r ’] + ...
+ A, B[Xep X T+ E[U, X 1.
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This leads to the equations determining the autocovariance matrices for T > 0:
(4.52) I'x(t) = A I'x(t-1) + A, T'x(-2) + ... + A, I'x(tp),
(45b) Fx(O) A] Fx(fl) + A2 Fx(*z) + ...+ Ap Fx(*p) + Zuu

A1 Fx(l)' + Azrx (2)' + ...+ Apfx(p)' + Zuu .

The last equation is due to the fact that y;(t) = yj(—r) holds for the ij-
element of I'x(1), vij(t). Thus, I'x(t) =T'x (-1)".
The individual correlation coefficients are defined as

Yij('f) ..
pi(t) = ———, i,j=1,2,..,k
Vi (0) Vi (O)

Thus, we get the autocorrelation matrices as
(4.6) Rx(t) = D' I'g(t) D"
with

1/.7,,(0) 0 0o

D' — 0 1/4/y,,(0) - 0

L 0 0 ) U\/ka(o)_

Example 4.1

Let the following VAR(1) model be given:
X | 0.6 -03|x,,, n u,
X, -03  0.6]|x,,, u,,

s 1.00 0.70
o 0.70 1.49|

with

or, in the compact representation
(E4.1) oL - ALX = U.

To check whether the system is stable, the roots of |I, — A;z| = 0 have to be calcu-
lated according to (4.2), i.e. we have to solve the system
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1-0.6z 0.3z
03z 1-0.6z
This results in
10 10
2= — ., 7= —,
R

which both are larger than one in modulus. Thus, the system is stable. The MA
representation of (E4.1) is given as

X =0 -AL'U = @0 +AL+ AL+ .U,

or, explicitly written as,

Xpof (| | 06 031w 1 045 <0361 U,
Xy U, =03 06]|u,, -036 045]|u,,,
0.378 —0.351 || u; 4
+ ’ +
-0.351 0378 |u,, ,
For the variance-covariance matrix we get, because of (4.5),
FX(O) = Al Fx(l)' + z"uus
(1) = A TW0).
This leads to

(E4.2) [(0) = A TW(0) A"+ X

To get the variances y;;(0) and y,,(0) for x; and x, as well as their covariance
v12(0), we have to solve the following linear equation system because of (E4.2):

0.64 y11(0) + 0.36712(0) — 0.09v(0) = 1.00
0.18v11(0) + 0.5571,(0) + 0.18 y(0) = 0.70
~0.097,1(0) + 0.36712(0) + 0.647,(0) = 1.49.

This leads to
Y11(0) = 2.17, 712(0) = -0.37, y»(0) = 2.84.

Thus, the instantaneous correlation between x; and x, is -0.15.

VAR(p) models are often used for forecasting. According to the considera-
tions in Section 2.4 that the best linear unbiased predictor (BLUP) is given
by the conditional expectation, the following holds for the autoregressive
representation (4.1):
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@47 X.(1) = E[Xw]
= 6 + A1 Xt + Az Xt-l + ... + Ap Xt.p+1
X2 =8+A XD +AX +AXy + .. A X

Alternatively, we get
(4.8) X1 = pu-B U -B U, - BU, — ...

for the MA representation (4.3) .

While the autoregressive representation is mainly relevant to generate
forecasts, the MA representation is used for calculating the corresponding
forecast errors as well as for additional methods to analyse the dynamic
properties of the system.

As an alternative to the AR and MA representations (4.1') and (4.3),
there is an error correction representation for every stationary VAR of or-
der p:

(4.9) A (L)AX = 8 — A(D) Xy + U,
with
A (L) =L — AlL — .. - A L
and
N P
Al = =D A, i=12.,pL

j=1i+1

As the vectors AX;, i = 1, ..., p-1, together with X, generate the same
vector space as the vectors X, i =1, ..., p, the (finite order) autoregressive
representation and the error correction representation are observationally
equivalent. The advantage of the latter is that A(1), the matrix of the long-
run equilibrium relations, can be estimated directly in the framework of a
linear model.

Example 4.2

We start with the general dynamic model of a single equation, but (for reasons of
simplicity) we consider only one explanatory variable which is assumed to be ex-
ogenous:

(E4.3) aL)y: = 6 + By(L) x¢ + u.

In the long-run equilibrium it holds that
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Ve = Vel = oo = Yep = oo = Y,
Xt = Xl = oo = Xpq = oo = X,
u = 0.
From this we get for the long-run equilibrium:
(E4.4) a(l)y = 8 +B«(1) X,
S T XU
o, @ o,
= u+pxX
with

po=dap(l), B = By(1)/op(1).

According to (4.9), if y and x are weakly stationary (or, as discussed in Chapter 6,
nonstationary but cointegrated), the following representation of the general dy-
namic linear model is an alternative to (E4.3). Here, the short- and long-run effects

are separated and can be directly estimated:

(E4.5) o, (L)(1-L)y, = & + B, (L) (1 =L)X — YoYur + Y1 Xer + U

with
o, (L) =1-oL~-.. — o, L
* p .
of = - o, i=12..,p1,
j=1i+l
Bor W= By — BL— .. — B, L7,

q
Bl= =2 B 0= L2 al B By

j=1i+l

Yo = op(1), v1i = By(1).

In equilibrium Ay, = Ax, = 0 and u; = 0 hold and, therefore, y, = y as well as x, =

X for all t. From this it follows that
~ Yy td+tyx =0
or
—a(D)y +8 + By(1) x = 0,

and again we get (E4.4) as representation of the long-run equilibrium.
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Example 4.3

We consider the relation between the German (GER) and the Swiss (SER) three
month money market rates. We use monthly data for the period from January 1975
to November 1998. Preliminary Granger causality tests (the results of which are
not given here) have indicated that, along with an instantaneous relation, there is a
simple causal relation from German to Swiss interest rates: The null hypothesis
that there is no simple relation in the reverse direction can neither be rejected by
using first differences nor by using levels at any conventional significance level.
Assuming that the instantaneous causation runs from German to Swiss interest
rates, using levels we get the following equation for the Swiss rates:

SER, = — 0.121 + 0.717 GER, + 0.994 SER,, — 0.080 SER,
(-1.60)  (9.10) (18.68) (-1.57)

~ 0.636GER,, +
(~7.66)

R? = 0.965, SE = 0.466, Q(10) = 8.810 (p = 0.550).

(The numbers in parentheses are again the estimated t statistics). If we estimate the
error correction representation directly, we get the following result:

ASER, = — 0.121 + 0.717 AGER, + 0.080 ASER,, — 0.086 SER,,
(-1.60)  (9.10) (1.57) (—4.00)

+ 0.081 GER,; + f.
(3.66)

Both relations are observationally equivalent. Aside from the multiple correlation coef-
ficient, all test statistics for the equation as well as the residual error variance take the
same values. On the other hand, as the variance of the dependent variable is reduced

by taking first differences, the R* necessarily decreases; its value is now 0.286.

Moreover, the linear estimate of the error correction model is equivalent to the
following non-linear estimation:

ASER, = 0.717 AGER, + 0.080 ASER,, — 0.086(SER,, + 1.419
(9.10) (1.57) (—4.00) (1.63)
— 0.946GER,,) + Q.
(~6.98)

The estimate shows that during this period Swiss short-run interest rates devel-
oped parallelly with the German rates, but on a level lower by about 1.5 percent-
age points, i.e. the so-called ‘Swiss interest rate bonus’ was about 1.5 percentage
points. As the estimated coefficient of GER; is not significantly different from
one, this relation is consistent with a relative version of uncovered interest parity.
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Relation (4.1), the starting point of the entire approach, is the reduced form
of a dynamic linear econometric system where each equation includes the
same explanatory variables. Therefore, the different equations of this sys-
tem can be estimated using OLS. This leads to consistent estimates of the
slope coefficients with the same properties as a generalised least squares
estimator. However, if there are zero restrictions, the individual equations
of the system are considered as seemingly unrelated and are therefore sim-
ultaneously estimated as a system. Here, the SUR method is applied to get
efficient estimates. (Further details of this method are given in Section
7.1.2)

To estimate the system, the order p, i.e. the maximal lag of the system,
has to be determined. As (4.1) shows, the same maximal lag is used for all
variables. In order to fix p, the information criteria described in Section
2.1.5 can be used again. HELMUT LUTKEPOHL (2005, pp. 146ft.), for ex-
ample, showed that in the multivariate case with k variables, T observa-
tions, a constant term and a maximal lag of p, these criteria are as follows:

(i)  The final prediction error (FPE):

k
T+ kp + 1
—p} Zﬁﬁ(p)|-

(4.10a) FPE(p) = {T —

(i1)) The Akaike criterion (AIC):

(4.10b) AIC(p) = In

2
Zu)| + (k+ pkz)?-

(iii) The Hannan-Quinn criterion (HQ):

(4100)  HQ() = In[Zu()| + (k+ rM@
(iv) The Schwarz criterion (SC):
In(T)

(4.10d) SC(p) = In

z“fm(P)| + (k + Pk2)T

PIFS (p)| is the determinant of the variance-covariance matrix of the esti-

mated residuals. Again it holds that the Hannan-Quinn criterion as well as
the Schwarz criterion consistently determine the (finite) order of the true
maximal lag, while the final prediction error and the Akaike criterion tend
to overestimate it. This is also reflected in the following relations which,
because of the different penalty terms, hold for these criteria:
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@ p(SC) < p (HQ),

(i1) p (SC) < p (AIC) for T > 8,

(iii) p (HQ) < p (AIC) for T > 16,

where p(-) gives the estimated lag length according to the respective crite-
rion.

Example 4.4

We use the same quarterly data and the same period from 1965 to 1989 as in Ex-
amples 3.1 to 3.5: the annual growth rate of real GDP (A4In(GDP,)), the annual
growth rate of the real quantity of money M1 (A4ln(M1,)), and the interest rate dif-
ferential (GLR — GSR). Considering the whole system, we get the following val-
ues for the information criteria:

p = 1: AIC = 10.003, HQ = 9.779, SC = 9.315,
p =2: AIC = 9992, HQ = 9.603, SC = 10.539
p = 3: AIC = 10.028, HQ = 10.342, SC = 10.807,
p = 4: AIC = 9991, HQ = 10402, SC = 11.007.

Thus, according to the Akaike criterion, we get an optimal lag length of four peri-
ods while the Hannan-Quinn criterion suggests an optimal lag length of two and
the Schwarz criterion an optimal lag length of one. Accepting the Hannan-Quinn
criterion leads to the following estimates:

A, In(GDP, ) 0.142 0.611 0.078 -0.133] [ A, In(GDP,, )
A,n(ML,,) | = [1.094| + | -0.183 0.761  0.981| | A,In(ML,, )
(GLR - GSR), 0.510 ~0.015 0.036  0.995| | (GLR —GSR),_,
0.096 0.091 0205] [ A,In(GDP,, ,) i,

+ [-0.024 —0.108 —-0.438| | A,In(MI_ ,) | + |§,,

-0.077 -0.070 —0.128 | | (GLR —~GSR), , i,

For the individual equations we get the following test statistics:

@) A4n(GDP)): SE =1.327, AIC=3.472, HQ =3.545, SC =3.654,
Q(10) =16.406 (p = 0.089),

(ii) AJn(M1,):  SE=1.905, AIC=4.194, HQ =4.268, SC =4.376,
Q(10) =20.024 (p = 0.029),
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(i) ~ GLR-GSR: SE =0.786, AIC =2.423, HQ =2.496, SC = 2.605,
Q(10) = 17.296 (p = 0.068).

Between the residuals the following correlations exist:
p,, =0.102, p,, =0.045, p,; =0.286.

Again, we see the instantaneous relation between the growth rate of real M1 and
the interest rate differential.

The values of the Ljung-Box Q statistic indicate that the residuals of all three
equations are still autocorrelated. Thus, the dynamics of the system is not fully
captured. However, when specifying vector autoregressive models, in order to
guarantee consistency of the estimates, it is important that the residuals are really
white noise. Following the Akaike criterion and estimating a VAR(4) model, we
get the following values for the test statistics of the different equations:

(i) AJn(GDP,): SE =1.333, AIC =3.533, HQ =3.670, SC =3.872,
Q(8) =9.340 (p = 0.314),

(i)  Adn(Ml,): SE=1.763, AIC =4.092, HQ=4.229, SC = 4.431,
Q(8)=11.390 (p = 0.181),

(i)  GLR-GSR: SE=0.777, AIC =2.454, HQ=2.592, SC = 2.793,
Q(8) =9.661 (p = 0.290).

For the instantaneous correlations we get:
P, =0.082, p,, =0.053, p,; =0.279.

The values of these criteria change considerably. The standard error of regression
slightly improves in the M1 equation and hardly changes in the other equations.
The Akaike criterion also improves in the M1 equation, but deteriorates slightly in
the other equation. The Hannan-Quinn criterion slightly improves in the M1 but
deteriorates in the other two equations, while the Schwarz criterion always deteri-
orates. On the other hand, the values of the Ljung-Box Q statistic improve consid-
erably in all three equations; now the null hypothesis that there is no autocorrela-
tion left in the residuals can never be rejected. The lowest p value is 0.18. Thus we
will use the VAR(4) model for all further calculations in this chapter.

Contrary to the parsimony principle applied in the univariate analysis, the
VAR(p) models are over-parameterised systems. The individual parame-
ters can hardly be interpreted meaningfully. For this reason, other methods,
like Granger causality tests, impulse response analyses and variance de-
compositions, are employed. These methods are presented in the follow-
ing.
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4.2 Granger Causality

Now we will consider the Granger causal relations between the two sub-
vectors X; and X, of the vector X. X, has the dimension k; and X, the di-
mension k, with k; + k, = k. For the MA representation we get

4.11a) X, = X _ |H T B, (L) B,(L)|| U,
. t X T B, (L) B,(@L)||U,, |’

The corresponding AR representation is:

{AH(L) AH(L)} {Xl } FI} {UM}
(4.11b) = + .
A, (L) A,L)]||X,, 3, U,,

Irrespective of instantaneous causality; the following is true for (4.11):

(1) X, is not Granger causal to X; if and only if B;(L) = 0. Analogous to
Section 3.2.1 it holds that Bj»(L) = 0 is equivalent to Aj,(L) = 0. Thus,
it also holds that X, is not Granger causal to X if and only if Aj,(L) =
0 in the corresponding AR representation.

(i) X, is not Granger causal to X, if and only if B,;(L) = 0. Analogous to
Section 3.2.1 it holds that B,;(L) = 0 is equivalent to A,;(L) = 0. Thus,
it also holds that X, is not Granger causal to X, if and only if Aj;(L)
= 0 in the corresponding AR representation.

As in the bivariate case, instantaneous relations involve some complica-
tions. The variance-covariance matrix of the system (4.1) can be decom-
posed into:

(4.12) T. = PP,

where P is a regular lower triangular matrix. Such a (Choleski) decomposi-
tion exists for each regular variance-covariance matrix. Using this triangu-
lar matrix, the MA representation (4.3) can be transformed in the following
way:

0

wt U - Z(BJ Ut—j)

j=1

(4.13) X,

X, = p+PP'U - i(BjPP‘IUH)

i=1
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0

p+PW— (6 Wt—j)

i=1

u+ OL) W,

with
® = BjP, ® =P, W, = P'U,
Tow = P'Z,P" = PPP P
= Iy,

Thus, the following decomposition exists for the subvectors:

X ) |:)(l,t :| ) {Ml :| + 6?1 O {Wl’t :|
. = =
Xz,t uz 621 ®(2)2 Wz,t

) {@il @MW} )
®121 G)lzz WZ,H

W is a vector of innovations whose elements — contrary to the elements of
U — are also instantaneously uncorrelated. Moreover, the variances of these
elements are 1.

The transformation with matrix P implies an ordering of the variables;
causal directions are assumed for the instantaneous relations. The variable
x; has an impact on the variable Xx;, j > 1, while the instantaneous relation in
the reverse direction is excluded. In terms of traditional econometrics, this
implies that the model is exactly identified and, correspondingly, the pa-
rameters of the structural form can be consistently estimated using OLS.
This method to identify the model is one possibility to proceed from the
reduced to the structural form of a simultaneous system of equations and to
give the innovations an economic interpretation. This structural form is
called structural VAR. Due to the exact identification, the residuals of the
different equations are not cross-correlated with each other.

The following holds for this system: There is no instantaneous causality

between X; and X, if and only if @21 = (. In this sitvation X, is block di-
agonal, i.e. it holds that
E[U]jt U2,t'] = O

The fact that X, is not causal to X, and that there is no instantaneous cau-
sality leads to

@, =0 A O,=0;,=..=0.
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Such results depend, of course, on the sequence of the different variables,
1.e. on the kind of causal order assumed for the instantaneous relations.
Example 4.5

If we divide the three variables of the vector of Example 4.4 in the following way:
X1 = [Adn(GDP))], X,' = [AsIn(M1,) GLR - GSR],
we get the following results by using Wald tests:

() Hy—~(X—Xp): 7> = 24.597 (p=0.002),

(i) Hp~(Xi—>Xy): %°

24.115 (p = 0.000),

(i) Hp:~(X;-Xo): %° 0.658 (p = 0.720).

Thus, there is feedback but no instantancous relation between the sub-vectors. To
test for an instantaneous relation, we included the current values of the growth rate
of real money and the interest rate differential in the equation for real GDP
growth.

4.3 Impulse Response Analysis

In the following, we show how, at a specific point of time t;, an impulse
that originates from one variable proceeds through the system: How does a
change in the residuals u; - or in the innovations w.. ,1=1, ..., k, influ-

Lty 2
ence the components of the vector X? In system (4.3), the use of the multi-
variate Wold representation instead of the MA representation

Xe = p+¥ U+ Y U,y + YU, + W30 + 0,
lIIQ = I, \Pi = -Bi, 1= 1,2,...,

with vi,t=0,1,2,.., results in the so-called impulse response sequenc-

es. They measure the effect of a unit impulse, i.e. of a shock with the size
of one standard deviation of the error term u; of the variable i at time t, on
the variable j in later periods. As U, are the residuals of the reduced form,
they are in general cross-correlated and, therefore, have no direct economic
interpretation. Thus, it makes sense not to investigate shocks with respect
to the residuals U but with respect to the innovations W which are not
cross-correlated. Because of the Choleski decomposition of the variance-
covariance matrix of the residuals U, in accordance with the considerations
in Section 4.2, the innovations can be calculated as
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W, = P'U,

with a lower triangular matrix P. Due to (4.13), the MA representation of
X can — analogously to the Wold decomposition — be written as

(414) Xt = U + d)() Wt + d)l Wt-l + d)z Wt_2 + ..

with @y =P and ®;=-B; P="¥;P,i=1,2, ... Here, ¢; are impact multi-
pliers that measure the immediate impact of a unit shock in variable i on
variable j. The lagged effects are described by the k* impulse response se-
quences ¢, Lj=1,..,k t=1,2, .. ;they show how each of the k varia-
bles are influenced by each of the k innovations. The reaction of the vector
X at time ty*+m on the innovations at time t, leads to

¥, U, = Oy W,

0 2
or, if we only consider non cross-correlated unit shocks, we get
D, .

If we set m =1, 2, ..., we can observe (and graphically represent) the time
path. If it is a stationary system, the effect expires over time, i.e. the values
of the impulse response function (at least asymptotically) approach zero.
This implies that after a unique shock the variables return to their mean.

The cumulative impulse response function describes the effects of a
permanent shock on the system. The cumulative effects of a unit shock up
to period ty+m are given by

2.,

If, in a stationary system, m tends to infinity, we get

(4.15) 1im{2cpj } = @) = B()P = A()'P
m-—»o0 J ~0

for the long-run effect.

Example 4.6

Again, we consider the model of Example 4.1. To calculate the innovations of this
VAR(1) process, it is assumed that X, does not have an instantaneous impact on
x;. For the decomposition X, = P P', we denote the elements of the lower triangu-
lar matrix as:
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P = |:p11 0:| '
p21 p22

{1-00 0-70} _ |: ]3121 P11 Py }

0.70 1.49 P11 P2y pil +p§2

From this we choose the positive solution p;; = py, = 1 and p,; = 0.7. The innova-
tions W can be calculated as

W, _ p u, _ 1.0 00(|u,
W, u,, 0.7 1.0]|u,, |’

Due to (4.12) we get

or
Wit = U
Wz,t = uz’t - 0.7 u1,l.
Response of X1 to X1 Response of X1 to X2
1.2 1.2
0.8 0.8
0.4 0.4
0.0 0.0
2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
Response of X2 to X1 Response of X2 to X2
1.2 1.2
1.0 1.0
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.0 0.0
02— 02
2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20

Figure 4.1: Impulse response functions
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Accumulated Response of X1 to X1 Accumulated Response of X1 to X2
3 3
2] // 2]
14 11
0 0
-1 -1
2 -2
3 -3
-4 ‘ ‘ ‘ -4 ‘ ‘ ‘
5 10 15 20 5 10 15 20
Accumulated Response of X2 to X1 Accumulated Response of X2 to X2
6 6
5 5
4 4
3 3
2 2
1 1
0 0
-1 ‘ ‘ ‘ -1 ‘ ‘ ‘
5 10 15 20 5 10 15 20

Figure 4.2: Cumulative impulse response functions

For the impulse response analysis, we need representation (4.14). This leads to

Xi = A Xu + U,

2 AU

i=0

= iAiPP’IUH = > OW,
i=0

= i=0

with

Thus, we get the following matrices:

1.0 0.0 0.39 -0.30 0.20 -0.36
D, = , O = , O = ,
0.7 1.0 0.12 0.60 -0.05 0.45
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0.13 -0.35
3 = 5 een

-0.09 0.38

The numerical results as well as the graphical representations of the impulse re-
sponse functions in Figure 4.1 show that an innovation in x; does not have a per-
manent effect on the system. The impact on the variable itself as well as on x; is
dying away relatively fast. For the latter, we get a positive impact for the first and
second period, and, subsequently, very small negative impacts.

By contrast, a shock in x; has a longer lasting impact on the variable itself as
well as on x;. As, in order to identify the system, we assumed that P is a lower tri-
angular matrix, i.e. that x, has no instantaneous impact on X, the first value in the
impulse response function of x; on x, is zero.

The cumulative impulse response functions in Figure 4.2 show that after the in-
itial effect of the reaction of x, on x; the system converges monotonically to its
long-run limiting values (multipliers). Because of (4.15) and (E4.1) we get

§ § 2.714 -4.286
A'P = 1-A)'P =
-0.286 5.714
Response of DLGDPR to DLGDPR Response of DLGDPR to DLMIR Response of DLGDPR to GLSR
1.6 1.6 1.6
1240\ 1.2 1.2
0.8{3\ 0.8] /e 0.8
0.4 \\\ \\\\ o 0.4 \\\\ 0.4] N e .
0.0 R Y N —— — Y] ; -
0.4 /__,-—'/ 777777777777777 _0.4 \\\\ //,_—" - L0.4 ~ e
0.8 — : 08 : : : 038
5 10 15 20 5 10 15 20 5 10 15 20
Response of DLM1R to DLGDPR Response of DLMIR to DLMIR Response of DLMIR to GLSR
3 3 3
2 24 2
1 JER 117
0de p—— 0] = - of AN T ——
1 / -1 -1 -
2 . : : -2 : : : -2 . : :
5 10 15 20 5 10 15 20 5 10 15 20
Response of GLSR to DLGDPR Response of GLSR to DLMIR Response of GLSR to GLSR
1.2 1.2 1.2
0.8 0.8 0.84° N
0.4 0.4 0.4]
0.0k — T T T = ) . T - 0.0
04\ T i 0.4
08l : : -0.8 S ‘ -0.8
5 10 15 20 5 10 15 20 5 10 15 20

Figure 4.3: Impulse response functions
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Example 4.7

For the system given in Examples 4.4 and 4.5, ordinary and cumulative impulse
response functions are estimated. We assumed for the instantaneous relations that
the interest rate differential has an impact on the quantity of money as well as on
GDP, while the instantaneous impact of real M1 is restricted to GDP. Thus, we as-
sume the following ordering of the variables: (GLR — GSR) — A4jIn(M1,) —
A4In(GDP,).

Accummulated Response Accummulated Response Accummulated Response
of DLGDPR to DLGDPR of DLGDPR to DLM1R of DLGDPR to GLSR
8 8 —
6 6
4] T 4
2 24
(= op— " —
-2 24 T -2
4 4 4
5 10 15 20 5 10 1‘5 20 5 10 15 20
Accummulated Response Accummulated Response Accummulated Response
of DLMIR to DLGDPR of DLMIR to DLMIR of DLMIR to GLSR
8 s 8
6 6 B 6
4 4 4
2 N 24/ 24,
[ — e — 0 0
-2 24 e -2
4 -4 4
5 0 15 20 5 0 15 20 5 0 15 20
Accummulated Response Accummulated Response Accummulated Response
of GLSR to DLGDPR of GLSR to DLMIR of GLSR to GLSR
8 8
6 6
4 4
2 2
[ S —— 0l
2 2
-4 B _ -4
5 10 15 20 2 4 6 8 101214 16 18 20 5 10 15 20

Figure 4.4:  Cumulative impulse response functions

The results are presented in Figures 4.3 and 4.4. Furthermore, the analytically de-
rived 95 percent confidence intervals are indicated. Figure 4.3 shows that in the
short run, the increase of the interest rate differential has a positive impact on real
money as well as — with some delay — on GDP. (GEBHARD KIRCHGASSNER and
MARCEL R. SAVIOZ (2001) showed that this effect results from the reduction of
the short-run interest rate and not from an increase of the long-run interest rate.)
Additionally, there is a short-run positive impact of real M1 on GDP. This impact
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lasts two years at the most; after nine quarters the impulse response function is no
longer significantly different from zero. As Figure 4.4 shows, the only long-run
impact is that of the interest rate differential on the two other variables; all other
cumulative impulse response functions are no longer significantly different from
zero after three years at the latest.

4.4 Variance Decomposition

The following analysis allows to decompose the forecast error variance of
a variable into those parts which are generated by the innovations of the
different variables in the system. Starting point is the transformed Wold
representation (4.14)

Xo=p+ 2(0,W,), Zuw = L
j=0
Taking conditional expectations, we get

0

EfXu] = p + i(q)j Et[wt+r—j]) + Z(CDJ Wt+f-j)'

j=1

Due to E{Wus] = 0 for s > 0 the terms for j =0, 1, ..., -1 can be omitted,
while the values for j > t are already realised and therefore observable.
Thus, following the considerations in Section 2.4, we get for the optimal
forecasts

(4.16) X0 =+ (@ W),

J

For the data generating process we can write
Xio = p+ 2 (0, W,,.).
i=0

The forecast error is given by

4.17) Fi(Xi) = X — Xt(r)

-1

F(Xe) = (@ W, ).

j=0

With an increasing forecast horizon, i.e. for T — oo, the forecast error con-
verges to the stochastic part of the process.
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The forecast error can be decomposed in the following way: For its j-th
component, j € {l, ..., k}, it holds that

-1 T-1

Xjrr — )A(j,t(’c) = 2(4)31 Wl,t+r—i) Tt Z(q)jk Wk,t+r—i)
=0

i=0

k -1 ]
Z z ((I);m Wm,t+‘r—i ) 4
m=1 i=0
i.e. we have a summation not only over the different time periods, 1 =0, ...,
t-1, but also over the contributions of the different innovations w,,, m =1,
. K

As Xy = I, 1.e. because the individual elements of W are not only white
noise and uncorrelated with each other but also have variance of one, it
holds for the variance of the components of this forecast error that

-1

. (z S w]

m=1 i=0

(4.18)  E[(xj: — %,,(D))]

k -1

> X (6)

m=1 i=0

i.e. because of E[Wm i Wrprs] = 0 except for m = r and i = s, all cross
terms are omitted, and because of E[(wmm_i)z] =1 only the squares of the
coefficients are left.

On the other hand, the variance can be decomposed into those parts that
are generated by the impact of the individual innovations w,,, m =1, ..., k,
on the variable j when a forecast over T periods is performed. In this case,
we get

-1

> ()

(4.19) o, =—"——, m= 1.,k t=12.
i \2
> ¥(o)

for the respective shares.

With an increasing time horizon, i.e. for T — oo, it is not only the vari-
ance of the forecast error but also the variance of the variable itself that can
be decomposed into those fractions that are generated by the different in-
novations wy,. As these fractions are, by construction, orthogonal to each
other, they add up to one. Thus, the analysis of the forecast errors leads to
a decomposition of the variances of the system’s variables.
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Example 4.8

The variance decomposition of the VAR(1) process described in Examples 4.1 and
4.6 is presented in Table 4.1. Here, the immediate effects in the first period are
presented, the effects after 4, 8, and 20 periods as well as the long-run effects. Ac-
cording to the identifying restriction that there is no instantaneous effect from x,
to xy; in the first period the variance of x; is exclusively generated by its own in-
novations. The impact of x, on x; increases monotonically and in the long-run
generates about 42 percent of the variance of this variable. Contrary to this, the
impact of x; on x,, rather strong with 33 percent in the first period, decreases over
time, and in the long-run generates only about 20 percent of the variance of x,.
Thus, 80 percent of the variance of x, are generated by its own innovations and on-
ly 20 percent by those of x;, while only 58 percent of the variance of x; are generat-
ed by its own innovations, but 42 percent by the innovations of x;.

Table 4.1: Variance Decomposition

Forecast horizon X1 X5

X1 100.000 0.000
immediate

Xy 32.834 67.166

X 77.866 22.134
4 periods

Xy 23.089 76.911

X1 65.085 34915
8 periods

Xy 20.957 79.043

X| 58.527 41.473
20 periods

Xy 19.838 80.162

X1 58.020 41.980

infinity
X5 19.748 80.252
Example 4.9

The variance decomposition for the vector autoregressive process of Example 4.4
is given in Table 4.2a. First, we again suppose the causal direction (GLR — GSR)
— AyIn(M1,) — A4n(GDP,). We consider the immediate reaction, i.e. the reaction
in the same quarter in which the innovation occurs, as well as forecast horizons of
one, two, and five years, as well as an infinite forecast horizon in order to capture
the decomposition of the total variance.
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Table 4.2a: Variance Decomposition
1/65 — 4/89, 100 Observations

Forecast horizon A4n(GDP)) Agn(M1)) GLR - GSR
A4n(GDP)) 99.231 0.483 0.286
immediate Agdn(M1)) 0.000 92.202 7.798
GLR - GSR 0.000 0.000 100.000
A4n(GDP)) 82.899 12.479 4.622
1 year Agn(M1)) 8.994 41.336 49.670
GLR - GSR 9.223 0.487 90.289
A4n(GDP)) 51.948 15.604 32.448
2 years Agn(M1)) 13.896 34.910 51.194
GLR - GSR 16.124 8.998 74.878
A4n(GDP)) 48.235 16.049 35.716
5 years A4n(M1,) 14.738 35.244 50.018
GLR - GSR 15.719 13.062 71.219
A4gn(GDP)) 48.187 16.132 35.681
infinity Agn(M1)) 14.733 35.258 50.009
GLR - GSR 15.677 13.079 71.244

In the first quarter, the variances of all variables are mainly driven by their own
innovations. This also holds for the growth rate of real GDP. Again, this indicates
that there is hardly any instantaneous relation between the two monetary variables
on the one hand and the real variable on the other hand. During the first year it is
mainly the quantity of money that has an impact on GDP, while the interest rate
spread, which has already had a considerable impact on the quantity of money in
the first year, only fully affects real GDP in the second year. After about two
years, the process of monetary policy influencing real developments is almost
complete. Altogether, about half of the variance of the growth rate of real GDP is
caused by its own innovations, while the other half results from monetary innova-
tions. About two thirds of them are generated by the interest rate differential and
less than one third by the quantity of money. Moreover, there is a clear hierarchy
between the two monetary variables: while the interest rate has a strong impact on
the quantity of money, also in the long-run, the reverse impact is quite weak. In
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addition, the feedback from real development to monetary variables is also rather
weak.

Table 4.2b:  Variance Decomposition
1/65 — 4/89, 100 Observations

Forecast horizon A4n(GDP)) Agn(M1)) GLR - GSR
A4In(GDP,) 99.231 0.667 0.102
immediate Ayjn(M1,) 0.000 100.000 0.000
GLR - GSR 0.000 7.798 92.292
A4In(GDP,)) 82.899 15.740 1.361
1 year Ayjn(M1,) 8.994 60.685 30.321
GLR - GSR 9.223 7.326 83.450
A4In(GDP)) 51.948 26.995 21.057
2 years Ayn(M1)) 13.896 50.669 35.435
GLR - GSR 16.124 11.184 72.692
A4In(GDP,)) 48.235 25.978 25.787
5 years Ayn(M1,) 14.738 50.970 34.292
GLR - GSR 15.719 16.065 68.216
A4In(GDP,) 48.187 26.033 25.780
infinity Ayn(M1,) 14.733 50.999 34.269
GLR - GSR 15.677 16.136 68.188

As we have shown repeatedly, there is a well pronounced instantaneous relation
between the two monetary variables. Insofar, the order of the variables in the sys-
tem has a considerable impact on the results. To show this, we have changed the
order between these two variables in Table 4.2b, i.e. we now suppose the causal
ordering A4In(M1,) — (GLR — GSR) — A4In(GDP,). The result is that the two
monetary variables have the same impact on the variance of real GDP. On the oth-
er hand, the hierarchy between the two monetary variables mentioned above is
hardly influenced by this.
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4.5 Concluding Remarks

The concept of vector autoregressive processes which was originally pro-
posed by CHRISTOPHER A. SIMS (1980) has become an indispensable in-
strument for data description, forecasting, structural inference and policy
analysis. One reason is that two new methods of analysis were developed,
impulse response analysis and variance decomposition, which provided
new insights into the dynamic relations between the variables of a system.
However, Chapter 6 will show that this approach is today mainly em-
ployed in the analysis of systems with nonstationary variables.

The new procedures are mainly based on the MA representation of the
system. First, the AR representation is used, and a finite order AR process
is estimated. However, to analyse the effects, a transformation to the MA
representation is unavoidable. This shows that the MA representation in-
troduced in Chapter 2 is not only an analytical device but also crucial to
the substantive interpretation of the relations between the different varia-
bles of a system.

Considering vector autoregressions, it becomes obvious that — compared
to traditional econometrics — the relevance of the residuals has drastically
changed. In traditional econometrics, they were merely regarded as unex-
plained effects ‘disturbing’ the true relationship between the variables. In
vector autoregressions they are the channel through which new infor-
mation flows into the system. For this reason they require special consid-
eration. As the variance decomposition shows, all stochastic variables are
finally generated by such innovations. Statistical analysis has to ask at
what time such an innovation first appears in the system and how it ‘moves
along’ the system. All other substantive questions can be traced back to
these questions.

Finally, there is the same problem as when we discussed the concept of
Granger causality: data analysis alone is not sufficient to make meaningful
statements about the relations between (economic) variables. First, we
need information on which variables are to be jointly investigated in such a
system. When considering vector autoregressions, this question is of spe-
cial relevance as only rather few variables (with a finite number of lags)
can be included, given the large number of parameters to be estimated.

Furthermore, the problem of how to handle instantaneous relations is
more severe than when testing for Granger causality. If such relations ex-
ist, and they nearly always exist, we need external information, i.e. infor-
mation not included in the data, to order the variables. Even if, at first
glance, the VAR approach seems to get along without theoretical consider-
ations, we need considerable theoretical (pre-)information to apply it cor-
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rectly to economic data and to be able to interpret it in a meaningful way.
Here, ‘theory-free’ data analysis is as impossible as in other contexts. A
further development taking this into account is the approach of structural
vector autoregressions where identifying restrictions are used to generate
the innovations W and to give intuitive meaning to them. CHRISTOPHER A.
SIMS proposed recursive ordering for identification, but this is only one
possibility. Later on, other approaches were suggested. OLIVER J.
BLANCHARD and DANNY QUAH (1989), for example, assumed that de-
mand shocks have no effect on output in the long-run whereas supply
shocks do have such effects. HARALD UHLIG (2005) introduced so-called
sign restrictions based on the assumption that some short-run effects have
a theoretically expected sign whereas others do not.
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5 Nonstationary Processes

So far, we have only considered stationary time series. As a matter of fact,
however, most economic time series are trending, like, for example, the
GDP series investigated in Chapter 1. We tried to eliminate the trend by
using first differences or growth rates. These filtered series can be investi-
gated by employing the concepts that were developed for the analysis of
stationary time series.

There are, however, two basic problems with this procedure. Firstly, if
we employ these transformations, information is lost about the trends
which have been eliminated. However, if there exist relations between the
long-run components of economic time series, this lost information might
be of special interest to economists. Secondly, we exclusively used visual
inspection to determine whether a series is stationary or nonstationary.
This procedure might raise problems whenever the roots of the lag poly-
nomial in the autoregressive part of a possible stationary process are close
to one. In this case, it is appropriate to use test procedures in order to de-
cide by means of statistical criteria whether we will consider the time se-
ries as a realisation of a stationary or a nonstationary process.

In the following, we first present two different concepts of trending be-
haviour, the concepts of deterministic and of stochastic trends (Section
5.1). Then we discuss the elimination of such trends (Section 5.2). In Sec-
tion 5.3 we present tests for unit roots (stationarity) and in Section 5.4 pos-
sible decompositions of time series in a stationary and a nonstationary
component. In Section 5.5 we present some generalisations before we fi-
nally discuss economic implications of models with either deterministic or
stochastic trends (Section 5.6).

5.1 Forms of Nonstationarity

Due to the fact that a time series represents only one realisation of a sto-
chastic process, only some special forms of nonstationarity can be handled.
One possibility is that the expectations are time dependent, i.e. that the
mean is determined by a deterministic trend. Such a trend might usually be

G. Kirchgéssner et al., Introduction to Modern Time Series Analysis, Springer Texts in Business 155
and Economics, DOI 10.1007/978-3-642-33436-8 5, © Springer-Verlag Berlin Heidelberg 2013
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modelled or at least approximated by a polynomial in t, possibly after hav-
ing performed logarithmic transformations. Such a process is no longer
mean stationary but still covariance stationary. Such trend stationary pro-
cesses can be written as

(5.1) yi = )8t +x,
=0

where X is a stationary and invertible ARMA(p,q) process with mean zero.
Thus, we have

(5.2) a(L)x, = BL)u.

It is easy to see that

Elyd = 26 th = M

and that

E[(yi— t)( Yo — )] = E[Xe X = ¥x(7).
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Figure 5.1:  Linear and quadratic trend, superimposed
by a pure random process
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Because of the constant variance of the process, its realisations fluctuate
with limited amplitude around the deterministic trend. Refer to Figure 5.1,
where a linear and quadratic trend is superimposed by a pure random pro-
cess. The deviations from the trend are always transitory. If long-run fore-
casts are performed for such a process, these follow the mean function, and
the forecast errors stay finite, no matter how long the forecast horizon
might be. This is essentially a deterministic approach. Despite the fact that
such deterministic trends are quite often used in popular analyses, they are
in most cases no appropriate instrument for long-run forecasts.

400

300 y
200 7
100

—
——

O_W

q00 @ @ O O
25 50 75 100

Figure 5.2: Realisations of AR(1) processes
a=103(---), a= 0.97 (——)

Another possibility to generate nonstationary processes is to use auto-
regressive processes which violate the stability conditions. If we consider,
for example, an AR(1) process with a > 1 and the given initial condition

YO;
Yo = oyu tu, o>1
we immediately get

t—1
— t ‘
Yi = YoO + Z a’u ;.

j=0

Therefore, we get
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Ely] = yod' = .

Thus, the mean of this process grows exponentially for o > 1.
The variance of this process can be calculated as follows,

Viy]l = 1+ +a*+..+d) o2,
2t
o —1
= 3 Gi 5
a -1

i.e. the variance also grows exponentially with t. Thus, the process is ex-
plosive.

We get a stationary development for AR(1) processes if —1 < a < 1, but
explosive solutions if |a| > 1. The realisations of such processes with a =
1.03 and o = 0.97 are shown in Figure 5.2. If a < -1 the variance increases
in t as for a > 1, whereas the mean alternates with an explosive amplitude.

The special case of a = 1 results in a random walk:

(5.3) Yo = Ye1 toug,

where u is again a pure random process. Adding a constant term leads to a
random walk with drift,

(54 Yo = 0t yu t+ou.

For a given initial condition y, we get the representation
t

(5.5) Vi = Yo T Ot + Zui.
i=1

All first and second order moments are time dependent. In particular for
0<1<twe get

Elyd = yo + 8t = i,
V[yt] = tcz = ’Y(Ost)s
Covly, yil = (t-1) 6 = y(r0).

Thus, the autocorrelation function is also time dependent:

p(t,t) = _ter otz /1_3'
t(t—1) t t

The autocorrelation coefficients converge to one for given t and increasing
t. Thus, we get a relatively smooth development of the realisations, despite
the fact that the variance increases with t. Moreover, the random walk is
mean stationary for 6 = 0. The nonstationarity results from the time de-
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pendence of the variance and the covariances. Contrary to the situation of
stationary processes which fluctuate around their mean with a limited am-
plitude, the reversion to a fixed value (mean reverting behaviour) rarely
occurs for nonstationary processes. Figure 5.3 shows the behaviour of a
random walk with and without drift. The linear trend generated by the pos-
itive drift parameter can clearly be recognised.

160

140 s

120 4 v

Y
A e

100 !

80 -

60 -

40

204

O T T T T T T T T T T T T T T T T T T T

Figure 5.3: Random walk with (-----) and without (——) drift

It results in an obvious generalisation if the pure random process u in (5.3)
or (5.4), respectively, is substituted by a general, weakly stationary
ARMA(p,q) process, denoted as x:

(5.6) yi = 0+ yu X

Transforming (5.6) by using w; := y, — y;.; eliminates the nonstationarity, as
w; = 0 + X, is stationary. Such processes are called difference stationary or
integrated processes, as the data generating process in levels recurs by in-
verting the process of taking differences, i.e. by summation (integration).
Thus, the following definition generally holds:

* A stochastic process y is integrated of order d (1(d)), if it can be trans-
formed to a stationary, invertible stochastic process by differencing d
times, 1.€.

(1-L)'y, = 8+x,,
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where x is an ARMA(p,q) process. The original process y is then de-
noted as an ARIMA(p,d,q) process. It contains d roots of 1.0 (unit roots).

Such processes are characterised by stochastic trends. For a linear stochas-
tic trend, the expectation of the change in the process is constant, whereas
for a linear deterministic trend the change in the process itself is constant.

Let m =1 and x; = u, in relation (5.1). We thus get the trend stationary
process

(57) yt = 60+61t+ut,

whereas relation (5.5) holds for the random walk with drift:

t
(5.5) Yo = Yo Ot + Zui‘

i=1

Both processes contain a linear deterministic trend and a stochastic part.

The latter is stationary in relation (5.7), but nonstationary in relation (5.5).

This implies that shocks only have a transitory effect in (5.7) because they

disappear after one period, whereas they have a permanent impact in (5.5).
Let w; :=y; — y.1 in equation (5.6) and substitute (5.2). We thus have

= 5+ B(L) u
a(L)
or
(5.9) al)w, = o(l)d + B(L)u,
or
(5.8" aL)1-L)y, = & + B(L)u.

We thus get an AR part of order p+1 with one root of 1.0, while all other
roots are larger than 1.0 (in modulus). This is an ARIMA(p,1,q) process. If
first differences are not sufficient to get a weakly stationary process, we
have to difference the series d-times. In this case, equation (5.8') can be
generalised to the ARIMA(p,d,q) process

(5.9) aL)(1-L)'ye = & + BL)u,

as was already done in the definition above.
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5.2 Trend Elimination

To transform the nonstationary processes (5.1) and (5.9) into stationary
processes, the deterministic or the stochastic trend have to be eliminated,
respectively. Let us assume that m = 1 in relation (5.1) and d = 1 in rela-
tion (5.9). In this case, we have a linear deterministic or stochastic trend.
According to their definition, the nonstationarity of I(1) processes can be
eliminated by forming first differences. The same procedure might be ap-
plied to models with a linear deterministic trend. Taking first differences
on both sides of relation (5.1) we get (form = 1)

Yi—Yer = Ot Xe—Xei -
Because of (5.2) this can also be written as
a(Lyw, = a(1)d; + (1 —L)B(L)u, .

We get a stationary ARMA(p,q+1) process for w which, however, is not
invertible because of the unit root in the MA part. Using first differences
does not lead back to the original stationary process x but to a new station-
ary process which exhibits artificial short-run cycles due to over-
differencing. (In case of a quadratic deterministic trend, we get similar re-
sults by differencing the series twice.)

In Figure 5.4, the scatter diagrams between the differences of the non-
stationary series and the original white noise processes, which have gener-
ated the trend stationary and difference stationary series, show clear differ-
ences. Whereas differencing the random walk reproduces exactly the
realisation of the white noise process, the first differences of the trend sta-
tionary process do not correspond to the realisations of the generating
white noise process.

One might also try to eliminate the linear trend by a regression on a time
trend. The scatter diagrams in Figure 5.5 show that this method is appro-
priate for trend stationary processes. The regression residuals largely cor-
respond to the realisations of the generating white noise process. On the
other hand, there is no relation between the regression residuals and the re-
alisations of the white noise process for integrated processes.

The results in Table 5.1 further clarify this situation. For the realisation
of a trend stationary process with a constant term of 5.0 and a slope coeffi-
cient of 1.0 we get, as expected, estimates of the regression on time which
are quite close to the true parameters. The adjusted coefficient of determi-
nation is high and the Durbin-Watson statistic gives no indication of first
order autocorrelation. Taking the usual t statistic in case of the realisation
of the random walk, we also get a highly significant regression coefficient
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for the trend variable. Furthermore, we get — for the ‘wrong’ model — an
acceptable value of the coefficient of determination, even if the Durbin-
Watson statistic correctly indicates high first order autocorrelation. This is
also true for the random walk with drift. However, the coefficient of de-
termination and the t statistic of the regression coefficient of the trend var-
iable are now much higher due to the fact that this process implicitly con-
tains a linear trend.

Table 5.1: Results of Linear Trend Elimination

(100 Observations)
Model with a
linear trend random walk random walk with drift
Constant term 5.678 19.673 18.673
9.79) (16.89) (16.03)
linear trend 0.993 0.191 1.191
(99.60) (9.55) (59.48)
R? 0.990 0.477 0.973
Durbin-Watson 2.085 0.247 0.247

Figure 5.6 shows the residuals, the actual and the estimated values of re-
gressions of the model with linear trend and the random walk with drift on
a linear trend. It is obvious that the residuals of the model of a random
walk with drift still contain systematic variations which might be wrongly
interpreted as genuine cycles.

These examples clearly indicate that the analysis of nonstationary time
series requires a serious investigation of the trending behaviour, i.e. of the
causes of the nonstationarity, as an inappropriate trend elimination proce-
dure might generate artificial movements in the resulting time series. There
is a risk that these statistical artefacts are interpreted in terms of econom-
ics.

5.3 Unit Root Tests

As we have seen, it is important to take the kind of nonstationarity into ac-
count, i.e. to ask whether the series contains a deterministic or a stochastic
trend when it comes to transforming nonstationary into stationary time se-
ries. Otherwise, statistical artefacts might appear in the transformed series.
Within the framework of the Box-Jenkins approach, nonstationary behav-
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iour of time series is covered by ARIMA(p,d,q) models. Time series ana-
lysts have long tried to find the order of differencing, d, leading to a sta-
tionary ARMA process simply by considering the autocorrelation function.
For these purposes, the estimated correlograms of the levels and the suc-
cessive differences are investigated. If the autocorrelation coefficients de-
crease very slowly with increasing order, this is taken as evidence of non-
stationarity. The following rule of thumb can be used for this procedure:
Determine the order of differencing in such a way that the autocorrelation
coefficients approach zero quite rapidly and that the variance of the result-
ing series is smallest compared to variances resulting from other orders of
differencing. Generally, this guarantees that there is no overdifferencing:
overdifferenced series often have a rather pronounced negative first order
autocorrelation coefficient, and the estimated variance of the series is often
increased by the transformation which actually leads to overdifferencing.

This descriptive procedure can be generalised if not only multiple unit
roots are determined by successive differencing but when, quite generally,
all roots with an absolute value of one are determined in the characteristic
equation or in the lag polynomial of the autoregressive part.

This approach, which goes back to GEORGE C. TIAO and RUEY S. TSAY
(1983), uses the following model as starting point:

(5.10) nLa@)y: = &+ pLju,,

where all roots of n(L) = 0 are on the unit circle and all roots of a(L) = 0
and B(L) = 0 are outside the unit circle. If, instead of the true model (5.10),
autoregressive models with increasing order k =1, 2, ..., p™* are estimated
with ordinary least squares,

(5.11) Vi = 2+ ayu + oo+ oayu + VY,

it can be shown that all roots on the unit circle are consistently estimated.
This is true despite the fact that the residuals of (5.11) will usually be auto-
correlated because of the wrong AR order and/or the missing MA part.
Due to the autocorrelation of the residuals, however, this consistency result
does not hold for the roots of the stable part of the model. But even if the
order of the estimated AR process exceeds the order of the nonstationary
part n(L), the number of the roots on the unit circle remains constant. This
stability property can be used to determine all roots which cause nonsta-
tionarity. In order to do so, the roots of the characteristic equation (or the
corresponding lag polynomial) of the AR(k) process in equation (5.11)

(5.12) M- a At - -4, =0, k=1,2,..,p™,
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are successively calculated. This allows us to determine the degree of the
polynomial of the nonstationary autoregressive factor as well as the corre-
sponding transformation which has to be applied in order to eliminate this
factor.

5.3.1 The Dickey-Fuller Test

The procedures described so far neither provide a formal test nor do they
allow to distinguish between trend stationary and difference stationary be-
haviour of a time series. Both demands can principally be satisfied by us-
ing unit root tests. Such tests have first been developed by WAYNE A.
FULLER (1976, pp. 366 ft.) as well as by DAVID A. DICKEY and WAYNE A.
FULLER (1979, 1981).

If we set m = 1 in relation (5.1) and if we suppose that we have a sta-
tionary AR(1) process in (5.2), we get

5.13 = ) + Ot +
( ) Yt 0 1 oL

or
ye = [(1=a)d+ay 6]+ (1 —0)d; t+oyyer +u.

With o = (1 — 01)8¢ + a;61, p = (1 — 01)8; and p = a,, this relation can be
written as

(5.14) yo = a+Bttpyun tu.
If the AR(1) process has a unit root, i.e. if a; =1,
(515) yt = 61 +yt-1 +ut

leads to a random walk with drift, which can be used as the null hypothesis
of a test, while the alternative hypothesis, |o;| < 1, leads to a trend station-
ary process.

If we want to distinguish between a stationary AR(1) process with a
mean different from zero and a nonstationary AR(1) process with &y # 0
and 9; = 0 and under the null hypothesis a; = 1,

Vi = Y Tt

leads to a random walk without drift, while the alternative is a stationary
AR(1) process with mean different from zero.

If we can assume a priori that the mean is zero, i.e. that 5, = 0, the null
hypothesis a; = 1 again leads to a random walk without drift, whereas the
alternative is
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Ve = pyu tue with |p|<1.

These distinctions with respect to the alternative hypotheses are necessary
as in all three cases even the asymptotic distributions under the null hy-
pothesis no longer correspond to standard distributions. They also depend
on other parameters, especially on those of the trend and the mean. If we
start from the general model (5.14), the null hypothesis is p = 1 in all three
cases, i.e. the AR part has a unit root. It can be shown that, under the null
hypothesis, the least squares estimator of p is downward biased and has a
skewed left distribution. Thus, even if the null hypothesis p = 1 is true, we
expect values smaller than one for p. Correspondingly, the usual t statistic

of p — 1, which is normally used as test statistic, no longer follows a t dis-

tribution. Critical values for the t tests of all three cases have first been
provided by WAYNE A. FULLER (1976, Table 8.5.2, p. 373). They were de-
rived by using simulations. Today, slightly more precise critical values are
usually employed which were derived through simulations by JAMES G.
MACKINNON (1991, p. 275). Nowadays, these values are included in many
computer programs. For a one-sided test against the alternative p < 1, a
significance level of 5 percent and 100 observations, the critical values
are -1.94 for a zero mean, -2.89 if the mean is different from zero and
-3.46 if a linear trend is included in addition. As all these values are larger
in absolute value than the critical value of the t statistic, which is -1.65, us-
ing this distribution would reject the null hypothesis far too often. The de-
cision would mistakenly be in favour of a stationary or trend stationary
process despite the fact that the series contains a random walk with or
without drift. If the combined hypotheses a = =0and p=1, or B =0 and
p = 1, respectively, are to be tested, the F tests proposed by DAVID A.
DICKEY and WAYNE A. FULLER (1981) with the critical values tabulated
by these authors (pp. 1062f.) can be used.

Example 5.1

To demonstrate the deviation of the distributions of the estimated parameters p

and t from the standard distributions, we performed a Monte-Carlo simulation.
We generated 100'000 realisations with T = 200 observations for the model

(E5.1) Yo = PYer T

with p = 1.0. Then, we estimated relation (5.14) with = 0. The empirical distri-
butions of p and t (which are smoothed with a kernel estimator) are given in
Figure 5.7. First of all, we can see that p is not symmetrically distributed
around its true value of one; the mean of the estimated coefficients is 0.973.
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Figure 5.7: Density of the estimated autocorrelation coefficient and the
t statistic under the null hypothesis of a random walk.

Thus, there is a systematic underestimation of the autoregressive parameter. Se-
cond, this leads to a strong deviation of the estimated t values under the null hy-
pothesis Hy: p = 1.0 of the corresponding t distribution; the mean of the distribu-
tion of the estimated t statistic is -1.534 instead of the theoretical value of zero.
The area under the density function left of -1.96, the critical value which is usually
employed for this sample size, is not 2.5 percent but 30.18 percent. For a one-
sided test, a significance level of 5 percent and the usual critical value of -1.65, the
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null hypothesis would be rejected in 35.58 percent of all cases. However, if we use
the critical values of JAMES G. MACKINNON (1991), which, in this situation,
are -2.876 at the 5 percent level and -3.465 at the 1 percent level, with rejection
rates of 4.99 percent and 0.99 percent, the significance levels are almost exactly
realised in our simulations.

In order to use the conventional t value directly, which implies a test of the
estimated parameter of y,; against the null hypothesis of zero, relation
(5.14) can be transformed by subtracting y,; on both sides:

(5.16) Ayr = a+Bt+(p— Dy *tu.

5.3.2 The Augmented Dickey-Fuller Test

If the autoregressive process is of order higher than one, i.e. if we have an
AR(p) process with p > 1, the tests can be generalised quite easily, because
an AR(p) process

Ve = Y1 T 02V oot 0y T
can immediately be reparameterised as

Vi = PpYur TO1 Ay + 0 Ay + .+ ep-l Ayipr T

with
p p
p=10=>a, 0=->a, i=1,23,..,p-1L
j=1 j=i+l
If this AR(p) process has a unit root, it holds that 1 — oy — 0o, —... —a, =0

or p = 1, respectively. All alternative hypotheses discussed so far can be
applied to this more general situation. In addition, the same asymptotic dis-
tributions hold as in the AR(1) case. This allows us to use the same critical
values. Thus, for the situation with deterministic trend the generalisation of
the test equation (5.16) is

(5.17) Ay, = a+Bt+(p—1)yu +0; Ay + ... + O Ay + 1y

for the Augmented Dickey-Fuller (ADF) test, where k is chosen to ensure
that the residuals follow a pure random process.

If the data generating process is trend stationary but the unit root test is
mistakenly performed without including a time trend, these tests have, as
PIERRE PERRON (1988) showed, asymptotically disappearing power, i.e.
the null hypothesis of a random walk is not rejected often enough, and is
never rejected in the limiting case. Thus, the quality of a unit root test
largely depends on whether the test is performed within the appropriate
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model. If the data suggest that a deterministic trend might exist, one should
start with model (5.17) to perform the tests and use the simplified versions
only if the null hypothesis Hy: f = 0 cannot be rejected and it is, therefore,
not necessary to include a time trend into the test equation. The analogous
argumentation holds for the constant term.

Correspondingly, PIERRE PERRON (1988) proposed the following strategy
to perform unit root tests: We start with the general model (5.17)

k
Ay, = o+ B(t-T2) + (p—Dyu + Y 0Ay, + u,

i=1

where the trend variable is centred, however, ensuring that it has no effect
on the estimated constant term. (T denotes the sample size.) We can use
the Dickey-Fuller t test with the null hypothesis Hy: p = 1 and the alterna-
tive hypothesis that y; is trend stationary. We can also use an F test in order
to test the combined hypothesis Hy: (a, B, p) = (a, 0, 1). If this hypothesis
is rejected, it might be assumed that a deterministic trend exists. In addi-
tion, we can test this with the null hypothesis Hy: f = 0. If both null hy-
potheses cannot be rejected, we can, in a second step, use the model

k
(5.17) Aye = a+ (p—Dyu + D 0Ay, +u

i=1

and again perform a t test for the null hypothesis Hy: p = 1, i.e. we test for
a unit root. In this situation, the alternative hypothesis is the existence of a
stationary AR process with non-zero mean.

If, in addition, it has to be tested whether the constant term is zero, we
can again perform an F test with Hy: (a, p) = (0, 1). If this null hypothesis
cannot be rejected, we can use the model

k
(5.17") Ay, = (p—Dyu + Y04y, +u,

i=l

in order to test Hy: p=1.

Even if the residuals in model (5.14) are generated by a MA or ARMA
process, test equation (5.17) can be used because invertible MA and
ARMA processes can be approximated by higher order autoregressive pro-
cesses. However, this might lead to a considerable reduction of the test
power. Thus, with increasing k it is — ceteris paribus — increasingly diffi-
cult to reject the null hypothesis of nonstationarity.

If the true data generating process is an ARIMA(0,1,1) process, i.e. if

I-Dy = (I-BDuw
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with 0 < B < 1, problems arise if B is close to (but still smaller than) one.
Then, the unit root in the autoregressive part is nearly outweighed by the
MA part. Using simulations, G. WILLIAM SCHWERT (1987, 1989) showed
that in this case the true null hypothesis is rejected far too often. SAID E.
SAID and DAVID A. DICKEY (1985) proposed a procedure that takes into
account the MA component and thus reduces the bias of the test results
considerably. In all cases, the critical values derived by JAMES G. MAC-
KINNON (1991) for the t tests and by DAVID A. DICKEY and WAYNE A.
FULLER (1981, p. 1063) for the F tests can be used.
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T I T T I T T T T I T
1985 1990 1995 2000
Figure 5.8:  Development of the Swiss, German/European and US
Euromarket interest rates. Monthly data,
January 1983 — December 2002

Example 5.2

Figure 5.8 shows the Euromarket three month interest rates of the United States
(UER), Switzerland (SER) and ‘Euroland’ (GER/EER). As the Euro has been the
common currency of the member countries of the European Monetary Union only
since January 1, 1999, and as, in the period before, many of these countries
pegged their currencies more or less to the strongest European currency, the Ger-
man Mark, we use the German interest rate for the period up to December 1998.
To test whether these series have a unit root, we performed ADF tests. As these
data do not contain obvious trends - which, by the way, would be surprising in
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case of interest rates - we performed the tests with model (5.17"). To determine the
lag length k, we used the Hannan-Quinn criterion.

The results are given in Table 5.2. It is obvious that the hypothesis of a unit
root cannot be rejected for all three interest rates. In a second step, using model
(5.17™), we applied the test on the first differences of these time series to deter-
mine the order of integration. Here, the null hypothesis of nonstationarity can
clearly be rejected. Taking this into account, we assume that the interest rate series
are integrated of order one (I(1)). It follows from this that ARIMA(p,1,q) process-
es are appropriate statistical models for such series. The interest rate series show
high persistence and (at best) only very weakly pronounced mean reverting behav-
iour.

Table 5.2: Results of the Augmented Dickey-Fuller Tests
1/1983 — 12/2002, 240 Observations

. Levels 1. Differences
Variable
k Test Statistic k Test Statistic
-1.194 -7.862
SER 3 (0.678) 2 (0.000)
-0.957 -11.962
GER/EER ! (0.768) 0 (0.000)
-0.995 -11.220
UER ! (0.755) 0 (0.000)
The tests were performed for levels with as well as for first differences without a con-
stant term. The numbers in parentheses are the p values. The number of lags, k, has been
determined with the Hannan-Quinn criterion.

5.3.3 The Phillips-Perron Test

An alternative approach to consider autoregressive and/or heteroscedastic
error terms in relation (5.14) goes back to PETER C.B. PHILLIPS and
PIERRE PERRON (1988). Here, unlike in equation (5.17), these effects are
not modelled by adding lagged differences in the systematic part of the
equation. The test statistic for the hypothesis p = 1 is, however, rather ad-
justed by a non-parametric estimate of the long-run variance of the esti-
mated parameter p that takes the autocorrelation of the residuals into ac-
count.

To estimate the long-run adjusted variance of the residuals the two au-
thors propose
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5 B 1 T s 2 T-1 T n
(5.18) St = ¥Z:ut + T WimZ:utuFi ,

where G are the least squares residuals of equation (5.14). The truncation
parameter m denotes the maximal order up to which the autocovariances
are included. With sample size T, m has to increase to infinity, but not as
fast as T. The wy, are weights that do not only ensure the consistency of
this long-run variance estimator but also its non-negativity. PIERRE PER-
RON (1988) proposed to use the following weights which go back to MAU-
RICE STEVENSON BARTLETT (1948):

1
1_ )
(5-19) Wim = m+1

0, i>m

i=1..,m

Using this adjusted variance, we get the following F Test with the null hy-
pothesis Hy: (a, B, p) = (a, 0, 1) for the model with time trend and constant
term in equation (5.14):

~ s - (si —s%) R T®(s2 —s?)
5200 E, = —F, - 2> —=|T@p-1) - —»—= |,
( ) Tr ST Tr 2 S%—m (p ) 48 |X'X|

where s is the estimated standard error of regression (5.14) and X the ma-
trix of predetermined variables, i.e. the matrix X contains, besides the vec-
tor of ones, the two column vectors y..; and t:

X = [l yu t].

A

F,, is the conventional F statistic for the null hypothesis given above. In-
stead of the usual t statistic to test the null hypothesis Hy: p = 1 in this

model with trend, the following adjusted test statistic has been proposed:

2 2yl
(5.21) io= 2 i _ Gy = ST

St Asp 3 [X'X]

Here, t,, denotes the usual t statistic.

If the tests in (5.20) and (5.21) cannot reject the corresponding null hy-
potheses, it might be assumed that there is no deterministic trend. In this
case, the stronger null hypothesis Hy: (o, B, p) = (0, 0, 1) can be tested with
the following statistic:
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T(s3,, —s%)

= S (s> —s%) .
520 F, = —F, - ™ 2 |T(p-1) - .
(5.20" (-1 48 XX

Tr Tr 2
S 38t

Tm

Under the assumption that there is no deterministic trend in the data, the
test statistic

2 2 2
T (STm —S )
n T

22

(520" E, = Siﬁ —% T(H-1) - :

Tm Tm 4Z(yt_§)
t=1

tests the combined null hypothesis Hy: (a, p) = (0, 1). Here, 15p is the usual

F statistic for this null hypothesis. If it cannot be rejected, we can check
the null hypothesis Hy: p = 1 in the model without deterministic compo-
nents with

. S A 0.5 (s —s)T
(5.21" i = —t - (S 5

p P T

STm 2
STm Z y t-1

i.e. we check whether the series contains a random walk without drift. If
this hypothesis is rejected, with

- S A 0.5 (s> —s)T
(5.21" t = —t - (St )

u K T
ST

" S1m Z(yt _y)z

t=1

the hypothesis of a random walk with drift can be tested. i, and i, are

again the usual t statistics. In all cases, the critical values derived by JAMES
G. MACKINNON (1991) for the t tests and by DAVID A. DICKEY and
WAYNE A. FULLER (1981, p. 1063) for the F tests can be used.

The augmented Dickey-Fuller test, which parametrically models the au-
tocorrelation of the residuals, has the advantage that we can test whether
the residuals of the estimated test equation are still autocorrelated. This is
not possible with the Phillips-Perron test. On the other hand, the advantage
of this nonparametric approach is that the results are less sensitive to small
changes of the truncation parameter m. (However, as DONALD W. AN-
DREWS (1991) showed, the choice of m is not without problems when it
comes to practical applications. Here, m is often chosen equal to approxi-
mately the fourth root of the sample size.) The power of the ADF test is
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reduced by too large a number of lagged differences. On the other hand,
too small a number of lags has the effect that the test is no longer correctly
applicable due to the autocorrelation of the estimated residuals. Firstly, for

16 4

14 4

12 4

10 1

O T T 1
0.8 0.85 0.9 0.95 1

Density of the estimated coefficient compared with a

normal distribution with the same variance and p = 0.95
0.8

0.6
0.5 -

0.4 -

0.2 1

0.1 1

-3.47 -2.88

Density of the Dickey-Fuller t statistic

Figure 5.9a: Density of the estimated coefficient and of the t statistic
for the null hypothesis of an AR(1) process with p = 0.95
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Figure 5.9b: Density of the estimated coefficient and of the t statistic
for the null hypothesis of an AR(1) process with p = 0.90

the nonparametric tests, the number of lags has no impact on the estimated
parameters, and, secondly, if the autocorrelation coefficients tend towards
zero they have, at best, a small impact on the estimated variance. The in-
crease of m does not reduce the sample size of the estimated equation.
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Thus, one should assume that nonparametric tests are better suited to cope
with the autocorrelation of the residuals. However, this holds only partly.

G. WILLIAM SCHWERT (1987, 1989) showed in a simulation study that,
once the model contains an MA term with negative autocorrelation, the
true null hypothesis is even more often rejected when using the Phillips-
Perron test as compared to the augmented Dickey-Fuller test. Thus, the
procedure proposed by SAID E. SAID and DAVID A. DICKEY (1985), which
considers this problem, should definitely be applied in this case.

One problem with the ADF test as well as with the Phillips-Perron test
is that their power is rather low if, under the alternative hypothesis, the
first order autocorrelation coefficient is close to one, if, for example, 0.95
< p <1 holds for an AR(1) process. In such situations, i.e. if the mean re-
verting behaviour is only very weakly pronounced, very large sample sizes
are necessary to reject the null hypothesis. With economic data, however,
such a sample size is rare, at least as long as only monthly, quarterly or
even annual data are available.

Example 5.3

To illustrate the problems with respect to the power of unit root tests, we once
again performed Monte-Carlo simulations. In order to do so, we again generated
100’000 realisations with a sample size of 200 observations for model (E5.1).
However, in this simulation we used the values p = 0.95 and p = 0.90 for the auto-
regressive parameter.

As Figures 5.9a and 5.9b show, the estimated values are also shifted considera-
bly to the left. The estimated means are 0.928 for p = 0.95 and 0.880 for p = 0.90.
Thus, only 25.1 percent and 32.3 percent of the estimated values are on the right
of the true value for p = 0.95 and for p = 0.90, respectively.

The density functions of the t statistics indicate the low test power for values of
p close to 1.0. If the test is performed for the null hypothesis p = 1.0 and the true
value is p = 0.95, even by applying the critical values of JAMES G. MACKINNON
(1991), the (false) null hypothesis can only be rejected in 8.3 percent of all situa-
tions using the 1 percent significance level and in 30.5 percent of all situations us-
ing the 5 percent significance level. Thus, the type II error occurs in 91.7 or 69.5
percent of all situations. However, for p = 0.90 it occurs much less often: when
testing at the 1 percent level we falsely accept the null hypothesis in 52.6 percent
of all cases and at the 5 percent level in 14.7 percent of all cases.

5.3.4 Unit Root Tests and Structural Breaks

A further problem arises if (trend) stationary processes have a structural
break. In such situations, the tests described so far are usually unable to re-
ject the null hypothesis of a unit root even if the sample size increases: the
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power of the test tends asymptotically towards zero. If we know the date of
the structural break and have enough observations in both periods, we can
perform unit root tests separately for the time before and after the structur-
al break. The problem is, however, that the power of these tests is reduced
due to the smaller sample sizes.

An alternative to this procedure was proposed by PIERRE PERRON (1989,
1994). He assumes that the date of the structural break, t*, is known. A
typical example for such an assumption is the German Unification. He dis-
tinguishes two models: the first one is formulated in analogy to an additive
outlier (AO model) and represents a sudden break in level or a change in
the slope of the deterministic trend. The second model allows for an outlier
in the innovations (Ol model) and assumes a gradual adjustment to the
new situation; the shocks on the trend function (the deterministic compo-
nent of the model) have the same impact on the level of the series as regu-
lar shocks.

As most economic time series exhibit a trend, PIERRE PERRON uses AO
models showing a coincidence of structural break with deterministic trend.
Thus, in order to eliminate deterministic components, he first of all esti-
mates the following relations with OLS:

(5.22) y¢ = o+ Bt + 8DV, + x,
(5.22" yo = o+ Bt+ § DV, + § DV (t—t¥) + x,
(5.22") yi = o + Bt + & DV (t—t*) + x,

where the dummy variable DV is zero up to the structural break which
takes place in t* and one afterwards. For the residuals of the equations
(5.22) or (5.22"), x,, he performs the augmented Dickey-Fuller-Test based

on the following regression:

k k
(5.23) A, = (p-Dx, + ZdiADVt—i + ZeiAﬁm e
i=0 i=1
JURGEN WOLTERS and UWE HASSLER (2006) demonstrate why it is neces-
sary to include lagged ADV in (5.23).
For the residuals of equation (5.22"), PIERRE PERRON uses the regres-
sion
k
(5.23" AR, = (p-1) X, + D.0AR, + u.
i=1
For the OI model with a linear trend, however, we get the following test
equation for a structural break in the level of the series
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(5.24) Ay, = o + Bt + 8, DV, + 8, ADV, + (p— 1)y
k

+ ZeiAYt—i T U

i=1

For the model with a structural break in the level of the series as well as in
its deterministic trend we get

(524) Ay, =a + Bt + 8, DV, + 8, ADV, + &; DV, (t— t*)

k
+ (p—Dyu + Y 0Ay, + u.

i=1

In the AO as well as in the OI model, the test statistic is the t value of p — 1.

Critical values which also depend on the date of the structural break are
given in PIERRE PERRON (1989, pp. 1376ft.; 1994, pp. 1371t.).

5.3.5 A Test with the Null Hypothesis of Stationarity

An alternative procedure for testing the stationarity properties of time se-
ries was proposed by DENIS KWIATKOWSKI, PETER C.B. PHILLIPS, PETER
SCHMIDT and YONGCHEOL SHIN (KPSS, 1992). They developed a test
where the null hypothesis is not the existence of a unit root but — quite the
contrary — stationarity. (This test is therefore often called a stationarity test
contrary to the unit root tests discussed so far.)

Contrary to relation (5.14) where we assume high positive autocorrela-
tion in the time series, the starting point of this KPSS fest is the following
model:

(5.25) ye = o+ Pt+u,

where now instead of the commonly used constant term, a random walk,
(5.25a) Of =041+ &

is allowed.

The residuals of (5.25a), €, are assumed to be independently and identi-
cally normally distributed. Under the null hypothesis that y is trend sta-
tionary, the variance of € is zero, i.e. o, is a constant. The problem is now
to find a test procedure which can discriminate between a constant term
and a random walk. Such a test is designed for situations in which a ran-
dom walk might possibly be added to a (trend) stationary component. It is
the purpose of the test to detect this random walk.

The KPSS test tries to discriminate as follows between a purely trend
stationary process and a process with an additive random walk. In a first
step, y is regressed on a constant term and possibly also on a deterministic
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trend, i.e. it is adjusted for deterministic components. In a second step, par-
tial sums of the residuals i of these regressions are considered:

t
Sy = Zum‘ )
i=1

where j =, Tr, indicates whether the original series is only adjusted for a
constant term or also for a deterministic trend. If y is a stationary process,
the sum of the residuals with zero mean, is integrated of order one. The
sum of the squares of an I(1) process diverges with T2. Therefore, the test
statistic

T 2
A 1 2. (5)

u

Djzl"l”Tr’

has a limiting distribution that does not depend on additional parameters.
Critical values for this statistic, which are again derived with simulations,
are given by DENIS KWIATKOWSKI, PETER C.B. PHILLIPS, PETER SCHMIDT
and YONGCHEOL SHIN (1992, p. 166).

In this form, the test presupposes that the residuals of the original pro-
cess (5.25) are white noise. As this is usually not the case, the possible au-
tocorrelation must be taken into account. The authors suggest that instead

of s2, as with the Phillips-Perron test, the estimator for the long-run vari-

ance defined in (5.18), s — adjusted for the impact of autocorrelation —

should be employed. Asymptotically, the same critical values as in the
model with white noise residuals are appropriate.

Example 5.4

UWE HASSLER and JURGEN WOLTERS (1995) asked whether the inflation rates of
consumer prices (calculated with respect to the previous month) in the United
States, the United Kingdom, France, Germany and Italy are weakly stationary.
They used seasonally adjusted monthly data from January 1969 to September
1992. They employed the ADF test and the Phillips-Perron test, where the null
hypothesis postulates a unit root, as well as the KPSS test, where we assume weak
stationarity under the null hypothesis, and they performed the tests for different
lag lengths k and different truncation parameters, m, respectively. All test equa-
tions contain a constant term but no trend variable.

The results are given in Table 5.3. Irrespective of the number of autocovari-
ances included, the Phillips-Perron test always rejects the null hypothesis of a unit
root at least at the 1 percent significance level. According to these results, the
monthly inflation rates of all countries are stationary. On the other hand, the KPSS
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test nearly always rejects the null hypothesis of stationarity also at the 1 percent
level. Thus, according to these results, the inflation rates exhibit nonstationary be-
haviour. The situation is different for the ADF test. The null hypothesis of a unit
root is always rejected for k = 3, but only in three out of five cases for k = 6, and
never for k = 12, not even at the 10 percent level. In this example, the results of
the semi-parametric tests, the Phillips-Perron and the KPSS tests, are hardly influ-
enced by the value of m, whereas the results of the ADF test are sensitive to
changes of k. Moreover, the results of the two semi-parametric tests contradict
each other.

Table 5.3: Results of Unit Root and Stationarity Tests for Inflation
1/1969 — 9/1992, 285 Observations

m/k | United States  United Kingdom  France = Germany Italy
Phillips- | 6 -8.95%* -9.30** -5.82%%  -10.32%*  -6.40%*
Perron 12 -10.20** -10.54** -6.84%*  -11.65%*  -7.39%*
6 0.81%* 1.02%* 1.57%* 1.26%* 0.94**
KPSS

12 0.51* 0.65%* 0.91%* 0.80** 0.56**

-4.43%* -4.48%* 271(%)  -4.98*%F  331*

ADF 6 -3.06* -2.97* -1.71 -3.49%% 224

12 -1.86 -2.27 -1.29 -1.75 -2.39

,(*)4, ¥ or ,*** denote that the corresponding null hypothesis can be rejected at the 10, 5,
or 1 percent significance level, respectively.

Source: U. HASSLER and J. WOLTERS (1995, Tables 3 and 4, p. 39).

As Example 5.4 shows, problems arise whenever different test procedures
produce different, contradictory results and when these results are to be in-
terpreted. One reason for such contradictions might be the fact that the
tests discussed so far can only differentiate between the integer orders of
integration d = 0 and d = 1, which corresponds to the methodology of the
ARIMA(p, d, q) models with d =0, 1, 2, ..., . One possibility to handle the
problem is to gain more flexibility by abandoning the restriction to integer
orders of integration: d might be treated as a real number. How this is done
within the framework of fractionally integrated ARMA models is dis-
cussed below in Section 5.5.
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5.4 Decomposition of Time Series

If one takes into account that nonstationary time series might contain a sta-
tionary component along with the nonstationary one, the decomposition of
the series into two components, a permanent and a transitory one, seems
fairly obvious:

(5.27) Yo = Yty

where y” denotes the permanent (nonstationary) and y' transitory (station-
ary) component. Such a decomposition makes it possible to find a measure
of the persistence of the series, i.e. for the relative importance of changes
in its permanent component compared to changes in the series itself.

Such a decomposition was proposed, for example, by STEPHEN BEVE-
RIDGE and CHARLES R. NELSON (1981). They showed that every ARIMA
model with d = 1 can be represented as the sum of a random walk, possibly
with drift,

(5.28) yi = ptyr, +ve,

and a stationary component which is the difference between the process y
itself and its nonstationary component y*.

Starting point for the decomposition is the general ARIMA(p,1,q) mod-
el. To make things easier, we use the Wold decomposition of Ay, written
in the following form:

yo = pty@)uct yer.
By backward substitution we get
REwL)wtp+y) v +ye
2pty@) (utug)tye

Yi

t
tu+y(L) Du +yo.

i=1

With the additional assumptions y, = 0 and u, = 0 for t <0 it follows that

0 t—1
Yo = tpt Z\Vj[zuri] :
oS

This can be transformed to



184 5 Nonstationary Processes
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Defining

t—1

yi = tuty() [Zunj,

i=0
leads to the representation given in (5.28). Thus, we get
(5.29) yi = ut vl Fvu,
with v; = y(1) u..
(5300 y, = &L)u, with & = — Z\Vj’ i=0,1,2, ..

j=i+l

holds for the transitory component y, =y, — y’.

The permanent component y* can also be represented by the observed
values of y. To show this, we start with the representation of an
ARIMA(p,1,q) process,

a(L) Ay, = & + B(L)u, with p = d/a(1),

where the roots of a(L) = 0 and B(L) = 0 are all outside the unit circle and
there are no identical roots in the two polynomials. Solving for u results in

o), B ey, e
BL) B BL) B¢

Thus, (5.29) leads to

Ut

Ay = p+y(Duw
e &{ﬂ ay, - 2O u},
a(D) [ B(L) B(1)
or
(531) y = PO o)

() BL) "
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respectively, i.e. the permanent component can be represented as a
weighted average of the observed values.
As a measure of the persistence of the time series, P, we define

S, (v@®)’ o,
(5.32) P = 2x = 22 v
Oy Oy

The problem with this decomposition, however, is that the residuals of the
stationary and the nonstationary parts are perfectly negatively correlated,
except for the degenerated case (1) = 0, where the permanent component
is the straight line ut. If we assume a different value for the correlation be-
tween these two parts, we get a different decomposition. (An obvious as-
sumption would be that the innovations of the permanent and transitory
parts are uncorrelated.) Thus, depending on the assumption about the cor-
relation between the two innovation series, we can derive rather different
decompositions leading to different values of the permanent component.
However, as JOHN H. COCHRANE (1988) showed, the variance of the dif-
ferent estimates of the permanent component will always be the same,
thus, leading to the same value of the persistence measure.

An alternative measure for the persistence of a time series was proposed
by JOHN H. COCHRANE (1988). He considers the ratio of the variance of
the changes that are accumulated over k periods to the variance of the one
period change,

1 E(Yt+k — Y )2
k+1 E(Yt - Yt—l)z

As the changes (of an I(1) process) are stationary by definition, and be-
cause of

(5.33) Vi =

, k=1,2,....

E[(Yi; = YoV =Yl

PO = By, - y1)]

9

we get

. )
(5.34) Ve = 1+ 22(1 - %] 0G) .
If k tends to infinity, we get

(5.35) lim vV, = 1 +23p() .
j=1
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As p(k) tends towards zero with increasing k in stationary processes, JOHN
H. COCHRANE (1988) proposed to increase k until Vi approaches its max-
imum and to use this k to estimate the persistence of a series.

Example 5.5
The special case of a random walk, y, = y.; + u, results in:
E[(yux — Yt-l)z] = E[(Ayuk T AYpr + .o + AYt)z]
= (k+1)o..
According to (5.33), we thus get
Vi = 1, k=12, ..,

i.e. this measure shows that the random walk does not contain any stationary
(transitory) component besides the stochastic trend.

A different approach to decompose a time series into a permanent compo-
nent y* and a transitory (cyclical) component y' goes back to ROBERT J.
HoDRICK and EDWARD C. PRESCOTT (1997). Contrary to the approach of
STEPHEN BEVERIDGE and CHARLES R. NELSON (1981), which is based on
an ARIMA(p,1,q) model, ROBERT J. HODRICK and EDWARD C. PRESCOTT
(1997) do not presume an explicit model for the observed time series. The
idea is rather to model the permanent component y” sufficiently smooth.
The sum of squares of the second differences of y” is taken as a measure of
the smoothness of the time path. On average, the cyclical component, y' =
y — y” should not deviate substantially from zero over the observation peri-
od. To approach these goals, the following objective function is minimised
with respect to y?

2

(536) Z(y?:h) = 20—y + A0 (0h -y - -¥) -

The smoothness of y” can be controlled for with the penalty parameter A.
The larger A is chosen, the smoother is the time path of y*. For A — oo, y”
follows a linear trend. The values of A depend on the frequency of the data.
In practical applications, the following values are often chosen: A = 100 for
annual data, A = 1'600 for quarterly data, and A = 14'400 for monthly data.
The result of this minimisation is the so-called Hodrick-Prescott (HP) filter
which provides the permanent or trend component, respectively.

In empirical macroeconomics, the HP filter is today the standard ap-
proach to estimate the permanent component of a time series. Although
quite different values for the penalty parameter A are suggested depending
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on the frequency of the data, the result of the cyclical components is rather
robust with respect to the choice of A. In contrast to this, the estimates for
the last values of the permanent component of the observation period are
quite sensitive to the choice of the sample endpoint.

Example 5.6

The permanent component of the annual German inflation rate is to be determined
by using the Beveridge-Nelson approach and the HP filter. We investigate the pe-
riod from the first quarter of 1975 to the last quarter of 1998, as this corresponds
to the period when the German Bundesbank used the quantity of money as its tar-
get. To measure inflation, we use the implicit deflator of the gross national prod-
uct (PGNP), i.e. IR, = 100 - (In(PGNP,) — In(PGNP.4)). Estimating an ARIMA
model leads to the following result:

(E5.2) AIR, = — 0308AIR. + 0, + 0.275 0.,
(=3.29) (2.68)

R? = 0.145, SE = 0.571, Q(6) = 4.233 (p = 0.645),

where the t values are again indicated in parentheses. Both estimated coefficients
differ significantly from zero at the 1 percent level, and the Box-Ljung Q statistic,
calculated with 8 correlation coefficients (6 degrees of freedom), does not indicate
any remaining autocorrelation of the residuals. For the ARIMA(4, 1, 2) model in
(E5.2) we get:

(E5.3a) a(L)
(E5.3b) B(L)

The Wold representation y(L) is derived by a series expansion of B(L)/a(L). This
results in

1+0.308 L%, and
1+0.275 L%

_ B
y(lL) = L)’
_ B _ 1275 _
y(l) = o) 1308 0.975.

. . 2 2
Because of the parameters estimated in (E5.2), we get ¢, = 1.188 o for the

variance of AIR. (See for this Section 2.3.2.) According to (5.31), the permanent
component IRN is

4
RN = 0975 L0308 L o

1+ 0275 1°

RPN = —0275 IRP™ + 0.975IR, + 0.300 IR, .
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Figure 5.10a:
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German Inflation Rate: Actual values (——), permanent com-
ponent according to S. BEVERIDGE and CH.R. NELSON (------- ),
permanent component according to R.J. HODRICK and E.C.
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Figure 5.10b:

German Inflation Rate: cyclical component according to
S. BEVERIDGE and CH.R. NELSON (-------- ), cyclical component
according to R.J. HODRICK and E.C. PRESCOTT (——)
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Figure 5.10a shows the observed inflation rate IR, together with the permanent
component IRP®N which was calculated according to the Beveridge-Nelson ap-
proach. The development of the permanent component is quite similar to the actu-
al inflation rate. The only difference is that it does not exhibit the extreme ampli-
tudes of the original series. Contrary to this, when using the HP filter, the
permanent component of the series, IR™, which is also shown in Figure 5.10a, is
much smoother. It must be taken into account that it was not calculated with A =
1'600, which is normally used for quarterly data, but with A = 100, because other-
wise the development would have been too smooth.
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Figure 5.11a:  Swiss real money balances M2, 1981 — 2008: Actual values
(——) and permanent component (-------- ) due to the Hodrick-
Prescott filter

Example 5.7

To demonstrate how the choice of the sample endpoint influences the slope of the
permanent component estimated by the HP filter near the end of the observation
period, we use quarterly seasonally adjusted data for Swiss real money balances in
the definition of M2 for the period starting in 1981. We use A = 1600 which is the
suggested value for quarterly data. To analyse the behaviour of the long-run com-
ponent in the pre-crisis years 2005 and 2006, we used two different endpoints: the
third quarter of 2008 and the fourth quarter of 2006.

Figure 5.11a shows the result if we use the data up to the third quarter of 2008.
The long-run component is clearly decreasing during the years 2005 and 2006. In
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contrast to this result, when the observation period only extends to 2006, the esti-
mated long-run trend is increasing during this period, as shown in Figure 5.11b,
whereas, the estimates of the permanent component for the period before 2005 are
hardly influenced by the choice of the endpoint. This indicates that it is highly
problematic to rely on the final estimates of the trend for economic policy deci-
sions.
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Figure 5.11b:  Swiss real money balances M2, 1981 — 2006.: Actual values
(——) and permanent component (-------- ) due to the Hodrick-
Prescott filter

5.5 Further Developments

As shown above in Example 5.4, problems arise if tests lead to systemati-
cally contradictory results which cannot be interpreted as being statistical
artefacts. This indicates that the approach used so far to handle nonstation-
arities is not flexible enough. The fractionally integrated models discussed
below are one possibility to cope with this problem and to get more flexi-
ble solutions.

A further, not yet discussed problem arises whenever fourth differences
(for quarterly data) or twelfth differences (for monthly data) are performed
in order to transform a nonstationary into a stationary time series. This
procedure is often used when annual growth rates are calculated (with
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quarterly or monthly data). The problem of seasonal integration which is
presupposed by this procedure shall also be discussed in the following.

5.5.1 Fractional Integration

As mentioned above, the concept of integrated time series should be ex-
tended to that effect that the order of integration, d, is no longer restricted
to be an integer number. It might be any real number. By forming first dif-
ferences, we can always reduce the value of d by one. In the following, we
therefore only consider the interval 0 < d < 1. In analogy to the definition
of integrated variables given in Section 5.1 the following definition holds:

* A stochastic process y is fractionally integrated of order d, 0 <d < 1, if
it can be transformed into a weakly stationary invertible process using
the filter (1 — L)%, i.e.

(1-L)'y, = 8+x,,

where x is an ARMA(p,q) process. The transformation (1 — L) results

from the binomial series development
(537) (1-L) = 1 —dL — @Lz _ dd-d@-d)

3!

= j—1-
= Sa U withd, = 7% g 4 = 1

j=0
The original process y is then denoted as an ARFIMA(p,d,q) process
(Autoregressive Fractional Integrated Moving Average Process).

The coefficients d; are quadratically summable for | d | < 0.5. For this rea-
son, the process is stationary for 0 < d < 0.5 and displays long memory in
the sense that the autocorrelations are not summable. For d > 0.5 the pro-
cess is nonstationary. Thus, there is a whole range of values of d (0.5 <d <
1) that generate persistent processes and not only the single value d =1 (or
integer multiples of it), like with the ARIMA(p,d,q) models.

The inverse filter (1 — L) is given by the substitution of d by -d in
(5.37),

d(1+d)(2+d)L3 n

(537) 1-Ly¢ = 1 +dL + Wﬁ + )

Thus, if we apply the filter (I — L) on the stationary and invertible
ARMA(p,q) process with the representation a(L) x, = B(L) u;,, we get an
ARFIMA process with
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Yo = (1 — L)_d Xt

If x, = u, i.e. a pure random process, we get the model of a pure, fraction-
ally integrated noise:

(5.38) (1-L)'y = u or y. = (1-Lyu,.

The series expansion in (5.37) or (5.37"), respectively, indicates that this
process might be represented as a special AR(c0) or MA(0) process. Rela-
tion (5.38) gives the most parsimonious parameterisation of it, employing
only one single parameter.

The unit root tests discussed in Sections 5.3.1, 5.3.2 and 5.3.3 test the
null hypothesis d = 1 against the alternative hypothesis d = 0, while the
KPSS test, described in Section 5.3.5, tests the null hypothesis d = 0
against the alternative hypothesis d = 1. If the ‘true’ d is between zero and
one, both null hypotheses might be rejected, as was the case in Example
5.4. The reason for this apparent contradiction between the results of the
two tests is that the modelling approach only allowed for zero and one to
be possible orders of integration and was thus too restrictive.

Example 5.8

Due to the contradicting results with respect to the stationarity properties present-
ed in Example 5.4, UWE HASSLER and JURGEN WOLTERS (1995) estimated
ARFIMA models for the inflation rates of these countries. They showed that ac-
cording to (5.38), the monthly inflation rates of all these countries can be mod-
elled as purely fractionally integrated white noise . The values of d vary from d =
0.40 for Germany, d = 0.41 for the United States, d = 0.51 for the United King-
dom, d = 0.54 for France up to d = 0.57 for Italy. The null hypothesis that the or-
der of integration equals 0.5 can in no case be rejected. As fractional processes
with d > 0.5 are nonstationary, at least the inflation rates of the United Kingdom,
France and Italy show persistent behaviour, even if they are not I(1).

A so-called fractional integration test, or long memory test, in the tradition
of the Augmented Dickey-Fuller test has been proposed by MATEI DEME-
TRESCU, VLADIMIR KUZIN and UWE HASSLER (2008) who refined a sug-
gestion by JORG BREITUNG and UWE HASSLER (2002). Notwithstanding
the analogy to the ADF test, the limiting distribution is standard, however.
The null hypothesis is that the order of integration equals some value o
with0<d<1:
H()Z d = 9.

Then one computes the corresponding fractional differences under the null
hypothesis: (1 — L)° y,. In practice, the infinite expansion of the differences
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has to be truncated at the beginning of the sample. With the expansion
from (5.37), we write

5 = «
(1-L)y = Z(;SjL’,
=
and define the approximate differences
t—1
z0= 38y, =~ (1-Ly, t=1..,T.
=0

The lag-augmented regression equation becomes in analogy to the ADF
test

k
zo = ¢z, + 20z +u, t=ktl, . T,
i=1
where the variable of interest is the weighted sum:
-l 7
* t—
Ziy = Z -
=1 ]
Note for 6 = 1 that z; = Ay, such that the new regression corresponds to
t—1
(5.17”), only the nonstationary regressor y.; = ZAYP i » where we assume
j=1

t—1
a starting value of zero, is replaced by the regressor z,, =» j'A’y ..
1

Under the null hypothesis, Z:l is asymptotically stationary, such that the
least-squares regression results in a limiting normal distribution of ¢. It

was shown that the null hypothesis of interest, d = J, translates into ¢ = 0
in the regression equation. Hence, the test relies on the usual t statistic, t,,
compared with the conventional critical values from the standard normal
distribution. It is possible to perform a one-sided test, where H;: d > & cor-
responds to H;: ¢ > 0, and analogously for H;: d < 6. Null hypotheses of
particular interest are & = 0 (short memory) against d > 0 (long memory),
where the test is a powerful competitor to the KPSS test against fractional
alternatives, and similarly for the traditional unit root case 6 = 1 versus
d < 1. Moreover, one may test against (non)stationarity for Hy: 6 = 0.5
against d < 0.5 (stationarity) or d > 0.5 (nonstationarity).

5.5.2 Seasonal Integration

The integrated processes discussed so far exhibit nonstationary behaviour
because there is a unit root in the lag polynomial of the autoregressive part.
This can be eliminated by forming first differences. One might ask wheth-
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er there are additional roots on the unit circle which imply nonstationarity
and can be economically interpreted. As shown in Sections 1.2 and 1.3, the
application of the filter | — L* generated developments of quarterly data
which no longer exhibit seasonal variations. The factorisation

(1-2zY) = 1-21+2) = (1-2)(1+2) - (1—-iz)(]+1iz)
where i’ = -1, immediately shows that 1— z* has four roots on the unit cir-
cle, 1.e.

zZ) = 1, Zy = —1, Z34 = +1.

Using the filter 1 — L, the following process can be generated with u; as
white noise

1-D)y: = u,
or

Ve = Y T .

This corresponds to a random walk which can be used to model stochastic
trend behaviour. Applying the filter 1 + L, the process

(5.39) Yt = 'Yt-l + Uy

can be similarly generated. For large values of t, the correlation between
two adjacent elements of this process approaches -1, i.e. the process exhib-
its regular two-period fluctuations which correspond to fluctuations within
a period of half a year for quarterly data. This also becomes clear if y;; is
substituted in (5.39), which leads to

Vi = V2 T U — U

If we only considered every second observation, we would again get a ran-
dom walk.

The roots + i correspond to the filter 1 + L?, which can generate the pro-
cess

(5.40) Yo = -Ye2 tou

Here, all adjacent elements are uncorrelated, while the correlation between
the values of y which are two periods apart from each other converges
to -1 for large values of t. Thus, the process exhibits fluctuations with a
length of four periods, corresponding to the annual cycle in the context of
quarterly data. This also becomes clear if y.., in (5.40) is substituted. This
leads to

Vi = Vs T U — U
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If we only considered every fourth period, we would again get a random
walk.

Thus, the processes with roots -1 and + i capture the nonstationary sea-
sonal fluctuations of quarterly data. To eliminate such fluctuations, the fil-
ter

(1+L)1+L% = 1+L+L*+1L°,

must be used, i.e. a third order moving average eliminates nonstationary
seasonal fluctuations of quarterly data. Because of

(1-L% = (1-L)1 +L +L* + L%,

forming annual differences also eliminates any stochastic trend, as Figures
1.4 and 1.5 in Chapter I already showed.

In analogy to the ADF test, SVEND HYLLEBERG, ROBERT F. ENGLE,
CLIVE W.J. GRANGER and BYUNG SAM Y00 (1990) (HEGY) developed a
procedure which not only tests for the stochastic trend but also for the dif-
ferent seasonal roots. In order to perform this test, the quarterly series y
has to be transformed in the following way:

yie = (1 + L+ L2+ L)y,
yau = —(1 =L+ L - LYy,
yie = —(1 = L)y,
yao = (1 = LYy

y is a series which no longer contains any seasonal unit root. y, is a series
which does not contain a stochastic trend, nor any annual fluctuations,
whereas the stochastic trend as well as the half annual cycle have been
eliminated from y;. Finally, y, does not have any root on the unit circle.
Disregarding all deterministic terms like the constant term, a time trend or
seasonal dummies, the following equation is estimated by OLS in order to
perform the HEGY test:

O*(L)yar = My T Mmyser T Wyse + Tayse + U,

where the order of the lag polynomial 6*(L) is chosen in a way that the es-
timated residuals 0 are white noise.
The null hypothesis that there is a stochastic trend is stated as

H(): W = 0,
the null hypothesis that there is a nonstationary semi-annual component as
H()I T = 0

and the null hypothesis that there is a nonstationary annual component as
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H(): T3 = Ty — 0.

The test statistics are the corresponding t or F values, respectively. As with
the ‘usual’ unit root test, the classical t and F distributions do not hold for
this test. Depending on which deterministic terms are included, different
critical values are appropriate. The corresponding values for the HEGY
test, derived again with simulations, are provided in SVEND HYLLEBERG et
al. (1990, Tables 1a and 1b, pp. 226f).

5.6 Deterministic versus Stochastic Trends in Economic
Time Series

It has hardly ever been disputed that economic time series are trending,
even though procedures for stationary variables have mostly been applied.
As mentioned in Chapter 1, even the classical time series analysis distin-
guished between trend, (business) cycle, seasonal variation and irregular
movements. However, the ‘nature’ of the trend has hardly ever been con-
sidered. Depending on the kind of procedure, either high order moving av-
erages were calculated or linear or polynomial (deterministic) trends esti-
mated and subtracted from the original series. Series transformed in this
way were used for further investigations.

Whether such a trend is deterministic or stochastic, however, is not only
important for the application of the appropriate statistical procedures but
also has an impact on the economic interpretation. If, for example, the log-
arithm of the gross national product follows a linear deterministic trend,
the model not only implies a constant long-run growth rate but also the fact
that all deviations from the long-run equilibrium path are only temporary;
all deviations are counter-balanced in the long-run. Contrary to this, when
the series follows a stochastic trend, singular changes have permanent con-
sequences: the series has a (long) memory. Even if the long-run growth
rate is fixed, a variable deviating from the growth path it has followed so
far will hardly ever return to the path: from this new initial point, the de-
velopment continues with the same (average) growth rate but along a new
path (with a different level). Thus, these kinds of shocks are called perma-
nent contrary to the transitory shocks in the model with a deterministic
trend.

Permanent and transitory shocks have a different economic meaning.
Permanent shocks are usually attributed to the supply side, transitory
shocks rather to the demand side of the economy. Correspondingly, unex-
pected changes of the quantity of money are typically interpreted as transi-
tory shocks: They might have real effects in the short run, but they have no
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long-run impact, at least as long as the classical dichotomy is accepted.
Therefore, monetary policy might be stabilising in the short run, but has
hardly any long-run effect on economic growth, at least as long as inflation
is ‘moderate’. One indication for this is that empirical studies on the rela-
tion between (moderate) inflation and economic growth do not exhibit
conclusive results. Contrary to this, a technology shock is usually seen as
permanent: The development of a new technology which has not been
available so far has a permanent effect on the production possibilities in an
economy and might, therefore, shift the economy to a new growth path
with a higher initial position. Against this background it is understandable
that it has been extensively discussed in the United States whether GNP
has a unit root or not, a question which at first glance seems to be a purely
statistical one.

The distinction between permanent and transitory shocks has, above all,
an impact on business cycle theory. Traditional Keynesian as well as Mon-
etarist approaches assume that cyclical fluctuations are caused by transito-
ry shocks. As shown in Chapter 2, given a specific structure of the eco-
nomic system (or the time series representing this system), uncorrelated
random shocks can generate cycles with certain frequencies. If the neces-
sary information is available, (anti-cyclical) stabilisation policy can coun-
teract and thus smooth the economic development. Correspondingly, in
their discussion on the possibility of the government to perform an active
stabilisation policy, Monetarists and Keynesians focused on two questions:
(i) Which one is the better instrument, monetary or fiscal policy? (ii) Does
the government (or the central bank, respectively) have the information
necessary to perform a successful stabilisation policy or does it even make
things worse because interventions often take place at the wrong point of
time? The general possibility of stabilisation policy was not called into
question.

A quite different stance has been taken by the Real Business Cycle The-
ory which belongs to the New Classical Macroeconomics. It attempts to
interpret business cycles as results of technology shocks. In such a model,
any economic policy that tries to stabilise business cycles is useless in the
first place. Theoretical models with such properties have been developed.
However, the empirical evidence is not very convincing. Even if the exist-
ence of permanent shocks is taken into account, it is sensible to assume
that there are both temporary and permanent shocks on the supply side as
well as on the demand side. The question no longer is whether such im-
pacts exist at all but rather how strong the different impacts (shocks) are in
relation to each other. Recent empirical research goes in this direction.

This implies, however, that the same model has to allow for transitory as
well as permanent shocks. While the traditional models of a deterministic
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trend do not have this possibility, as they only know transitory deviations
of the fixed long-run equilibrium path, models with a stochastic trend usu-
ally also contain a transitory component. It is the purpose of the procedures
discussed in Section 5.4 to differentiate between these two components.

Finally, it must be mentioned that, given the existence of permanent
shocks, the distinction between trend and cycle is dubious. From an eco-
nomic perspective, this implies that a distinct separation between econom-
ic growth on the one hand and the development of the business cycle on
the other hand is no longer possible; if the economic system has the appro-
priate structure, economic growth occurs in cycles. This is a new way to
take up an old idea, which was already developed by JOSEPH A.
SCHUMPETER in his “Theory of Economic Development”. In this theory,
business cycles are also generated by supply shocks and not by demand
shocks.

For all this, however, we should take into account that we always use
samples for empirical analysis and that the ‘true’ data generating processes
are different from the ones assumed in our models. For example, we often
assume that the investigated variables are normally distributed. This im-
plies that the occurring values can be both very high and very low, even if
we know that this would be impossible in a concrete situation. Body
heights are a classical example of this. The same is true for the differentia-
tion between stationary and nonstationary variables. If a variable is really
stationary, the estimator for the mean of the coming year might be better
provided by the mean of some past observations with long distances be-
tween each other than by the mean of the last three months. On the other
hand, the assumption of nonstationarity implies that, with increasing time
horizon, the variable will almost certainly exceed any limit. Both assump-
tions are, for example, invalid for interest rates. When we investigate sam-
ples, perform tests and finally decide to (preliminarily) regard the variable
as stationary or nonstationary, we assume that the chosen model is the best
available approximation on the unknown data generating process of the
model classes we considered. This might be different in case of a different
time period or a different frequency of data.
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6 Cointegration

In the preceding chapter, we used stochastic trends to model nonstationary
behaviour of time series, i.e. the variance of the data generating process in-
creases over time, the series exhibits persistent behaviour and its first dif-
ference is stationary. For many economic time series, such a data generat-
ing process is a sufficient approximation, so that, in the following, we only
consider processes which are integrated of order one (I(1)).

For a long time, econometricians have not taken into account that eco-
nomic time series might be integrated. They applied traditional statistical
procedures developed for the investigation of stationary stochastic series.
CLIVE W.J. GRANGER and PAUL NEWBOLD (1974) showed that this might
lead to severe problems. In a simulation study, they regressed two inde-
pendently generated random walks on each other. They observed that the
least-squares regression parameters do not converge towards zero but to-
wards random variables with a non-degenerated distribution. Testing these
parameters by employing the critical values of the usual t distribution, the
null hypothesis of a zero coefficient is (wrongly) rejected much too often.
Furthermore, the coefficient of determination does not converge towards
the theoretically correct value of zero but towards a non-degenerated dis-
tribution. The estimated residuals show I(1) behaviour as expected for the-
oretical reasons. This implies that the Durbin-Watson statistic of the resid-
uals converges towards zero.

Example 6.1

We performed Monte Carlo simulations to illustrate the problem of spurious re-
gressions. First, we generated 100'000 replications with a sample size of T = 200
observations for two independent random walks x and y. Then we estimated the
following equation:

yo = at+bx + v

using ordinary least squares. As both series are independently generated, the slope
coefficient as well as the R? should be zero. In this case, v follows a random walk,
i.e. the first order autocorrelation coefficient is one and the value of the Durbin-
Watson statistic zero. Figure 6.1 shows the density functions of the t statistic of

b, R? and the Durbin-Watson statistic (smoothed by a kernel estimator).

G. Kirchgéssner et al., Introduction to Modern Time Series Analysis, Springer Texts in Business 205
and Economics, DOI 10.1007/978-3-642-33436-8 6, © Springer-Verlag Berlin Heidelberg 2013
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The test statistic t has a symmetric density function, which, however, has a much

larger variance than the standard normal distribution. The vertical dashed lines
show the critical values of the normal distribution for the 2.5 and 97.5 percentiles,
+ 1.96. If the classical distribution theory would be used (wrongly), a significant
result would not only arise in 5 percent but in 83.32 percent of all cases. The cor-
rect values for the 2.5 and 97.5 percentiles are + 21.06, indicated by solid lines.
The density function of R? shows that values greater than 0.2 (0.5) have a proba-
bility of 46.13 (16.13) percent despite the fact that the true R should be zero. The
classical F distribution for the null hypothesis Hy: R* = 0, applied with 200 obser-
vations, leads to a critical value of 0.019 at the 5 percent level. Thus, when using
this wrong distribution, almost all estimates would be accepted as being signifi-
cant.

In these simulations, the estimated values of the Durbin-Watson statistic are be-
tween zero and 0.4. The probability that a value greater than 0.2 occurs is 4.62
percent. This almost corresponds to the figures given by ROBERT F. ENGLE and
BYUNG SAM Y00 (1987, Table 4); they report a critical value of 0.20 at the five
percent significance level for a sample size of 200 observations. Thus, contrary to
the t and F tests, the Durbin-Watson test provides the expected results.

To avoid such spurious relations, time series analysts advised against the
use of the original series but recommended that they should be transformed
in such a way that they can be considered as realisations of weakly station-
ary processes. GEORGE E.P. BOX and GWILYM M. JENKINS (1970, pp.
378f.), for example, recommended that, in order to estimate the dynamic
relations between time series, one had to difference the series until their
correlograms no longer indicated nonstationarity, and that after these trans-
formations the cross-correlation functions should be used to identify the
relation. This is one possible reason for the spurious independence results
of Granger causality tests mentioned in Chapter 3.

Example 6.2

The following example illustrates how differencing leads to an underestimation of
the true relation between I(1) variables. Given the following relations:

(E61) Yo = Wt + uy,ta
(E6.2) Xe = W + Ugg,
(E6.3) We = Wi T Uy,

where u;, i = {X, y, w} are three pure random processes and u,, is independently
generated from u, and uy. Thus, y and x are I(1) processes; they contain a common
stochastic trend.

To eliminate this trend, first differences are performed. The following regres-
sion is estimated to capture the relation between the two variables:
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Ay, = bAx + v, t=1,...,T.
The least squares estimator gives the following result:

T

AX‘ AYt Z(uw,t + Aux,t)(u’w,t + Auy,l)
b — t = t=1

T
(Ax,)? 2 (u, +Au,,)’
t=1

M-

M=

1

M-

T T T
2
uy + z‘uw,tAux’t + Z:uW’tAuy,t + Z:Aux,tAuy’t
t=1 t=1

M-

T T
2 2
uy, +2E u, Au  + E Aug
t=1

t= t=1

Thus, the probability limit of b is
- c. +20,,
limb = ————
P c. +20.
Contrary to the true one to one relation between the levels of x and y, the estima-
tion in differences leads to a slope parameter which is smaller than one if u, and u,

. 2 . . 2
are uncorrelated. The larger the variance o is compared to the variance & the

smaller is this estimate. This holds even more if u, and u, are negatively correlat-
ed. If their correlation is positive, both, under- or overestimations might occur.

This example reveals two problems. Firstly, estimated regression coeffi-
cients may not be significantly different from zero, although the respective
relation exists. Secondly, estimated regression coefficients might be biased
downwards because of errors-in-variables, even if they are statistically
significant. To evade the Skylla of spurious independence as well as the
Charybdis of spurious regressions, i.e. to render the type I and type II er-
rors as unlikely as possible, CLIVE W.J. GRANGER and PAUL NEWBOLD
(1974, p. 118) recommended to estimate the relations in the levels as well
as in first differences, in order to be better able to (economically) interpret
the results.

To solve this problem, it is necessary to develop statistical procedures
which are suited for capturing relations between nonstationary variables
correctly. This solution is provided by the theory of cointegrated relations
developed in the 1980s. The idea goes back to CLIVE W.J. GRANGER
(1981, 1986) and was popularised in papers by ROBERT F. ENGLE and
CLIVE W.J. GRANGER (1987), JAMES H. STOCK (1987) as well as SOREN
JOHANSEN (1988). Today, these procedures have become standard instru-
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ments for every time series econometrician. There are two main reasons
for the rapid dissemination of this approach: First, the estimated cointe-
grating relations are closely connected to economic equilibrium relations.
Second, in many applications it is sufficient to use ordinary least squares to
get consistent estimates. Thus, traditional programme packages can be
used further on.

A quite simple approach to avoid the spurious regression problem with
I(1) variables is to include lagged values of the dependent and independent
variables into the regression since, in this case, parameter values exist for
which the residuals are 1(0). Applying OLS results in consistent estimates
of all parameters. (See JAMES D. HAMILTON (1994, pp. 5611t.).)

In the following, we define cointegrated processes and present their
properties (Section 6.1). Section 6.2 shows how single equation models
with integrated variables can be estimated and how cointegration tests can
be performed. The handling of systems of such equations using vector au-
toregressions as discussed in Chapter 4 is described in Section 6.3. Section
6.4. discusses the importance of these procedures for the analysis of long-
run economic (equilibrium) relations.

6.1 Definition and Properties of Cointegrated Processes

Quite generally, cointegration might be characterised by two or more I(1)
variables indicating a common long-run development, i.e. they do not drift
away from each other except for transitory fluctuations. This defines a sta-
tistical equilibrium which, in empirical applications, can often be interpret-
ed as a long-run economic relation.

ROBERT F. ENGLE and CLIVE W.J. GRANGER (1987) defined cointegra-
tion as follows:

e The elements of a k-dimensional vector Y are cointegrated of order (d,
¢), Y ~ CI(d, ¢), if all elements of Y are integrated of order d, I(d), and
if there exists at least one non-trivial linear combination z of these var-
iables, which is I(d-c), where d > ¢ > 0 holds, i.e. iff

B; Yt = Zi,tNI(d—C), 1 = 1, ey T.

The vectors B; are denoted as cointegration vectors. The cointegration
rank t is equal to the number of linearly independent cointegration vec-
tors. The cointegration vectors are the columns of the cointegration
matrix B, with
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B'Y, = Z.

If all variables of Y are I(1), it holds that 0 <r <k. For r = 0, the elements
of the vector Y are not cointegrated. Correspondingly, the appropriate
model is a system of first differences.

Important properties of cointegrated relations were summarised in the
Granger Representation Theorem, presented by ROBERT F. ENGLE and
CLIVE W.J. GRANGER (1987, pp. 255f.). The most important part of this
theorem is:

e If the k-dimensional vector Y is cointegrated of order CI(1, 1) with
cointegration rank r, besides the AR representation

AL)Y, = U,

with U; being white noise, there also exists an error correction repre-
sentation (as discussed in Section 4.1)

A*L)(Q-L)Y, = -TZ, + U,
with
A(l) = I'B,
I' and B being kxr matrices of rank r, 0 <r <k, and
Z. = B'Y,

being an r-dimensional vector of I(0) variables. The reverse is also
true: The existence of an error correction representation of I(1) varia-
bles implies cointegration.

In addition to this theorem, the following two lemmata hold:

Lemma I: If x; and y, are I(1) and cointegrated, x, and y are also coin-
tegrated for any t.

Lemma 2: If x and y are I(1) and cointegrated, x is Granger causal to y
and/or y is Granger causal to x.

Lemma 1 holds because
Yeer = Yo T Aytﬂ + ..t Aym,

implying that y,, differs from y, only by a stationary term, which does not
change the cointegration relation. Lemma 2 holds because an error correc-
tion representation exists for at least one of any two cointegrated variables,
and error correction representations always imply Granger causal relations.
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However, the reverse — that Granger causality between integrated variables
implies cointegration — does not hold.

6.2 Cointegration in Single Equation Models:
Representation, Estimation and Testing

In the following, we start with the simple case of a bivariate model, i.e. a
regression relation between two I(1) variables. Then, we extend the analy-
sis to a multivariate (single equation) regression model.

6.2.1 Bivariate Cointegration

Let x and y be two I(1) processes. In general, any linear combination of
these two variables will again be an I(1) process. However, if there exists a
parameter b so that the linear combination

(6.1) yvi—bx, = z + a

is stationary, then x and y are cointegrated. The I(0) process z has an ex-
pectation of zero. The parameter a defines the level of the corresponding
equilibrium relation which is given by

(6.2) y =a+ bx.

The vector B' = [1 -b] is the cointegration vector. It is unique only because
of its normalisation, as a ' with a # 0 also leads to a stationary linear
combination of y and x. The stationary process z describes the deviations
from the equilibrium, the equilibrium error. Because of the finite variance
of z, the deviations from the equilibrium are bounded; the system is always
returning to its equilibrium path. Thus, relation (6.2) is an attractor.

Cointegration of x and y implies that both variables follow a common
stochastic trend which can be modelled as a random walk,

(6.3a) Wi = W U,

where u is again a white noise process. Thus, the two cointegrated 1(1)
processes can, for example, be represented as

(6.3b) y¢ = bw, + y, with y, ~I(0)
and

(6.3¢) X = w + X, with & ~I(0).
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The linear combination
(6.3d) yi—bxy = y,-bX, = z

is stationary, as a linear combination of stationary processes is again sta-
tionary. Thus, (6.3d) is a cointegrating relation.

According to the Granger representation theorem, there exists an error
correction representation for any cointegrating relation. In the bivariate
case its reduced form can be written as:

(6.4a) Ay, = —v(ye1 —a — bxey) + Z:axjAXt_j + Z:ayjAy[_j + uyy,

J=1 J=

k, ky
(6.4b) Ax, = +ydyer —a — bxu) + D bAX_ + D bAy .+ uy,

i1 =

with uy and uy as pure random processes. If x and y are cointegrated, at
least one vy;, 1 = X, y, has to be different from zero. It is obvious that, in this
case, a relation exists between the levels of the variables. A model estimat-
ed only in first differences would be misspecified because the term y,; — b
X1 1s missing. The representation (6.4) has the advantage that it only con-
tains stationary variables although the underlying relation is between non-
stationary (I(1)) variables. Thus, if the variables are cointegrated and the
cointegration vector in (6.4) is known, the traditional statistical procedures
can be applied for estimating and testing. The parameterisation in system
(6.4) provides a separation of the short-run adjustment processes modelled
by the lagged differences of the variables from the adjustment to the long-
run equilibrium because the system also reacts to the deviations from the
equilibrium relation which are lagged by one period.

System (6.4) is stable whenever 0 <7y, <2 and also 0 <y, <2 hold, and
if at least one of the two parameters is different from zero. This implies
that — ceteris paribus — a positive deviation from the long-run equilibrium
leads to a reduction of y and an increase of x and, therefore, to a reduction
of the initial equilibrium error: the system tends towards its attractor (6.2).
If the initial equilibrium error is negative, a corresponding adjustment pro-
cess is initiated. If one of the two adjustment coefficients is zero, i.e. if y, =
0, the adjustment is only possible via changes in y. The development of the
I(1) variable x is independent of the equilibrium error, it is — so to speak —
the stochastic trend driving the system. In this situation, x is called weakly
exogenous. If v, > 0 and v, 1s negative, or if y, > 0 and v, is negative, the
system might also be stable. According to SOREN JOHANSEN (1995, p. 54),
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however, this depends on the relative moduli of the adjustment coeffi-
cients.

Thus, in a bivariate system with two I(1) variables, only the following
two situations can occur:

(1) The two variables are not cointegrated, i.e. yx = yy = 0. Then, the sys-
tem contains two (different) stochastic trends.

(i1) The two variables are cointegrated, i.e. at least one y;, 1 =X, y, is posi-
tive. Then the system contains one cointegrating relation and one
common stochastic trend. It follows from Lemma 2 that at least one
simple Granger-causal relation exists between x and y.

Example 6.3

Let the ARIMA(1,1,0) process

(E6.4) (1-al)Ax, = u, with |0/ <1,
be given, and the relation

(E6.5a) y¢ = bxi+ z, b#0,
with

(E6.5b) Z, = pZu TV,

where u, and v, are uncorrelated white noise processes. Because of (E6.4) x; is I(1)
and this also holds for y,. According to the definition of cointegration, it is obvi-
ous that x and y are cointegrated for |p| < 1. However, if p = 1, there is no cointe-
gration. In this case, the development of y is determined by the two stochastic
trends x and z.

To derive the error correction model corresponding to (E6.4) and (E6.5a,b), we
first insert (E6.5b) in (E6.5a). This leads to

Vi = PpYer T bXe = pbxy + v

Subtracting y..; on both sides of this equation and adding as well as subtracting the
term b X, on the right hand side, we get the (conditional) structural form of the er-
ror correction representation,

Ay, = (1-p)yur + b(1=p) X1 + DAX + V.

This holds because x is weakly exogenous. By taking (E6.4) into account, the re-
duced form of the error correction model is given by

(E6.6a) AXt = Q,Axt_l + ux,[ Py
(E6.6b) Ay; = «(1-p) (Y1 — bx) + baAxyy + uy,

where uy; = u¢ and uy; = v, + bu,.
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The error correction equation of x, (E6.6a), does not contain the equilibrium er-
ror y — b x. Thus, the weakly exogenous x drives the whole system. If there is
cointegration, i.e. for -1 <p <1, it holds that 0 <y, <2 for the adjustment parame-
ter v, = (1 — p). Thus, the system is stable; y is adjusting to the long-run equilibri-
um. For p = 1, i.e. if there is no cointegration, (E6.6b) no longer contains the er-
ror-correction term. The system contains two stochastic trends. In any case, the
error correction model only contains stationary variables, the differences of I(1)
variables and the stationary equilibrium error.

6.2.2 Cointegration with More Than Two Variables

If there are only two I(1) variables after normalisation, there are either only
one (unique) cointegrating relation and one common stochastic trend or
two stochastic trends without cointegration. The situation is much more
complicated if there are more than two I(1) variables which are cointegrat-
ed.

Let us consider the situation of three I(1) variables, y;, 1 =1, 2, 3. Then
two independent cointegrating relations could exist, as, for example, by as-
suming zero expectations for all variables:

Yig = bayar + z1y, by # 0,
Yar = byysy + za5 by # 0.
In this case, B, =[1 -b, 0] and B, = [0 1 -b;] are linearly independent.
However, linear combinations of ; and P, provide cointegration vectors
which include all three I(1) variables, Y' = [y; y2 y3],
Y
By = vBi+ (A-v)P = |I-v(1+by)|, O<y<L
—(1-v)b,
B, are again cointegrating vectors. This follows from
B, Yo = vy + (1-y(1+by))ys — (1-y) b3 ys,

= Y (Yui—bay2) + (1-7) (yar—b3ysy)
= yziy + (1-7) 2o = 2z,

where z, as a linear combination of the two I(0) processes z; and z; is also
stationary. For y = 1, we get the cointegration vector ;, and for y = 0 the
cointegration vector . These two vectors form the basis of the cointegra-
tion space with dimension two, r = 2, because there are only two linearly
independent cointegration vectors. However, as there exists an infinite
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number of bases for this space, the representation of the equilibrium rela-
tions is not unique. Thus, we again face the well-known identification
problem of traditional econometrics; only additional a priori restrictions
(which are not contained in the data) can lead to a unique representation.

With k = 3 I(1) variables and r = k — 1 = 2 cointegrating relations, the
system contains just one stochastic trend; otherwise the supposed pairwise
cointegration between y; and y,, y, and y;, as well as y; and y; would be
impossible.

On the other hand, if a system of three I(1) variables contains two sto-
chastic trends, there can only be one cointegrating relation, and the corre-
sponding cointegration vector is again unique after normalisation, e.g. for

=11 —Bz —b, ]. Then the long-run equilibrium relation is

yl,t = l;2}’2,'[ + B3y3,t-

According to the definition in Section 6.1, a vector with k integrated varia-
bles of order one, I(1), is cointegrated of rank r, 0 <r <Kk, if there exist ex-
actly r linearly independent cointegration vectors ; # 0,1 =1, 2, ..., 1.
Combining the cointegration vectors as columns of the cointegration ma-
trix B,

B=[BiPB2... Bl
indicates the deviations of the r statistical equilibria Z' = [z, z, ... z;] as
(6.5) B'Y, = Z.

In case of I(1) variables, the system contains k — r common stochastic
trends. The cointegration rank r must always be smaller than the number of
I(1) variables k, because otherwise the cointegration matrix B would be
invertible and Y, = B"'Z, would be a linear combination of stationary pro-
cesses. This contradicts the assumption that all k variables are I(1). If r =
k — 1, we get the special case of only one common stochastic trend in the
system. Therefore, pairwise cointegrating relations exist between all com-
ponents of Y.

6.2.3 Testing Cointegration in Static Models

In order to handle cointegrating relations in single equation models cor-
rectly, it has to be presupposed that there exists at most one cointegrating
relation between k I(1) variables which comprehends all variables. In this
case, unit root tests can be used to test for cointegration by applying them
to the residuals of an estimated (static) equilibrium relation. If y; is taken
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to be the dependent variable and if there exists no cointegration relation
between y,, ..., Vi, the following equation is estimated by OLS:

k
(6.6) Vig = a t at+ Z:bjyj’t + 7
=2

for the k I(1) variables, where (in the case of cointegration) z is again the
equilibrium error. In most applications no time trend is included, i.e. a; =
0. The parameters b,, bs, ..., by can be estimated consistently with the least
squares approach. This method minimises the residual variance. If the es-
timated parameters differ from the true cointegration parameters, the re-
sidual process is nonstationary, i.e. its variance is increasing with increas-
ing sample size T. On the other hand, the residual process is stationary for
the cointegrating parameters and, therefore, has a finite variance. Appar-
ently, this is the minimum.

Table 6.1: Critical Values of the Dickey-Fuller Test on
Cointegration in the Static Model

k

Model with constant term

0.10 -2.57 -3.05 -3.45 -3.81
0.05 -2.86 -3.34 -3.74 -4.10
0.01 -3.43 -3.90 -4.30 -4.65

Model with constant term and time trend

0.10 -3.13 -3.50 -3.83 -4.15
0.05 -3.41 -3.78 -4.12 -4.43
0.01 -3.96 -4.33 -4.67 -4.97

The values for k = 1 are the critical values of the Dickey-Fuller unit root test.

Source: J.G. MACKINNON (1991, Table 1, p. 275).

Following this logic, ROBERT F. ENGLE and CLIVE W.J. GRANGER (1987)
proposed a testing procedure for the null hypothesis that there is no cointe-
grating relation and, therefore, the residual process is nonstationary, Hy: z;
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~ I(1), against the alternative of cointegration, i.e. that this process is sta-
tionary, H;: z, ~ I(0). It requires two steps to perform this test. Firstly, rela-
tion (6.6) is estimated with OLS. Secondly, the augmented Dickey-Fuller
test, as presented in Section 5.3.1, is applied to the estimated residuals. As
OLS residuals have a zero mean by construction, the version without de-
terministic terms, (5.17"), is used. However, the critical values are differ-
ent because the test is applied to a ‘generated’ and not to an observed time
series. They depend on the number of I(1) variables k but also on the de-
terministic components of the equilibrium relation, i.e. on whether a con-
stant term and/or a deterministic time trend is included in model (6.6).

Table 6.1 shows some asymptotic critical values derived through simu-
lations by JAMES G. MACKINNON (1991). The null hypothesis of no coin-
tegration is rejected for too small values of the test statistic. The values for
k =1 are those of the augmented Dickey-Fuller unit root test. Following
the considerations in UWE HASSLER (2004), the critical values for the
model with a constant term are valid if and only if the regressors in (6.6)
contain a unit root but no linear trend. If, on the other hand, the data gener-
ating process of at least one (single) regressor in (6.6) also contains a line-
ar trend, the correct critical values are those in the lower part of Table 6.1
for the case k-1. However, these values are hardly different from those of
the model without a trend.

The test is correct if and only if the explanatory variables, y», 3, ..., Y
themselves are not cointegrated and the unique cointegration relation in-
cludes y;. In practical applications, it is recommended to start with small
models in relation (6.6) and to add additional variables only as long as the
null hypothesis of no cointegration cannot be rejected. Due to the invari-
ance property of cointegration, i.e. that two or more variables do not
change their cointegration property if further I(1) variables are added, the
specific-to-general approach is appropriate in this framework.

In the case of cointegration, the parameter estimates 132,133,...,61( , in

equation (6.6) are super consistent, i.e. they converge with a rate of T to-
wards their true values, and therefore their convergence is faster than the
one of parameters estimated in regressions with stationary variables, which

converge with a rate of JT. Contrary to the stationary case, simultaneity
of the variables or errors in variables do not inhibit this consistency result.
However, the estimates are even asymptotically not normally distributed
and biased for finite samples. ANINDYA Banerjee, JUAN J. DOLADO,
DAVID F. HENDRY and GREGOR W. SMITH (1986) showed that the bias is
proportional to 1 — R%. The reason for this is that in the case of cointegra-
tion R? tends towards one with increasing sample size, because the vari-
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ances of the nonstationary regressors, which increase with the sample size,
dominate the finite variance of the stationary error term.

Example 6.4

The situation of a simple regression can be used to demonstrate the finite sample
bias. Let y and x be cointegrated I(1) variables, i.e. the relation

(E6.7a) yo = a+ bx + z,

holds and z, is stationary. As explained above, this relation can be estimated super-
consistently with OLS. The same holds for the reverse regression

(E6.7b) X = 4+ by, + v,.

The product of the two regression coefficients estimated with OLS leads to:

(Covly.x)* _ oo

bb St L4 <1
VIy]-VIx]

If the variables are cointegrated, R> tends towards one, i.e. b tends towards b

To the extent that R” is smaller than one for finite samples, the product of the two

estimated coefficients is systematically underestimated.

Moreover, standard inference procedures are not possible as, in general,
the t statistics do not have asymptotically normal distributions. However,
following PENTTI SAIKKONEN (1991) as well as JAMES H. STOCK and
MARK W. WATSON (1993), a simple correction can be applied to equation
(6.6) ensuring that the estimation is still super consistent and that the esti-
mated t statistics are, nevertheless, asymptotically normally distributed:
Additional lagged and future differences of the regressors are included to
ensure that the I(1) regressors are uncorrelated with the residuals:

k k,
(6.7) yig = a tatt ijyj',m + Z T AYZ,t—j T
=)

=k,

+ z T, AYk,t—j + z,.
j==k,
Information criteria might be used to determine the maximal lag and lead
k, and k,. The t statistics of b,,b,,..., b, converge towards a normal dis-

tribution with the corresponding true parameters as expectations and the
variance ®*/V[ Z, ], with
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o = V[z]+2 iCov[it,Zm].
1=l

This long-run variance can be estimated according to (5.18). In case of no
autocorrelation of the residuals Z the t statistics are asymptotically stand-
ard normal since o’ = V[ z ]

Example 6.5

Figure 6.2 shows the logarithm of the real quantity of money MI in per capita
terms, m, the logarithm of the real per capita Gross National Product (GNP), vy,
and the long-run interest rate, r, for the Federal Republic of Germany. We use
quarterly data from the first quarter of 1961 to the last quarter of 1989, i.e. for the
period before the German Unification. Unit root tests clearly indicate that all three
time series are I(1). The Engle-Granger approach is used to investigate whether
cointegration relations exist between these variables. However, this approach can
only be applied if there exists just one cointegrating relation. Thus, we start by
checking whether the time series are pairwise cointegrated. The null hypothesis of
no cointegration can never be rejected in all three possible cases.

In the next step we regress the quantity of money, m, on GNP, y, and the inter-
est rate, r. We chose m as the dependent variable as we are interested in a long-run
money demand function. When estimating this relation with OLS, we include sea-
sonal dummies along with the constant term because m as well as y exhibit strong
seasonal variations. To ensure that the constant term really captures the level ef-
fect, we use centred seasonal dummies s;, 1 =1, 2, 3, which take on the value 0.75
for the i-th quarter and -0.25 elsewhere. Thus, we have an annual mean of zero.
The estimated relation (with the standard errors in parentheses) is:

(E6.8) m, = —1370 +1.133y, — 3.059 1, + 0.0365,, + 0.036s,,
(0.142) (0.016) (0.260) (0.010)  (0.010)
- 0.018s,, + 7,
(0.010)

R? = 0977, SE = 0.038, T = 116.

The Dickey-Fuller unit root test for the estimated residuals z provides the follow-
ing test equation (with t values in parentheses):

Az, = — 02312+ 0376A2_, + 0.
(-3.85) (4.62)

The estimated test statistic is -3.85. m and y contain a linear trend as we can see
from Figure 6.2. Due to economic reasons, (E6.8) does not include a trend. There-
fore we have to take the critical values for k = 2 from the lower part of Table 6.1.
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Figure 6.2: Data for the Federal Republic of Germany, 1961 — 1989
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The critical value is -3.78 at the 5 percent significance level. Thus, the null hy-
pothesis of no cointegration can be rejected at the 5 per cent level. Economically,
the estimated parameters are meaningful and can be interpreted in the sense of a
long-run money demand function. The estimated income elasticity of the money
demand function is close to one and the interest rate elasticity is negative; at an in-
terest rate level of 5 percent, for example, it has the value of -0.15 (= - 3.059 -
0.05).

6.2.4 Testing Cointegration in Dynamic Models

Despite the super consistency of the estimates, the static approach has the
disadvantage that with a finite number of observations the estimated coin-
tegration parameters might be seriously biased. This bias is only slightly
reduced with an increasing number of observations. One possible reason
for the bias are highly autocorrelated residuals due to the fact that the dy-
namic is neglected in relation (6.6). It is explicitly captured in the error
correction equations. Because of the Granger representation theorem men-
tioned above, assuming weak exogeneity of v, ..., yx (Y2=... =7 =0)a
cointegration test can also be performed in the unconditional error correc-
tion equation of y;,

k k,
(6.8) Ay = a0 — Viyia T.0y, . TaAy T
j=2 j=t
Ky
+Zaijth] T Ui
=
or

' a k e ki
(6.8") Ay = _YI[YI,t—l - = _ZY_JYJ',HJ +ZaleY1,t—j T
1 =21 i=

kk
+ ZaijYk,t—j Tup,

j=1
respectively. With
0.
(6.9) a=2 and b= =, j=2,...k
Y1 Y1
the expression in parentheses in (6.8') can be written as

(6.10) Yie1r —a — b, Yor1r — ... — by Y1 = Zgg -
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Ifally;,i=1, ..., k, are I(1), the first differences of these variables are sta-
tionary. Thus, equations (6.8) or (6.8') are only balanced, i.e. the stationary
variable Ay, is explained by stationary variables, if (6.10) is a stationary
linear combination which reflects deviations from the long-run equilibrium
or, if this is not the case, it does not contribute to the explanation of Ayj,
r.e. if y; = 0. Thus, for the cointegration test in the error correction frame-
work we get the null hypothesis

Ho: (v1, 2, ..., Yi) are not cointegrated, i.e. y; = 0,
against the alternative
H;: the variables are cointegrated, i.e. y; > 0.

If there is cointegration, the adjustment parameter has to be positive, y; >
0, as the model would otherwise not be stable; there would be no adjust-
ment towards the equilibrium. The test is performed in such a way that
equation (6.8) is estimated by using ordinary least squares and the lag
lengths ki, ... ki are chosen so that the estimated residuals G do not exhibit
significant autocorrelation.

The test statistic is the t value of —7,. The null hypothesis that there is

no cointegration is rejected if these values are too small. The correspond-
ing critical values are given in ANINDYA BANERJEE, JUAN J. DOLADO and
RICARDO MESTRE (1998, Table 1, pp. 276f.). Again, these values depend
on whether relation (6.8) is estimated with or without a constant term or a
trend and, of course, on the number of I(1) variables included in the test
equation. Selected asymptotically valid critical values are given in Table
6.2.

UWE HASSLER (2000) showed that in the case that relation (6.8) con-
tains only a constant term, the critical values are only correct if the I(1) re-
gressors do not contain a deterministic trend. If at least one of the k I(1)
variables contains a deterministic trend, we get the correct critical values
from the lower part of 7Table 6.2 (for the model with constant term and
trend), now choosing the critical values for the case k — 1. If (6.8) contains
only two I(1) variables, the appropriate critical values are those of unit root
tests when the test equation includes a deterministic trend, i.e. the critical
values for the model with constant term and trend for k = 1 are given in
Table 6.1.

When these tests are applied in empirical research, it is not clear from
the outset which equations of the multivariate error correction model con-
tain the error correction term. Thus, the described test procedure must also
be applied with the dependent variables y,, y3, ..., k.
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Table 6.2:  Critical Values of the Cointegration Test
in the Error Correction Model

k
a ) 3 4
Model with constant term
0.10 -2.89 -3.19 -3.42
0.05 -3.19 -3.48 -3.74
0.01 -3.78 -4.06 -4.46
Model with constant term and time trend
0.10 -3.39 -3.62 -3.82
0.05 -3.69 -3.91 -4.12
0.01 -4.27 -4.51 -4.72
Source: A.BANERIJEE, J.J. DOLADO and R. MESTRE (1998, Table 1, pp. 276f.)

In relation (6.8), the instantaneous changes of y, y3, ..., yx might also be
included if the adjustment parameters in the corresponding equations are
zero, i.e. that y, = y3 = ... =y = 0. This means that y,, y3, ..., yiare weakly
exogenous for the estimation of the parameters in the long-run relation. In
a Monte Carlo study, UWE HASSLER and JURGEN WOLTERS (2006)
showed that using the conditional error correction equation, i.e. including
the instantaneous changes of Ay,, Ays, ..., Ay in equation (6.8), results in
a more powerful cointegration test than without these variables. The gen-
eral finding is that in any case, the conditional error correction regression
outperforms the unconditional one.

If there is cointegration, equation (6.10) provides an estimation of the
long run relation if the theoretical values in (6.9) are substituted by their
least squares estimates. This is the non-linear cointegration estimator going
back to JAMES H. STOCK (1987) which is also super consistent. The repre-
sentation (6.8'") gives the corresponding error correction equation.
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Example 6.6

Now we use the data of Example 6.5 to test for cointegration in the error correc-
tion model (6.8). This approach avoids the possible bias in the Engle-Granger pro-
cedure since the short-run dynamic is not neglected. It serves as a starting point
for the estimation of a complete money demand function. To capture the strong
seasonal movements in m and y, the maximal lag for the changes in the explanato-
ry variables is four. Centred seasonal dummies are also included. The transition to
floating the DMark with respect to the Dollar in March 1973 was followed by a
rather restrictive monetary policy. We take into account this episode by introduc-
ing the impulse dummy D739, which takes on the value of one in the second quar-
ter of 1973 and zero elsewhere. Eliminating the variable with the lowest t value
successively leads to the following parsimonious model (with t values in parenthe-
ses):

(E6.9) Am, = —0.143 — 0.160 m, + 0.177 y., — 0.740r,,
(-2.09) (~4.10) (3.99) (—4.29)

~ 0.184Am,, + 0.173Am. + 0.304 Ames — 0.200 Ay,
(—2.47) (2.41) (4.29) (-2.25)

= 0475 Ay, —0271Ay.3 —0.170 Ayy —1.314 Ar
(-5.98) (-3.42) (-2.05) (—4.57)

—0.055Dy3, — 0.044s,, +0.004s,, —0.037s3, + G,
(—4.30) (-2.83) (0.52)  (-2.47)

R>= 0946, SE = 0.012, T = 115, JB = 1.906 (p = 0.386),
LM(1) = 1.050 (p = 0.308), LM(2) =2.092 (p = 0.129),
LM(4) = 1.116 (p = 0.354), LM(8) = 1.135 (p = 0.348).

The Jarque-Bera test (JB) does not reject the null hypothesis of normality of the
residuals at any conventional significance level. The residuals do not show devia-
tions from white noise according to the Lagrange Multiplier tests (LM(n)) that test
autocorrelation up to order n. This means that the specification in (E6.9) captures
the short- and long-run dynamics of the variables in a reasonable way.

There exists a cointegrating relation between m, y, and r if the estimated coeffi-
cient of my is significantly negative. In this case, where m and y contain deter-
ministic trends, as can be seen from Figure 6.2, and no trend term is included in
(E6.9), the correct critical value is found in the lower part of Table 6.2 for the case
k = 2. Thus, the critical value with a 5 percent significance level is —3.69. Since
the estimated t value is — 4.10, the null hypothesis of no cointegration can be re-
jected at the 5 percent level. Equation (E6.9) is balanced. According to (6.8') and
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(6.9), this leads to the following long-run money demand equation (with the
standard errors of the parameters in parentheses):

(E6.10) m = — 0889 + 1.102y — 4.610r.
(031)  (0.03) ~  (0.72)

Comparing this result with the static long-run money demand function in (E6.8),
we see that the income elasticity is about the same but that we get a stronger inter-
est rate effect. Assuming an interest rate of 5 percent, the long-run interest rate
elasticity is -0.23, contrary to -0.15 in the static approach.

6.3 Cointegration in Vector Autoregressive Models

Assuming that the k variables, yi, y», ..., Y, collected in the vector Y, are
integrated of order one, the following cases are possible: Either there is no
cointegration at all or there exist one or two up to k — 1 linear independent
cointegration vectors. In this case we cannot use single equation proce-
dures which allow at most for one cointegration relation. We no longer get
unique relations as seen in Section 6.2.2. If we have more than two 1(1)
variables we must at first estimate the cointegration rank r, i.e. the number
of linear independent cointegration vectors. This can be done with a pro-
cedure developed by SOREN JOHANSEN (1988).

6.3.1 The Vector Error Correction Representation

Starting point of this approach is an adequate statistical description of the
linear relations between the k nonstationary variables. The usual way is the
modelling as a vector autoregressive process of finite order p. We can use
the techniques for stationary processes presented in Chapter 4. Therefore,
we have

p
(6.11) Y. = Y AY_ + D+ U,

j=1
where U denotes a normally distributed k-dimensional white noise process,
D represents the deterministic terms, and A, j = 1, 2, ..., p, are kxk-

dimensional parameter matrices. The reparametrisation as a vector error
correction model as described in Sections 4.1 and 6.1 leads to

p-1
(6.12) AY, = -TIYy + Y AJAY, . + D + U,

=1
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with

p p
M=A1)=1->A, and A} = -> A, j=12,..,pL
j=1

i=j+1

The matrix IT represents the long-run relations between the variables.

Since all components of Y, are I(1) variables, each component of AY,
AY,1 1s stationary and each component of Y, is also integrated of order
one. This makes relation (6.12) unbalanced as long as II has a full rank of
k. In this case the inverse matrix IT" exists and we could solve equation
(6.12) for Y, as a linear combination of stationary variables. However,
this would be a contradiction. Therefore, IT must have a reduced rank of r
< k. Then, the following decomposition exists:

(6.13) 1T = I B,

(kxk) (kxr) (rxk)

where all matrices have rank r. B'Y,; are r stationary linear combinations
which guarantee that the equations of system (6.12) are balanced. The col-
umns of B contain the r linearly independent cointegration vectors and the
matrix [ contains the so-called loading coefficients which measure the
contributions of the r long-run relations in the different equations of the
system. The adjustment processes to the equilibria can be derived from
these coefficients.

If there is no cointegration, i.e. if r = 0, I'T is the zero matrix and (6.12) is
a VAR of order p-1 in AY. This system possesses k unit roots, i.e. k differ-
ent stochastic trends. If r = k — 1, the system contains exactly one common
stochastic trend and all the variables of the system are pairwise cointegrat-
ed. As a general rule, the system (6.12) contains k — r common stochastic
trends and r linearly independent cointegration vectors for a cointegration
rank r with 0 <r <k.

Example 6.7

Let the following three-dimensional VAR(3) without deterministic terms be given:

13 0 08 -07 0 =02
Y, = (02 04 0 | Y+ |[-01 03 0 | Y
0 -03 12 0 06 -02
-05 0 -03

+ (=01 03 0 | Yy + U,
0 0 -02
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with
Eluituje] = 0 for i#j and k # 0,

B | 0 for k=0 . 1 2.3
i it = , 1= 9 L5 e
Bkl = 62 for k=0
Using (6.12) we find the error correction representation:
09 0 03 12 0 05
AY, = - |0 0 0 | Yo +]02 06 0 | AYy,
0 -03 02 0 -06 04
05 0 03
+ 101 03 0 | AY, + U,
0 0 02

The matrix IT contains the long-run equilibrium relations

09 0 03
I =10 0 0
0 -03 02

Since the rank of I1 is two, we have two cointegrating relations and one common
stochastic trend. Thus, any two variables are pairwise cointegrated. Normalising
the first cointegration vector on y; and the second one on y;, we find the following
decomposition of the 3x3 matrix IT in the 3x2 loading matrix I" and the 2x3 coin-

tegration matrix B'":

09 0 09 0 —-0.3
1o -1

0 0 = |0 0 0
0 -3 1

0 0.2 0 -0.3 0.2

Thus, the two long-run relations are

1

(E6.11a) Yig — 5 Yt = Zig
3

(E6.11Db) Y3 — E Yot T Zog

Substituting (E6.11b) into (E6.11a) transforms the first equilibrium relation into

1 1 -
Vit — ) You = Zip t 3 Loy = Zy,.
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This leads to the following decomposition

0.9 —0.3 1 09 0 03
1 -1 0

0 0 =10 0o o0
0 -2 1

0 02 0 03 02

This example shows that the decomposition in (6.13) is not unique, as we
get

(6.14) I = IB = I'H'HB' = TIB'

for any regular rxr matrix H. We are confronted with the usual identifica-
tion problem for structural econometric systems. The cointegration vectors
describing the economic long-run equilibria can only be estimated if mean-
ingful economic restrictions are imposed.

6.3.2 The Johansen Approach

The approach proposed by SGREN JOHANSEN (1988) is a maximum likeli-
hood estimation of (6.12) that considers restriction (6.13). Assuming first
of all that the system (6.11) does not contain deterministic terms, we can
write

(6.15) AY, + TB'Y. = AAY_ + ..+ A _AY_ , + U.

t—p+1

We get the maximum likelihood estimation of A7, j=1, ..., p-1, by apply-

ing ordinary least squares on (6.15) if ' and B are given. Eliminating the
influence of the short-run dynamics on AY; and Y., by regressing AY,
(Y1) on the lagged differences, we get the residuals Ry (Ry;) for which

(6.16) Ry = —-IBRy, + U,

holds. Here, Ry is a vector of stationary and R; a vector of nonstationary
processes. The idea of the Johansen approach is to find those linear combi-
nations B'R; which show the highest correlations with Ry. The optimal
values of I" and the variance-covariance matrix X of U can be derived for
known B by ordinary least squares estimation of (6.16). We get

(6.17) I'(B) = —SuB(B'S;B)"
and

(6.18) S(B) = S — SuB(B'S;B)! B'S;
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with

T
(6.19) Si = T'Y.R,R;, for i,j =0,1.

t=1
It can be shown that the likelihood function concentrated with (6.17) and
(6.18) is proportional to |£(B)|"/>. Therefore, the optimal values of B re-
sult from minimising the determinant

| Soo — SuiB(B'S1:B)" B'Syq |
with respect to B. SOREN JOHANSEN (1995, pp. 91f.) showed that this is
equivalent to the solution of the following eigenvalue problem

(6.20) | 2S11 — S10S Sai| = 0

with the eigenvalues A; and the corresponding k-dimensional eigenvectors
vi,1=1, 2, ..., k, for which

AiSivi = Slosaé So1 Vi.
Using the arbitrary normalisation

vi

Sulvi.vw] = I,

Vi
with I being the k-dimensional identity matrix, leads to a unique solution.
1> 7:1 > .= ik > 0 holds for the ordered estimated eigenvalues. The 2;, i
=1, ..., k, are measures of the correlation between AY, and the linear com-
binations B' Y. Since AY, is stationary this measure only gives positive
values if B' Yy is also stationary, implying that we have a cointegrating
relation. In case of a nonstationary B' Yy, the corresponding A; are zero.
Therefore, if we have k I(1) variables and exactly r eigenvalues are posi-
tive while the remaining k-r eigenvalues are zero, these k nonstationary
variables are said to have cointegration rank r.

The cointegrating vectors are estimated by the corresponding eigenvec-
tors and combined in the kxr matrix

o>
I
L |
_<)
<>
-
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The number of significantly positive eigenvalues determines the rank r of
the cointegration space. This leads to two different likelihood ratio test
procedures:

(1) The so-called trace test has the null hypothesis
Hoy: There are at most r positive eigenvalues

against the alternative hypothesis that there are more than r positive
eigenvalues. The test statistic is given by

(6.21) Trr) = - T iln(l—ii).

i=r+1

(i1) The so-called A,y test analyses whether there are r or r + 1 cointegrat-
ing vectors. The null hypothesis is

Hy: There are r positive eigenvalues

against the alternative hypothesis that there are r + 1 positive eigen-
values. The corresponding test statistic is given by

(622) )Vmax(n I'+1) = -T ln(l_j\\’m—l) .

The series of tests starts with r = 0 and is performed until the first time the
null hypothesis cannot be rejected. The cointegration rank is given by the
corresponding value of r. The null hypothesis is rejected for too large val-
ues of the test statistic. Since the test statistics do not follow standard as-
ymptotic distributions, the critical values are generated by simulations. The
critical values depend on the included deterministic terms in the VAR(p)
of relation (6.11) and the specification of the deterministics in the long-run
relations of the corresponding error-correction model. To present the pos-
sible situations, we substitute (6.13) into (6.12) and generalise the resulting
vector error correction model to

p-1
(623) AY, = -TB*Y_, +c+dt+YAAY , + U,
j=1
with
Bll Blk 61 dl ~
B¥ = |t i i | = [BEd]
Brl ﬁrk 6r ar

and
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i Y |
: Y,
Yt*—] = | Y = 1
1 t—1
L t - 1 .

If we use seasonally unadjusted data, centred seasonal dummies should al-
so be included as regressors in (6.23).

The following five parameterisations of the deterministic terms in (6.23)
are possible:

(i)

(ii)

(iii)

(iv)

(v)

The levels Y do not contain deterministic trends and the cointegrating
relations do not contain constant terms:

I'B*¥Y,, —c—-dt = TB'Y,.

The levels Y do not contain deterministic trends but the cointegrating
relations contain constant terms:

I'B*Y , —c—dt = T(B'Yy + ¢).

The levels Y contain linear deterministic trends and the cointegrating
relations contain constant terms:

I'B*Y , —c—dt = T(B'Yy + &) +Tp.

In this case (and the following cases), the decomposition of the con-
stants is arbitrary. SOREN JOHANSEN (1995) chooses the orthogonal
complement matrix I'; of I' with I'T, = 0 and [[": T',] invertible for
the decomposition.

The levels Y and the cointegrating relations contain linear determinis-
tic trends:

I'B¥Y , —c—dt = T(B'Yy + & + d(t-1)) +Tp.

In this case, the deterministic trends of the levels Y are not cancelled
by the linear combination B' Y as in (iii). Therefore, additional line-
ar trends are included in the long-run relations.

The levels Y contain quadratic deterministic trends and the cointe-
grating relations contain linear deterministic trends:

IB¥Y , —c—dt = T(B'Yy + & + d(t-1)) +T(u+3t).



232 6 Cointegration

By using simulations, critical values for these five situations were derived
by MICHAEL OSTERWALD-LENUM (1992) and SOREN JOHANSEN (1995,
Tables 15.1to 15.5, pp. 2141%).

Because of (6.14), the cointegration vectors are not identified. They are
simply stationary linear combinations which do not necessarily have mean-
ingful economic interpretations. They might, however, represent linear
combinations of economic equilibrium conditions. Thus, the question is
how to test linear restrictions in the r cointegrating vectors. SOREN
JOHANSEN (1988) developed a method to test restrictions on B which have
the following form

(6.24) Hy: B = G,

where G is a given kxs matrix with full rank s, s <k, and @ is an sxr ma-
trix of free parameters. Estimating the vector error correction model under
the restriction (6.24) with the Johansen approach results in r positive ei-
genvalues A, > A, > ... > A . A likelihood ratio test compares the unre-

stricted with the restricted model, both with cointegration rank r. The cor-
responding likelihood ratio statistic is given by

(6.25) = TZI )

It is asymptotically y* distributed with r-(k — s) degrees of freedom.
Restrictions can also be formulated with respect to the adjustment parame-
ters. The property of weak exogeneity is of special interest:

» A variable is weakly exogenous with respect to the cointegration pa-
rameters if and only if no cointegrating relation is included in the equa-
tion of this variable, i.e. if the corresponding row of the matrix I con-
tains only zeros.

Example 6.8

From January 1986 to December 1998, the German Bundesbank published month-
ly money market rates with time to maturity of one month, z,, three month, z;, and
six month, zs. Figure 6.3 shows the three month money market rate. (The devel-
opment of the two other interest rates is quite similar.) Theoretically, the relation
between these interest rates can be described by the expectations hypothesis of the
term structure. Its linearized version is:

E6.12 = —YE[z,..] + On.
(E6.12) m; Ll To



6.3 Cointegration in Vector Autoregressive Models 233

Zm, m = 1, 3, 6, denote nominal interest rates with time until expiration of m
months, ¢, a risk premium, and E{-] the conditional expectation, given all infor-
mation up to time t. Because of

Ziwi = Zig t AZi + Az + o+ Az,
(E6.12) can be written as
1 = m-i

E6.12' Zmt = Z14 + —
( ) t 1t m; -

Et[AZI,Hi] T Om.

percent
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Figure 6.3: German three month money market rate in Frankfurt

Performing unit root tests for the interest rates z;, z; and zs, the null hypothesis of
nonstationarity cannot be rejected for the levels of these variables, but it can be re-
jected for their first differences. Thus, the interest rates should be treated as I(1)
variables. Because of (E6.12") it is obvious that

Zmt — Z1g ~ 1(0), m = 3,6,

i.e. we have stationary interest rate spreads as implied by the expectations hypoth-
esis. Therefore, any other difference between the interest rates is also stationary.
Consequently, the three interest rates should contain one stochastic trend and gen-
erate two cointegrating relations. Possible linearly independent cointegration vec-
tors are
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B, =[10-1], B, =[01-1].

Other representations are also possible, like, for example,
B =B, —B =110, B, =B B =B, =[0-11].

We use monthly data from January 1987 until December 1998 for the empirical
analysis. We start with two bivariate models. The first model includes z; and z;
and the second one z¢ and z;. First we estimate VARSs in the levels of the variables
using the information criteria given from (4.10a) to (4.10d). The Hannan-Quinn
criterion as well as the Schwarz criterion suggest a lag of two months.

For the parameterisation of the corresponding first order vector error correction
models (VECM(1)), we assume that the variables do not contain a linear determin-
istic trend. Thus, the constant terms are elements of the cointegrating relations.
The results of the trace and the A, tests are given in Table 6.3.

Table 6.3:  Results of the Johansen Cointegration Test

Model Hypotheses Eigenvalues Trace Test Amax Test
r=20 0.257 43.559 42.715
(0.00) (0.00)
Z1, 73
r <1 0.006 0.843 0.843
(0.97) (0.97)
r=20 0.205 34.276 33.010
(0.00) (0.00)
Z), Zg
r <1 0.009 1.267 1.267
(0.91) (0.91
The numbers in parentheses are the p values of the corresponding statistics.

As theoretically expected, we find one cointegrating vector in each model; both
are significant at least at the 0.1 per cent level. For the two long run relations we
get:

Zi, = —0.080 + 0.998 Z3; t él,t’
(0.059)  (0.009)
21, = —0.247 + 1.018 75, + ¢,,.

(0.132)  (0.021)
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(The standard errors are given in parentheses.) The estimated coefficients of z;
and z4 are very close to one. Therefore, we test the theoretical long-run restriction
leading to the cointegrating vector [1, —1] using the approach described in equa-
tions (6.24) and (6.25). For the (z;, z3)-system we cannot reject this restriction
with a p value of 0.86, and for the (z;, z¢)-system with a p value of 0.39. From the-
se results it follows that all possible spreads of the three interest rates are station-
ary.

Combining both systems to a three-dimensional VAR we expect one common
stochastic trend and two cointegrating vectors. The Schwarz criterion suggests a
lag length of one, whereas the Hannan-Quinn criterion leads to a lag length of two.
The constant terms are again included in the long-run relations. The results of the
Johansen approach are presented in Table 6.4.

Table 6.4:  Results of the Johansen Cointegration Test

Model Hypotheses ~ Eigenvalues Trace Test Amax TSt
r=20 0.448 116.587 85.500
(0.00) (0.00)
Z1, 73, Zg r <1 0.187 31.087 29.883
VECM(0) (0.00) (0.00)
r <2 0.008 1.204 1.204
(0.92) (0.92)
r=20 0.384 98.883 69.711
(0.00) (0.00)
Z1, 73, Zg r <1 0.177 29.172 27.999
VECM(1) (0.00) (0.00)
r <2 0.008 1.173 1.173
(0.93) (0.93)

The numbers in parentheses are the p values of the corresponding statistics.

We get very stable results regardless of the lag order. As expected, there are two
cointegrating relations. Both are significant at the 0.1 per cent level. Thus, one
common stochastic trend drives the system of the three interest rates. The estimat-
ed cointegrating vectors are again in line with the theoretical ones [1, —1, 0] and
[1,0,-1].
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The mapping from the I(1) space of the three interest rates into a VECM with
stationary variables needs to take the first differences of the interest rates and, for
example, the two spreads

SP31 = I3 —1, SP63 = I'e — I3.

In the following, we estimate a parsimoniously parameterised vector error cor-
rection model using the Zellner seemingly unrelated regressions approach. Start-
ing point is a reduced form VECM(1). First, we tested which of the two spreads
has a significant impact in the different equations. Performing a Wald test, with a
p value of 0.814 we cannot reject the combined hypothesis that SP31 does not
have an influence on Az; and Azs while SP63 does not have an influence on Az;.
We then successively eliminated the least significantly variables and finally got
the following system of equations, with the estimated t statistics given in paren-
theses:

(E6.13a) Az, = 0.823(SP31. — 0.090) — 0.403 Azs,,
(11.79) (—4.48)  (-2.74)

+ 0376 AZ6’[_1 + ﬁl’[,
(2.42)

R® = 0241, SE = 0227, LM(2) = 0.28 (p = 0.76),
LM(4) = 0.39 (p =0.82), LM(8) = 1.42 (p=0.19).

(E6.13b) Az, = 0.573(SP63,; — 0.047) + 0.158 Azg,; + G,
(7.42) (-1.87)  (2.06)

R> = 0.164, SE = 0.223, LM(2) = 0.31 (p=0.73),
LM(4) = 0.25 (p=0.91), LM(8) = 0.89 (p = 0.52).

(E6.13¢c)  Azg, = 0.445(SP63.; — 0.047) + 0.238 Azg.; + Qgy
(5.07) (-1.87)  (2.98)

R> = 0.150, SE = 0.230, LM(2) = 0.80 (p = 0.45),
LM(4) = 0.71 (p=0.58), LM(8) = 1.31 (p=0.24).

The estimated residuals of this system do not exhibit significant autocorrelation.
The negative constant terms indicate that the term structure is on average (or in
equilibrium) ‘normal’, i.e. the long-run rates are higher than the short-run ones.
The estimated t values in the parentheses show that these constants are significant.
Moreover, no interest rate is weakly exogenous. All adjustment parameters are
highly significant. We find a unidirectional adjustment of the one month rate to
the three month rate. Whereas the adjustment process of the three month rate and
the six month rate show feedback relations, the two longer term rates are not in-
fluenced by the one month rate.
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6.3.3 Analysis of Vector Error Correction Models

In the following, we discuss several concepts which are important for the
interpretation of error correction models, like, for example, the concept of
weak exogeneity or the implementation of Granger causality tests. In any
case, a vector error correction model can be transformed into the corre-
sponding vector autoregressive model. This allows to calculate the impulse
response functions and to decompose the variances.

Stochastic Trend Representation

Taking the cointegration restriction (6.13) into account and neglecting the
deterministic terms, the reduced form of an error correction model (6.12)
can be written as

p-1
(6.26a) AY, = —-TB'Y. + ) AJAY,, + U, U~N(0,X).

=1

The necessary and sufficient condition for Y not to be integrated of order 2
is that

has full rank with I'; and B, being the orthogonal complements of I" and B.
In this case, we can solve (6.26a) by deriving its moving average represen-
tation

t
(6.26b) Y. = CY.U + C@LU + vy,
i=1
where C =B, C' I" and y; denote the initial values. C"(L) is an infinite-
order polynomial in the lag operator with coefficient matrices C: that go
to zero with j going to infinity. C has the rank k — r if (6.26a) has cointe-
gration rank r. Therefore, equation (6.26b) indicates the stochastic trend

t
representation of Y with k — r common trends given as ', Z U, .
=1
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Conditional Error Correction Representation

In the following, we will derive the conditional error correction representa-
tion by partitioning the vector Y in (6.26a) into two sub-vectors X and Z,
re. Y'=[X', Z']. This leads to

AX, r] . & A Uy,
(627) AZ = - r B Yt—l + Z A* AYt,j‘i‘ U N

z j=1 z z,t

with vectors and matrices having the appropriate dimensions and the vari-
ance-covariance matrix

2xx 2xz !
X = , X, = X .
z )

zX 7z

If Z is interpreted as a vector of conditioning variables, even the current
changes of Z, i.e. AZ,, can be applied as explanatory variables for AX. Fol-
lowing SOREN JOHANSEN (1992) or H. PETER BOSWIIK (1995), the equiva-
lent transformation of (6.27) leads to

p-1
(6.282) AX: = AGAZ - Iy, B' Yo + D AL, AY, | + Uy,

j=1
p-1
(6.28b) AZi = —[,B'Yu + D A AY, | +U,.
j=1
Here, it holds that
Ay =23, Thw=T-AT,, A

Xz zz

* * *

*
X|z; = ij _AOAZj >

j: 15 2: ey p_la UXIZ,t = Ux,t_ A:; UZ,t-

In its systematic part, representation (6.28a) contains the contemporaneous
correlation between AX and AZ. If X,,= 0, then X and Z are block recur-
sive and (6.28a, b) is identical with (6.27).

If either (6.27) or (6.28a,b) is the true data generating process, the coin-
tegrating matrix B can be estimated efficiently by using the Johansen ap-
proach or performing a simultaneous estimation of (6.28a,b). However, the
question of whether the cointegration vectors estimated in this way have an
economic interpretation as long-run equilibrium relations remains open
because of (6.14).

SOREN JOHANSEN (1992), H. PETER BOSWUK (1995) and NEIL R.
ERICSSON (1995) showed that it is possible to estimate B efficiently from
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(6.28a) without using (6.28b), (i) if Z is weakly exogenous, i.e. I', = 0, (ii)
if none of the cointegrating relations of (6.28b) is also part of (6.28a), or
(111) if the system is block recursive, i.e. if Z,,= 0 holds.

If one of these conditions is fulfilled and if the sub-vector X contains
only one single variable, the conditional error correction equation (6.28a)
is a structural equation and the long-run relation has a structural interpreta-
tion. However, if the sub-vector X contains more than one single variable,
the conditional error correction equations (6.28a) — in general — no longer
have a structural interpretation because possible instantaneous relations be-
tween the endogenous variables are not covered. Thus, the cointegration
vectors may no longer represent structural relations.

If, on the other hand, Z is weakly exogenous, (6.28a) can be used to de-
rive a structural error correction model by multiplying it with a regular
and correspondingly normalised matrix 'y, which, in addition, contains the
identifying restrictions:

~ % ~ p_l ~ % ~
(6.29) ToAX: = AJAZ - [,B'Yy + Y A AY,  +U

j=1

x|z,t 2

with
Ay =Ty, T, =TTy, A, =ToAl,,j=12,..p,
U, =T U

X|z,t X[zt *

The efficient estimation of B in (6.29) generates structural long-run rela-
tions. Only the estimation of structural error correction models leads to
long-run relations with a structural interpretation, as these relations are ex-
actly determined by the identifying restrictions. Every other situation leads
to cointegrating vectors for which we cannot normally expect a direct eco-
nomic interpretation. Usually, however, linear combinations of the cointe-
grating vectors can be interpreted as economic long-run equilibrium rela-
tions.

If there is only one endogenous variable in (6.28a) and if all explanatory
variables are weakly exogenous, the parameters of the long-run relation
can be estimated efficiently by using OLS, and the usual test statistics can
be applied. If, on the other hand, the explanatory variables are not weakly
exogenous and if we have identified cointegrating relations, OLS can still
be applied to get super consistent estimates. However, the asymptotic effi-
ciency is lost and the usual test statistics are no longer applicable.
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Example 6.9

In Example 6.5 and Example 6.6 we assumed that only one cointegrating relation
between real money m, real income y, and the bond yield r may exist and that it
then can be interpreted as a long-run money demand relation. Applying the Johan-
sen approach to this three dimensional system we have the possibility to check
whether these assumptions are correct. The FPE, the AIC, and the HQ criteria,
compare (4.10a,b,c) lead to a VAR(S) for the levels of m, y, r, including a constant
term, centred seasonal dummies as well as the dummy D7302. Allowing for linear
deterministic trends for the levels but only a constant term in the cointegrating re-
lations we find with a p value of 0.082 (trace test) only one long-run relation (with
standard errors in parentheses):

(E6.14) m = — 1.003 + 1.106y — 4.822r.
0.04)  (0.71)

The adjustment coefficients are -0.151(.037) for Am, -0.011(.042) for Ay, and
-0.013(.014) for Ar. According to the standard errors we can conclude that the
equations for Ay and Ar do not contain the long-run relation (E6.14). A formal test
of the weak exogeneity hypothesis of y and r shows that this cannot be rejected;
we get a p value of 0.698. Testing additionally a unit income elasticity reduces the
p value to 0.103. Since the hypothesis of weak exogeneity of y and r cannot be re-
jected in this system, we can conclude that the error correction equation (E6.9) es-
timated in Example 6.6 is a structural equation and the derived long-run relation
which is very similar to (E6.14) has a structural interpretation.

Granger Causality

The concept of Granger causality in the VAR framework has been dis-
cussed in Chapter 4. If vector error correction models are transformed into
VAR models, the considerations in Section 4.2 hold. On the other hand,
tests for Granger causality can also be performed using error correction
models. CLIVE W.J. GRANGER and JIN-LUNG LIN (1995) showed that the
advantage of this procedure is that it allows to differentiate between long-
run and short-run causal relations.

Example 6.10

Let the following error correction model with two cointegrated I(1) variables be
given,

Ayio = =71 (Vi1 — Byze) T anAyLe + ap Ay, o + up g,
Ayro = Vo (Yier — Byzw) T an Ay + ap Ay, o + Uy
Here,

Zy = Yi,t — BYZ,t
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represents the long-run relation. The variable y, is not Granger causal to y; if its
lagged values are not included in the equation for y,. Thus, there is no causal rela-
tion from y, to y; if y; = 0 and a;; = 0 holds. There exists only ‘short-run’ causality
if y;=0but a;; # 0, and only ‘long-run’ causality if y; # 0 but a;, = 0. Similar con-
siderations hold for the question of whether y, is Granger causal to y,.

Cointegration always implies the existence of a Granger causal relation. Thus,
if cointegration exists, at least one vy;, i = 1,2, is different from zero. Apparently,
the opposite relation does not hold.

When testing for Granger causality, problems can arise when it is open
whether the nonstationary variables are cointegrated or not. For this situa-
tion, HIRO Y. TODA and TAKU YAMAMOTO (1995) (and in a similar way
also JUAN J. DOLADO and HELMUT LUTKEPOHL (1996)) propose the fol-
lowing procedure: Starting point is a VAR in levels. Using the usual crite-
ria described in Chapter 4, its optimal lag length p is determined. Then, a
VAR of order p+d is estimated, where d is the (assumed) maximum degree
of integration of the variables. Using this VAR, Wald tests for simple
Granger causality are performed, and only the first p coefficients are em-
ployed to perform the test. The disadvantage of this procedure is that,
compared with the error correction representation, the estimates of the
VAR are less efficient due to the additionally included lagged variables. It
avoids, however, misspecifications that might invalidate the test results.

Forecasting

At a first glance, everything said about forecasts with vector autoregressive
processes in Section 4.1 holds for the use of cointegrated systems for fore-
casting, as every error correction model can be transformed into a VAR in
levels. Here, it also holds that

?t(h) = E[Yw], h=1,2,....

Moreover, it is also possible to calculate impulse response functions and
decompose variances in cointegrated systems. Because of the unit roots,
these statistics converge — if at all — considerably more slowly than in sta-
tionary models. The error correction representation which is possible for
systems of stationary or cointegrated variables interprets the possible pa-
rameters in a more informative way but does not change anything with re-
spect to the relations between the variables. Thus, their explicit considera-
tion does neither lead to different forecasts nor to different impulse-
response functions or different variance decompositions compared to those
of the VAR in levels.
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This is different if there are restrictions in the deterministic part of the
model. Then, the use of error correction models should lead to better fore-
casts. This was already presented by ROBERT F. ENGLE and BYUNG SAM
Yoo (1987). However, this is not necessarily the case, as, for example,
PETER F. CHRISTOFFERSEN and FRANCIS X. DIEBOLD (1998) or MICHAEL
P. CLEMENTS and DAVID F. HENDRY (2001) showed. The reason for this is
that, in the long-run, even very small deviations in the constant term of the
cointegrating relation might produce large deviations of the predicted from
the realised values. A possible alternative to forecasts with error correction
models are, therefore, forecasts with a VAR in first differences. As the first
differences eliminate the long-run relations, the implied long-run forecasts
for the levels are more or less the status quo.

Thus, the question arises what is to be predicted. The (unconditional)
long-run development of variables with stochastic trend (without strong
drift) cannot be predicted. This still holds when employing error correction
models. On the other hand, the knowledge of the long-run equilibrium re-
lations given by the error correction representation is necessary for condi-
tional long-run forecasts. Short- to medium-term forecasts can be per-
formed with models in first differences as well as with error correction
models. Using the development of German money market interest rates,
UWE HASSLER and JURGEN WOLTERS (2001) showed that (in this case)
forecasts with an error correction model, with a constant term only in the
cointegration relation, were superior to forecasts based on a VAR in first
differences. It is, however, impossible to say how far this result can be
generalised. Quite generally, models without restrictions on the constant
term seem to produce inferior forecasts for variables without trend than al-
ternative approaches restricting constant terms to zero.

6.4 Cointegration and Economic Theory

Macroeconomic theory is mainly based on long-run equilibrium relations,
like the quantity equation, purchasing power parity, or uncovered interest
rate parity. Economic theory rarely tells us anything about short-run dy-
namics. Although these relations hardly ever hold exactly in reality, some
of them are part of nearly all usual models. They play a role as, for exam-
ple, purchasing power parity and uncovered interest rate parity in monetary
international economics. It is usually argued that we only observe short-
run deviations from the equilibrium, which is compatible with the long-run
validity of these relations.
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The error correction models introduced in Chapter 4 allow for a repre-
sentation which differentiates between long-run equilibrium relations and
short-run adjustment processes. Nevertheless, if the variables are station-
ary, the short-run dynamic has to be correctly specified in order to estimate
the long-run relations consistently. Given that economic theory does most-
ly not consider short-run dynamics, these adjustment processes are usually
modelled ad hoc, using statistical criteria.

If variables are nonstationary but cointegrated, it is possible that the pa-
rameters of long-run relations are estimated (super) consistently without
considering the short-run dynamics. Taking the short-run dynamics into
account improves the efficiency of the estimates (and the power of the cor-
responding tests) but does not change the consistency properties. Thus, a
misspecification of the short-run dynamics (or the omission of stationary
variables) does not lead to inconsistent estimates of the equilibrium rela-
tions between the nonstationary variables. The same holds for simultaneity
problems and for errors in the (explanatory) variables. Contrary to esti-
mates with stationary variables, these problems do not lead to inconsistent
estimates.

All these aspects facilitate the empirical examination of economic theo-
ries. In order to estimate long-run equilibrium relations consistently, we no
longer need the complete and fully specified model. It is sufficient to know
which (nonstationary) variables are elements of these relations. It is even
possible to estimate a model with OLS. Thus, the propagation of cointegra-
tion analysis also leads to a kind of renaissance of OLS estimations.

A further advantage is that these cointegrating properties are invariant to

extensions of the information set. As KATARINA JUSELIUS (2006, p. 349)
writes: “If cointegration is found between a set of variables this result will
remain valid even if more variables are added to the analysis.”
However, if tests are to be performed for the estimated relations, the price
for these more ‘simple’ estimation procedures becomes easily obvious:
Most test statistics do not follow their usual distributions, there are even
massive deviations in some cases. This also holds asymptotically. Moreo-
ver, in most cases the exact distributions for finite samples are unknown.
Thus, we have to resort to simulated critical values, as presented in many
papers, or generate them by bootstrapping.

This does not mitigate the fact that the development of cointegration
analysis has brought time series econometrics back closer to economic
theory. In the 1970s, the expansion of the Box-Jenkins analysis had gener-
ated a large gap between these two. The results mentioned in Chapter 2
demonstrated that univariate models without (economic) theoretical under-
pinning led to better forecasts of the future development of economic vari-
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ables. This seemed to justify the gap. These procedures did, of course, not
allow for conditional forecasts, which are as important for economic policy
as pure predictions. For conditional forecasts we need (empirically sup-
ported) knowledge about the basic long-run equilibrium relations. Such in-
formation can be generated much better and more precisely by using coin-
tegration analysis rather than by employing traditional econometric
methods. Thus, time series analysis and empirical investigations performed
by its methods have again become much more relevant for economic poli-
cy advice than it seemed to be the case in the 1970s.
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7 Nonstationary Panel Data

In Chapter 4 we introduced an approach to analyse vectors of stationary
time series, while Chapter 6 was devoted to the nonstationary case. With
yi. we denote the i" component at time t, t = 1, ..., T. In typical time series
applications the dimension of the vector is small (for instance equal to 3 in
Examples 4.4. or 6.8), while the time dimension is rather large (T > 100).
In a panel situation the number of components or units, denoted by N, is
large as well, i =1, ..., N. There may be N price indices, N exchange rates
or generally N countries or units. The unrestricted VAR(p) model from
equation (4.1) allows each component to depend on its own lagged values
and on the past of all other components. Hence, (4.1) includes p-N* + N
parameters when modelling time series from N units, a number growing
fast with the dimension N. Already with N = 10 there would be hundreds
of parameters to estimate. Therefore, the VAR approach is not applicable
unless the cross-sectional dimension is rather small.

Even for small N the VAR framework may not be appropriate when
modelling data from N sectors or units. What we are interested in is the
analysis of certain economic relationships in several units. In general, the
intercepts and slope parameters may vary from one unit to the other, and in
general we do not even require the vectors of explanatory regressors X;; to
be of equal length:

(7.1)  yie = o FBx, tu, t=1,..,T, i=1.,N,
Cov[ui,t, Uj’t] = Gij.

In the most general case, the errors are allowed to be correlated at a given
point in time t, ;; # 0, which parallels the VAR time series model.

In classical panel analysis the cross-sectional dimension N is very large
(for example thousands of households or hundreds of firms) with only few
so-called ‘waves’, i.e. with the number of time periods T being small. At
the same time, regression equations like (7.1) are supposed to be inde-
pendent of each other. More precisely, it is assumed that the error terms
are independent across the units, which implies Cov[u;, uj;] = 0 for 1 #j.
Instead of error correlation, one typically assumes that the explanatory

G. Kirchgéssner et al., Introduction to Modern Time Series Analysis, Springer Texts in Business 251
and Economics, DOI 10.1007/978-3-642-33436-8 7, © Springer-Verlag Berlin Heidelberg 2013
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vectors x;, are of the same length and associated with equal slope parame-
ter vectors reflecting universal economic laws, f; = ... =By = B:

(72) Yit T O +B'Xi,t + Ui t, t = 1, ...,T, i= 1, ...,N,
cij = 0 for 1#j,

such that the equations from (7.2) are linked through this common parame-
ter assumption.

In this chapter we deal with an intermediate case between the VAR
model and the classical independent panel. It is encountered for instance
when performing multi-country studies: the number of units N (for exam-
ple the OECD countries) is of moderate size and often much smaller than
the time dimension T. Further, the regression equations are not stochasti-
cally independent because there may be a common driving force like, for
example, the business cycle shared by all countries. Moreover, with many
economic or financial time series it is likely to observe nonstationarity as
discussed in Chapter 5. Therefore, the present chapter has a special focus
on unit root testing and cointegration modelling in a panel framework.

In the following, we briefly review some issues that are of general con-
cern when analysing panel data (Section 7.1). In particular, we address the
generalised least squares (GLS) estimation of so-called seemingly unrelat-
ed regressions (SUR) that are particularly relevant for multi-country stud-
ies. Section 7.2 is devoted to unit root testing, or more generally integra-
tion testing, with panel data. One route to panel unit root testing is the
combination of individual p values. Indeed, this principle is more general
and widely applicable (Section 7.3). In Section 7.4 some of the cointegra-
tion techniques from Chapter 6 are carried over to the panel framework.
The chapter closes with some remarks on the virtues and limitations of
nonstationary panel data tools (Section 7.5).

7.1 lIssues with Panel Data

7.1.1 Omitted Variable Bias

Panel data (also called longitudinal data in the statistics literature) have be-
come increasingly popular in economics. Not only that one hopes to in-
crease efficiency of estimators and power of statistical tests when using
more data; the use of panel data may also help to circumvent the problem
of the omitted variable bias, which is often encountered in regressions of
cross-sectional data only. Consider the case
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Yit = Bo + Bixi,t + YiZi + Ui t, 1= 1, ...,N,

where X;; is a vector of explanatory variables with marginal effects 3;. The
variable z; stands for economic or cultural attitudes that are hard to quanti-
fy (such as inflation aversion or openness with respect to new technolo-
gies, or similar). Such attitudes are country-specific and are believed to
change only very slowly over decades. Consequently, such attitudes can be
modelled as being constant over time: z; does not carry a time index.
Moreover, z; is likely to be correlated with x;;, such that a cross-sectional
OLS regression of simply yi, on x;;, i =1, ..., N, for a fixed time period re-
sults in an omitted variable bias. With o; = B + viz;, however, we get (7.1),
and for constant slope parameters we obtain (7.2) for each unit and each
point in time, t = 1, ..., T. Although the parameter vectors and the regres-
sors are individual-specific in (7.1), the equations may be linked through
correlation of the error terms u;,. For that reason such systems are called
seemingly unrelated regressions (SUR), as already employed in Chapters 3
and 4. Systems like (7.2) with constant but individual mean levels o; are
called models with fixed effects (FE) in the panel literature. The regression
of SUR and FE will be addressed in the next subsection. In both cases the
estimation of a; = By + v;z; and P; at N-T data points is not plagued by an
omitted variable bias, and a specification and measurement of z; is not re-
quired.

So far, we assumed an identical number of time periods for all units or
individuals, which has been called a balanced panel; the case of T; obser-
vations for unit i results in an unbalanced panel if T; # T; for some i # j.
We will assume balanced panels in what follows unless stated otherwise.

7.1.2 Estimation and Testing

The estimation of the FE model (7.2) is straightforward. We define tem-
poral means

T
Yy, = lZth and X; = _ZXi,t )
T t=1 t=1
where X, is a vector averaged for each component. They are used to com-
pute the centred variables y;, =y, —y; and X;, =X, —X;,i=1, ..., N,
and to recast (7.2) as

(7.3) g’i,t = B'ii,t + 1
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If the error terms are free of contemporaneous correlation, then one may
simply pool all demeaned observations and run an OLS regression of (7.3)
for all N-T data points. This yields an identical estimator for  as regress-
ing (7.2) with dummy variables indicating the differing intercepts for each
individual (‘least squares dummy variable estimation’).

Most panels of macroeconomic data exhibit cross-correlation in (7.1),
1.e. o; # 0. In this situation, the estimation of the SUR equations (7.1)
should rely on Generalised Least Squares (GLS) in order to improve effi-
ciency relative to OLS. This proposal dates back to ARNOLD ZELLNER
(1962).

The error assumptions to perform GLS of (7.1) are the following white
noise assumptions:

1. There is no serial dependence within or between the units: E[u;; u;s] =0
fort#s.

2. There is homoscedasticity within the units: E[uit] =E[ uis ] = o;; for all

tand s.
3. Heteroscedasticity between the units is allowed for: cj; # ;.

4. Contemporaneous correlation is allowed for: E[u;; uj] = oj; # 0. The
contemporaneous (co)variances are collected in the symmetric NxN
matrix X = (o3), ,j=1, ..., N.

If By, ..., Pn from (7.1) are estimated by separate OLS regressions, the in-
formation about oj is ignored. GLS, however, employs OLS residuals from
a first step in order to estimate

In a second step, one estimates 3 with G; to perform the GLS estimation.

To this end, 3 has to be inverted, which is only feasible with N smaller
than T. These two steps can be iterated until the estimates converge.

GLS accounts for cross-correlation and thus uses more relevant infor-
mation than OLS, which is where the improvement on OLS stems from.
This GLS procedure will also be called SUR estimation in the following.

Let [3i ,i=1,...,N,, denote the OLS estimators obtained from separate
regressions of (7.1), while Bi stands for the GLS estimators. There are two

important cases, where ﬁi = fii . First, if 6; =0 for all i #j, i.e. if there is no
cross-correlation, then OLS and GLS coincide notwithstanding eventual
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heteroscedasticity between the units. Second, if x;, = x;, for all i # j and all
points in time, then again Bi = Bi . Note that the latter case occurs when es-

timating an unrestricted VAR model where the same explanatory variables
appear in each equation.

The null hypothesis of no contemporaneous cross-dependence is of par-
ticular interest for applied work since in this case OLS is efficient (Bi = Bi ).
In terms of parameter restrictions, this hypothesis implies

Ho: o =0 forall 1 #j, 1,j=1,...,N.
Due to the symmetry of £, Hy consists of
N(N-1
N-1D+(N-2)+...+2+1 (T)

restrictions. Under H, the correlation coefficients constructed from first-
step OLS residuals,

all converge to zero. Hence, TREVOR S. BREUSCH and ADRIAN R. PAGAN
(1980) propose the test statistic

N
BP = T)

=2 i=1

H, is rejected when BP exceeds upper percentiles of a * distribution with
N(N — 1)/2 degrees of freedom.

7.1.3 Mixed Panel Evidence

We begin with an empirical example that will be leading through this
chapter.

Example 7.1

In order to investigate the international interest rate linkage, following UWE
HASSLER and VERENA WERKMANN (2012), we analyse 11 ten year government
bond yields for Australia (AU), Canada (CA), Switzerland (CH), Germany (DE),
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Denmark (DK), Japan (JP), Norway (NO), New Zealand (NZ), Sweden (SE) Unit-
ed Kingdom (UK) and the United States (US), or in short:

i e {AU, CA,CH, DE, DK, JP, NO,NZ, SE, UK, US}.

The sample consists of monthly data from January 1990 until December 2006 (i.e.
T = 204), thus not covering the period of the most recent financial and debt crises.
The hypothesis of interest is whether and how strongly the US market affects the
other bond yields.
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Figure 7.1: 10 year government bond yields, January 1990 — December 2006

Figure 7.1 suggests that the bond yield series B;; are nonstationary. This is sup-
ported by individual ADF tests computed from regressions like (5.17'), where the
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lag lengths were determined according to the AIC criterion. Table 7.1 contains the
corresponding p values according to JAMES G. MACKINNON (1996). The most sig-
nificant one is 0.06 for New Zealand, while the second most significant one is on-
ly 0.1503; all other values are not even significant at the 20 percent level.

Table 7.1: p values of the Augmented Dickey-Fuller Tests
for 10 year government bonds

p p p
Australia 0.1503 | Japan 0.3254 | Switzerland 0.4564
Canada 0.3168 | New Zealand 0.0600 | United Kingdom  0.3910
Denmark 0.3392 | Norway 0.2677 | United States 0.2298
Germany 0.4502 Sweden 0.2060

The p values in Table 7.1 vary from 0.060 over 0.1503 up to a maximum
of 0.4564. This is the typical picture of mixed evidence often observed in
empirical studies: Some countries are significant at the 5 percent level,
some at the 10 percent level, and so on. What is the problem with summa-
rising such mixed evidence? Why don’t we simply conclude from Table
7.1 that the unit root can be rejected at the 10 percent level for bond yields
from New Zealand but not from the other countries?

Let Hp;, 1 =1, ..., N, denote N hypotheses formulated for N units. As-
sume for simplicity that the units are independent and that for each unit a
test is performed at level a, such that the probability of a type I error indi-
vidually is a. We further assume that all hypotheses are true. It then holds
that the probability that Hy; is rejected while all other hypotheses are not is
due to independence a(l — a)™"'. Just as probable is under the above as-
sumptions that Hy, is rejected while all other hypotheses are not. Hence,
the probability that any of the N test statistics is significant while all the
others are not becomes

P[one false rejection] = N-a(1 — o)™,
We illustrate this point with N=11 and o = 0.1:
P[one false rejection] = 1.1(0.9)'° = 0.384.

Under the hypothesis that a// null hypotheses are true, it is coincidence that
the statistic from some unit A is significant at the 10 percent level, it could
just as well have been unit B, or any other unit. The probability of exactly
one false rejection is 0.384, which is well above the individual nominal 10
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percent level. This is the motivation to apply panel unit root tests in order
to control the overall probability of a type I error when testing N hypothe-
ses jointly.

7.2 Panel Unit Root Tests

The rate of convergence and the limiting distribution of the slope estima-
tors of B; from (7.1) will depend on the stochastic properties of the depend-
ent variables y;; and the regressors X, in particular on whether they are
stationary or not. Therefore, panel unit root tests have been developed to
establish the (non)stationarity of the data.

7.2.1 First Generation Tests

The first panel unit root tests assumed independent units, not because this
assumption was believed to be met in practice, but in order to tackle the
complicated distributional properties. According to JORG BREITUNG and
M. HASHEM PESARAN (2008), these tests are said to belong to the first
generation. Typically, asymptotic distributions were obtained by sequential
limit theory, letting first T — oo followed by N — 0. Such sequential lim-
its have sometimes been interpreted as ‘T should be large relative to N’ for
applied purposes. JOAKIM WESTERLUND and JORG BREITUNG (2012),
however, show that such an intuition lacks theoretical grounds.

Analogously to the Augmented Dickey-Fuller regression (5.17), we
consider for each of the units (i=1, ..., N),

k;
(7.4) Ayie = dig + (pi— Dyier + Zei,jA}’i,t,j + Uiy,

J=1

where d;; stands for a specific deterministic component.
The test by ANDREW T. LEVIN, CHIEN-FU LIN and CHIA-SHANG CHU
(2002) assumes a homogeneous alternative, i.e.
pr =... = pn = P

The null hypothesis amounts to unit roots for all individuals, while under
the alternative all series are stationary:

Ho: p =1, Hyi: Ipl < 1.

In a first step, the Levin, Lin and Chu test individually corrects all series
for deterministic terms and autocorrelation, which means that Ay;, and y;;
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are regressed separately on the deterministic components and on the
lagged differences to obtain residuals. Then, one essentially runs a pooled
Dickey-Fuller regression with the individually corrected series to estimate
the common p jointly, where we omit relevant technical details here. A
panel t type statistic follows a limiting normal distribution for T — oo fol-
lowed by N — oo, where normality arises from the assumption of cross-
sectional independence. Note that the pooling step requires the panel to be
balanced.

The test by KYUNG S. IM, M. HASHEM PESARAN and YONGCHEOL SHIN
(2003) allows the p; in (7.4) to be heterogeneous. The null hypothesis re-
mains integration of all series, p; = ... = py = 1, but the alternative requires
only

Hi: Ipil < 1, ..., lpl < 1,

where L = (N, 0 </< 1; that is under the alternative, only a non-
negligible fraction of individuals has to be stationary in order to reject the
null hypothesis of overall nonstationarity. Further, the Im, Pesaran and
Shin test does not require balanced panels since it does not pool the data
but rather averages over individual test statistics. Let t,;, 1 =1, ..., N, de-
note the t statistics from (7.4) testing for p; = 1, and

_ ]
t = ﬁ;t”’“

With T - oo the individual ADF statistics converge under p; = 1. The
mean and variance of the corresponding Dickey-Fuller distribution are
known. KYUNG S. IM, M. HASHEM PESARAN and YONGCHEOL SHIN
(2003) normalise the average Tp accordingly. Given the independence as-

sumption, limiting normality arises upon normalisation for N — oo due to
the central limit theorem.

7.2.2 Second Generation Tests

Working paper versions of the Levin, Lin and Chu as well as Im, Pesaran
and Shin tests circulated from 1993 and 1995 on, respectively. Hence, the-
se first generation tests were subject to early critique. PAUL G.
O’CONNELL (1998) provided simulation evidence that tests working under
the independence assumption suffer from severe size distortions if this as-
sumption is violated. To overcome this problem tests accounting for cross-
sectional dependence have been introduced. Let £ denote the N dimen-
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sional covariance matrix of the errors u,= (u;y, ..., uny) from (7.4). Cross-

sectional dependence is classified as weak if all eigenvalues of X are
bounded, while strong dependence allows some of the eigenvalues of X to
diverge with N.

Imposing again homogeneity in (7.4) i.e. py = ... = px = p, JORG
BREITUNG and SAMARJIT DAS (2005) discuss GLS estimation of (7.4) in
the tradition of a SUR estimation discussed in the previous section. They
obtain limiting normality of the t type statistic testing for p =1 with T —
and N — oo, under the assumption of weak cross-sectional dependence. In
practice, T has of course to be larger than N for GLS to be feasible, since

GLS requires to invert the NxN dimensional matrix 5.
M. HASHEM PESARAN (2007) follows a different route allowing for
strong cross-sectional dependence driven by a common univariate factor fi,

u;, = gifi+e, 1=1,..,N,

where the so-called idiosyncratic component ¢;; is temporally and cross-
sectionally independent. In order to account for this common factor, one
simply computes cross-sectional means,

_ 1 &
Yo = E;yi,t’

and modifies the ADF regressions (7.4). The so-called cross-sectionally
augmented Dickey-Fuller (CADF) regressions become

ki ki
(7.5) Ayiy = die + (pi— Dyie1 t ¢y, + zei,jAYi,t—j + Z\Vi,jAyt—j-i_ Eit
=0

=1

The inclusion of Ay, ; on the right-hand side parallels the ADF regression

under structural breaks, see equation (5.23). With t,;,1=1, ..., N, denoting
the individual statistics testing for p; = 1, the cumulated evidence relies on
the panel average

1 N
C = E;tp’i'

A normal approximation, however, is not valid this time. Finite sample
critical values for the average C have been tabulated by M. HASHEM
PESARAN (2007) for selected combinations of values of N and T. The Ta-
bles II(b) and II(c) in M. HASHEM PESARAN (2007) cover the cases of a
constant only and a constant plus a linear time trend, respectively. The null
hypothesis is rejected for too small values.
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Example 7.2

From an economic point of view we expect that the interest rate differentials or
spreads are stationary. For the data of Example 7.1, we define the interest differen-
tial or spread of country i against the U.S. dollar as:

(E71) Sit = Bi,t - BUS,ta 1= 1, ceey 10.

JEFFREY ALEXANDER FRANKEL (1992) shows, for example, that a necessary con-
dition for the uncovered interest rate parity (UIP) to hold is that the interest rate
spreads are stationary. In the presence of nonstationary bond yields this implies
bivariate cointegration such that B; — Bys is a long-run equilibrium relation.
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Figure 7.2:  Cross-sectional average of the U.S. spreads

Under this cointegration assumption, there are two alternative channels for the
U.S. influence through an error correction model, namely the equilibrium adjust-
ment (y; < 0) and the direct short-run effect if b; # 0 in:

(E72) ABi,t = 04 + Yi Sit-1 + bi ABUS,t-l + a; ABi,t-l + Ui, i= 1, ceey 10.
Although the stationarity of the spreads seems to be a plausible guess, looking at

Figure 7.1, we now formally test with the CADF test by M. HASHEM PESARAN
(2007). To this end we need the cross-average s, according to (7.5) in order to ac-

count for a common factor behind all spreads. Figure 7.2 displays s, , which in-

deed seems to be characterised by a trending behaviour. In Table 7.2 we report the
lag length k; and the t values for the coefficients in front of yj., i.e. t,;, from (7.5)
with a constant and without trend, where the number of lags was determined by
the AIC of an augmented Dickey-Fuller regression without cross-sectional aug-
mentation. The value of the panel test statistic becomes
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1 10
= —>'t, = -3.19.
10 45

The corresponding critical value from M. HASHEM PESARAN (2007) for N = 10
and T = 200 at the 1 percent level is -2.53. Hence, the rejection of the null hypoth-
esis of nonstationary s;, is significant at the 1 percent level.

Table 7.2: CADF Test statistics for spreads against the U.S.

t k; t, ki
Australia -2.96 0 New Zealand -2.55 0
Canada -3.69 0 Norway -3.13 2
Denmark -3.92 0 Sweden -1.70 1
Germany -5.05 0 Switzerland -3.20 0
Japan -2.80 2 United Kingdom -2.90 2

7.2.3 The Null Hypothesis of Stationarity

In Section 5.3.5 we introduced the so-called KPSS test for the null hypoth-
esis of stationarity (or, more precisely, of integration of order zero). The
corresponding test statistic is defined in (5.26). The panel null hypothesis
reads as

Ho: yie ~ 1(0), 1 =1,...,N.

KADDOUR HADRI (2000) proposed in a first generation framework assum-
ing cross-sectional independence to compute the mean of individual KPSS
statistics n;:

_ 1 &
n = E;ni'

With T — oo the individual KPSS statistics converge under the null hy-
pothesis. The corresponding mean and variance of the limiting distribution
are known. Due to the independence assumption, limiting normality arises
upon appropriate normalisation for N — co.

MATEI DEMETRESCU, UWE HASSLER and ADINA I. TARCOLEA (2010)
proposed a second generation version incorporating strong cross-sectional
correlation into a multivariate KPSS-type statistic. In order to obtain a fea-
sible consistent dependence estimator, they assume identical correlation
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between all units. KADDOUR HADRI and En1 KUROZUMI (2012), on the
contrary, allow for correlation through a common factor structure parallel-
ing M. HASHEM PESARAN (2007).

Finally, adopting the framework of fractional integration dealt with in
Section 5.5.1, UWE HASSLER, MATEI DEMETRESCU and ADINA I. TARCO-
LEA (2011) construct a panel test for arbitrary orders of integration, con-
taining the I(0) or I(1) tests as special cases.

7.3 The Combination of Significance

So far, we have exploited the panel information by pooling the data or by
combining the individual test statistics (averaging). Now, we consider a
different route and combine individual p values to an overall significance
level. The idea to do so can be traced back to RONALD A. FISHER (1954),
and is not only applicable to panel unit root tests but more generally when-
ever testing a multiple null hypothesis composed of individual hypotheses
for which p values are available.

Let Ho;, 1 =1, ..., N, denote again N hypotheses, and the overall null is
the intersection that all hypotheses hold true:

Hy: HO,l M H(),z M ..M H()’N.

Let p; denote the p value for some statistic testing Ho;. If the p values are
independent, it then holds under H, that

N
F = =2) In(p) ~ ¥(2N),
i=1

which is an exact result. Hence, RONALD A. FISHER (1954) suggested to
reject Hy for too large values of F. This approach has been proposed by
GANGADHARRAO S. MADDALA and SHAOWEN WU (1999) for the purpose
of unit root testing in the case of independent panels. One advantage of the
p value combination is that it does not require balanced panels. For applied
work, however, one has to overcome the assumption of independent units.

7.3.1 The Inverse Normal Method

With the distribution function ® of the standard normal distribution, one
defines the quantiles or so-called probits t; corresponding to the p values

pi:
= ®'p), i=1,..,N
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By construction the probits are standard normal; and under independence
they follow a multivariate normal distribution with unit variances, such
that it holds true for a linear combination with weights A, ..., Ay where

iki #0:
i=1

daT ~ N, ixf ).
i=1

IN CHOI (2001) employs this property to discuss panel unit root testing un-
der independence. JOACHIM HARTUNG (1999) assumes constant correla-
tion between the probits (i, j=1, ..., N),

r = Corr[t, 1], 1 # j.

Under multivariate normality it then holds for finite T and N that any line-
ar combination is again normal with variance equal to

ix? + {[ixij —i}kf}-

Consequently, it holds for finite T and N:

N

N N 2 N
dht ~ N O,foﬂﬁzﬂ —fo}
i=l1 i=1 i=1

i=1

In order to use this result for inference in practice, r has to be estimated.
JOACHIM HARTUNG (1999) suggests the following rule (ensuring that the es-
timated correlation matrix is positive definite):

with

where T is the mean over the probits. This estimator is consistent as N —
oo. To improve the finite sample performance, JOACHIM HARTUNG (1999)
introduced a tuning parameter k, and suggested k = 0.2 on experimental
grounds. The general form of the test statistic becomes
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\/ixf {(ixij _ikf}{f +K N2+1 (l—f*)} |

In most practical applications one chooses equal weights, A; = 1, although
with unbalanced panels the weight of a p value might be related to the
length of the time dimension, for example A; = Ty/T. Further, the value of «

is negligible for large N (and " close to 1). Therefore, we work here with
a simplified version of the test statistic with k =0 and A; = 1, i=1,...,N,

N
ZTi

Har = = .
\/N +F [N -N]

It is compared with quantiles from the standard normal distribution to test
Hy, which is rejected for too small values. In fact, given a value of Har one
may compute the p value thereof, and thus compute an overall significance
from the individual p values.

MATEI DEMETRESCU, UWE HASSLER and ADINA I. TARCOLEA (2006)
examine the approach by JOACHIM HARTUNG (1999) and add three as-
pects: First, they slightly relax the assumption of a constant r, second they
provide a necessary and sufficient condition for normality to arise, and
third they show experimentally that Har can be reasonably applied to ADF
tests under different forms and degrees of cross-correlation even for small
N.

7.3.2 Bonferroni-Type Tests

If the inverse normal method rejects the overall hypothesis Hy, the test re-
mains silent with respect to which individual Hy; is to be considered as vi-
olated. To overcome this problem we order the p values in ascending or-
der:

P = Pe) = .- =P

The Bonferroni inequality leads to a very simple test of Hy with upper
bound level a: Reject Hy if p(y < o/N. Moreover, one may not only reject
the multiple null hypothesis but also detect which units violate it. In partic-
ular, one rejects all hypotheses Hy; where pg) < o/N.
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Since this Bonferroni test is known to be very conservative in the case
of strong correlations among the p values, R. JOHN SIMES (1986) proposed
the following modification: Reject Hy at level a, if there is one sufficiently
small p value with

(7.6) piH<jw/N, j=1,...,N.

Although this proposal is clearly more powerful than the Bonferroni test,
R. JOHN SIMES did not prove that it keeps the claimed level o under Hy
without independence. SANAT K. SARKAR (1998), however, establishes a
as upper bound for the probability of a type I error for positively dependent
multivariate distributions, for example for a multivariate normal distribu-
tion with non-negative correlations. Note that this is a finite sample result
relying only on valid finite sample p values.

When rejecting Hy, JOHN SIMES suggests on heuristic grounds to consid-
er all hypotheses Hy, ) till Hy ; as falsified as long as

J = max{k: pg <ka/N}.

GERHARD HOMMEL (1998), however, shows that in certain situations this
may lead to an over-rejection of true null hypotheses, and he discusses an
improved way to determine, which units violate H;.

Example 7.3

We continue with Examples 7.1 and 7.2, but now wish to combine the p values of
ADF regressions, like in equation (7.4), with a constant intercept. First, we inves-
tigate the 11 p values from Table 7.1 when testing for a unit root in the bond
yields. They result in Hartung’s statistic

Har = —0.6590 with t* = 0.8189.

Clearly, the estimate of the correlation indicates a strong dependence over the
units. Performing a one-sided test rejecting for too small values, the overall p val-
ue becomes 0.2550, which is in accordance with the nonstationarity assumption
maintained in Example 7.2.

Next, we perform ADF tests for the spreads from (E7.1), i.e. in (7.4) we have as
variable of interest y; = s;;. The number of included lags according to AIC has al-
ready been reported in 7able 7.2. The following table contains the corresponding
ordered p values as well as the 10 percent bounds according to R. JOHN SIMES
(1986) from equation (7.6).

From Table 7.3 we observe that the inequality according to R. JOHN SIMES
(1986) in (7.6) is never satisfied for a = 0.1, from which we conclude that the null
of I(1) spreads cannot be rejected at the 10 percent level. Unfortunately, this does
not provide us with an overall significance level. To that end, we employ the
Hartung test with
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Table 7.3: Ordered p values for Augmented Dickey-Fuller tests
for the spreads with o. = 0.1

P j-a/10 PG j-a/10
New Zealand 0.0298 0.01 Norway 0.1545 0.06
Switzerland 0.0406 0.02 Denmark 0.2070 0.07
Australia 0.1044 0.03 Sweden 0.2367 0.08
United Kingdom 0.1371 0.04 Japan 0.3152 0.09
Germany 0.1385 0.05 Canada 0.4717 0.10

Har = —1.1868 with 1* = 0.7045.

Here, the p value becomes 0.1176 for a one-sided test. Hence, the Hartung test,
just as the Simes test, cannot establish that the U.S. spreads s;, are stationary at the
10 percent level. At least, the Hartung test is significant at the 12 percent level
with a p value not too distant from 10 percent. Still, a p value combination results
in findings in contrast to that of the CADF test reported in Example 7.2. There-
fore, we will come back to the issue of bivariate cointegration against the U.S. be-
tween the bond yields from Figure 7.1 in the next section.

7.4 Panel Cointegration

If yi; and the components of the vector x;, are integrated (of order one), the
question of cointegration naturally arises. In the case of absence of cointe-
gration, the spurious regression problem introduced in Example 6.1 shows
up in panels, too, as has been established by HORST ENTORF (1997). In
fact, due to the panel dimension, the spurious significance among inde-
pendent random walks may be even increased with N > 1.

7.4.1 Single Equation Approaches

To justify a single equation approach, we assume that the components of
the vector x;; alone are not cointegrated. But we consider that the linear
combination from equation (7.1) may result in stationary error terms u,
that do not necessarily have to be white noise. In the case of f; = ... =fx =
B, one speaks of homogeneous cointegration, while B; # B; for one i # ]
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characterises the heterogeneous case. Simple tests have been proposed to
test the null hypothesis of no cointegration in all units:

Ho: yii— Bixie ~ I(1), i =1,..,N.

Since they all assume independent units, we review them only briefly here.
First, CHIHWA KAO (1999) adopts the idea presented in Section 6.2.3 and
suggests panel unit root tests applied to OLS residuals from the static re-
gressions (7.1), i = 1, ..., N. On top of cross-independence, he assumes
homoskedasticity over the units and allows only to test against homogene-
ous cointegration. PETER PEDRONI (2004) manages to be less restrictive,
while still maintaining independence. JOAKIM WESTERLUND (2007) car-
ries the no cointegration test, based on the error correction model dis-
cussed in Section 6.2.4, over to nonstationary panels. In order to account
for eventual cross-dependence, he switches to a computationally more in-
volved bootstrap approach.

In the case of cointegration, PETER C.B. PHILLIPS and HYUNGSIK R.

MOON (1999) establish that pooled OLS estimation ﬁ results in a super
consistent estimation under homogeneous cointegration. The rate of con-

vergence in case of sequential limit theory is JNT , showing that the time
dimension is more informative with respect to the long-run equilibrium re-
lation than the cross-dimension N; for N = 1 the usual time series case of
Section 6.2.3 is of course reproduced. In the case of independence, homo-
geneity and homoscedasticity, CHIHWA KAO and MIN-HSIEN CHIANG
(2000) extend the limiting normality of the super consistent, dynamic es-
timator for the long-run parameters, see equation (6.7), to the panel case.

To overcome the unrealistic independence assumption when testing for
no cointegration in nonstationary panels, we recommend the p value com-
bination discussed in detail in the previous section. Since JAMES G.
MACKINNON (1996) derived finite sample and asymptotic p values for re-
sidual-based cointegration tests, which are given in 7able 6.1, it is straight-
forward to adopt the JOACHIM HARTUNG (1999) or R. JOHN SIMES (1986)
approach to combine panel cointegration significance. Such a procedure is
illustrated in the following example.

Example 7.4

Since the Hartung test did not reject nonstationarity of the bond yields at the 25
percent level (Example 7.3), we maintain the assumption that the bond yields from
Example 7.1 are integrated of order one. Further, in Example 7.3 the combined
significance when testing the U.S. spreads for nonstationarity was only significant
at the 12 percent level, which is in contrast to the 1 percent significance found in
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Example 7.2. To shed further light on this mixed evidence, we now test for cointe-
gration of B;; and Bys, without imposing parameter restrictions. To that end, we
regress all currencies on the U.S. bond yields in levels,

(E7.3) Biy = oi + BiBus; + zip, 1= 1,...,10,

where i = 1, ..., 10 covers all the currencies except for the U.S. dollar. Table 7.4
contains OLS estimates for B;; note that they coincide with the SUR estimates
since (E7.3) contains identical regressor observations in each equation. The esti-
mates of B; not only vary considerably over the currencies (from 0.96 to 1.95),
they also differ substantially from 1. Next, we test the residuals z,, of the regres-

sion (E7.3) for a unit root, i.e. for no cointegration, from the regression
it

k;
(E7.4) Az, = (p—1)z,, +D.0,A2 + uy
j=1

The lag length k; was again determined with AIC. The p values testing for p; = 1
individually from (E7.4) are given in Table 7.4.

Table 7.4: Ordered p values for tests for no cointegration

lgj 120) ﬁj P
Denmark 1.45 0.0748 Switzerland 0.96 0.1474
Sweden 1.95 0.0841 Australia 1.56 0.1705
United Kingdom 1.56 0.0882 Canada 1.35 0.2394
New Zealand 1.16 0.1120 Norway 1.33 0.3324
Germany 1.13 0.1200 Japan 1.26 0.4114

Although fii reported in Table 7.4 tends to be considerably larger than 1 this does

not improve the cointegration evidence of B;; and Bys;: The ordered p values from
Table 7.4 tend to be even larger than those from Table 7.3 for the spreads. Again,
for all j we observe

Py = %, a = 0.1,

such that the Simes procedure is not significant at a = 10 percent. We also com-
puted the Hartung statistic,

Har = —1.0800 with t* = 0.8277.

The panel significance, when comparing -1.08 in a one-sided test with a normal
law, results in 0.1401, a p value that is larger than the one with spreads, which is
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12 percent, as shown in Example 7.3. Table 7.4 in view of Table 7.3 points into
the following direction: There is only weak evidence in favour of cointegration;
but the evidence is stronger under the parameter restriction of the spreads.

If one has established panel cointegration at a given level, it seems advisa-
ble to perform a SUR analysis (as long as N is smaller than T) in order to
estimate more precisely the adjustment parameters y; and the long-run pa-
rameter vectors f3;, see also equation (6.4):

AYi,t =04+, (Yi,t-l —PiX - 1) za. JAYH - Zb Ax; - T U
With 6; = —B;y; one obtains alternatively
k|
(7.7) Ay, = o +VYi o t 91 i1t zaleYIt —j Zb jAXi,t—j U,
j=1 j=1

The components of the cointegrating vectors can be estimated individually
as

where éi and y, are SUR estimates from (7.7). Assuming that the compo-

nents of the parameter vectors vary randomly around a constant common
value,

B = B+ vi vi ~iid©, c}), i=1,..,N,

one may consider a so-called mean group (MG) estimation. One simply
estimates the mean of the parameters by averaging OLS or SUR estimates
for each component:

n 1 N - 1 N
BMG,ec = E; or BMG,ec - Egl iec ?

——0, /%, relies on the OLS estimates éi and ¥, from (7.7).

i,ec

where

Under homogeneous cointegration, however, the MG estimators do not use
the constant coefficient information. But it is straightforward to compute a

SUR estimator, 6ec, or just as well an OLS estimator, ﬁec, imposing the
homogeneous cointegration restriction by estimating
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ki ki
(7.8) Ay, = a; +vy, (yi,t—l - B'Xi,t—l) + zai,j Ay, + Zb;,j AX;+ug,.

j=1 =l
If N is large relative to T, the SUR approach breaks down. In this case one
may resort to the so-called pooled mean group (PMG) estimation by M.
HASHEM PESARAN, YONGCHEOL SHIN and RONALD PATRICK SMITH
(1999). They proposed a maximum likelihood estimation of (7.8) for large
N, which comes at the price that the errors are assumed to be cross-
sectionally independent. The PMG approach is a compromise between
pooled estimation where all parameters are assumed to be identical over
the units (except for the intercept, as in equation (7.2)) and an average of
unrestricted estimation.

Example 7.5

Beyond statistical significance, good econometric practice relies on economic rea-
soning. Therefore, we now estimate the error correction equations (E7.2) notwith-
standing ambiguous evidence with respect to the stationarity of the U.S. spreads:

ABiy = o * ¥isiz1 + biABuser + aiABigy + uig

Some of the OLS and SUR residuals display a mild degree of serial correlation.
Since additional lags AB;., j > 1, turned out to be mostly insignificant, we stick to
our specification with just one lag.

Table 7.5: Estimates of the error correction adjustment coefficient

i Yi
OLS SUR OLS SUR
Australia -0.045 -0.067 New Zealand -0.062 -0.064
(-2.77) (-5.12) (-2.75) (-3.63)
Canada -0.036 -0.066 Norway -0.050 -0.060
(-1.56) (-3.68) (-2.97) (-4.64)
Denmark -0.065 -0.079 Sweden -0.032 -0.043
(-3.47) (-6.05) (-3.03) (-4.49)
Germany -0.063 -0.083 Switzerland -0.060 -0.075
(-2.06) (-5.67) (-2.03) (-4.27)
Japan -0.022 -0.037 United Kingdom -0.044 -0.057
(-1.13) (-2.54) (-2.69) (-4.34)

The numbers in parentheses are the t statistics of the estimated parameters.
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In Table 7.5 we report estimates of y; with t statistics testing for y; = 0. It is inter-
esting to compare the OLS results with those of the more efficient SUR procedure.
Throughout the SUR are larger in absolute value and more significant than OLS
estimates. The high significance of y; reduces the contribution of ABys,; to the
explanation of AB;; for all currencies. This can be seen when comparing the fig-
ures from Table 7.6, where SUR estimates (with t statistics) from (E7.2) are con-
fronted with those from a — possibly misspecified — simple regression in differ-
ences:

(E7.5) ABy = o + b ABysei + ajABiy +u;,, i=1,...,10.

Throughout, the estimates Bl from (E7.5) are larger and more significant than Bi

of (E7.2). Besides contemporaneous effects, which are not captured here, we con-
clude that the error correction mechanism is the dominant channel through which
U.S. yields affect bonds of other currencies.

Table 7.6: Estimates of the short-run US influence

b, b b, b
Australia 0.224 0.269 New Zealand 0.075 0.114
(2.39) (2.83) (0.91) (1.38)
Canada 0.104 0.151 Norway 0.031 0.092
(1.19) (1.73) (0.42) (1.25)
Denmark 0.070 0.136 Sweden 0.010 0.049
(0.98) (1.88) (0.12) (0.57)
Germany 0.127 0.176 Switzerland 0.047 0.100
(2.23) (3.08) (0.93) (1.96)
Japan 0.103 0.123 United Kingdom 0.049 0.087
(1.82) (2.18) (0.61) (1.07)

The numbers in parentheses are the t statistics of the estimated parameters.

Example 7.6
When estimating (7.7) without restrictions,
ABiy = o + viBix1 + 6iBusir + bii ABuser + @i ABiwr + iy

we can compute the long-run parameters individually: B, . In Table 7.7 we report

i,ec

those values, which can be compared with the estimates displayed in Table 7.4.
They still vary considerably, but their mean is close to one:



7.4 Panel Cointegration 273

- 1 10
Bucee = —2 P = 1053
1045

Next, we estimate the restricted SUR system with B; = ... = By = from (7.8),
however, without imposing = 1. The GLS estimation results in ﬁec =0.919 with
a standard error of 0.103. Hence, the corresponding 95 percent confidence inter-
val, [0.717, 1.121], covers the value 1, from which fﬁee is not significantly differ-

ent at the 5 percent level. This supports the restricted error correction estimation
with the U.S. spreads from Example 7.5. In particular, we consider the SUR ad-
justment parameters from Table 7.5 as reliable.

Table 7.7: SUR error correction estimates

B B
Australia 0.828 New Zealand 0.588
Canada 0.957 Norway 1.312
Denmark 1.338 Sweden 1.638
Germany 1.096 Switzerland 0.938
Japan 0.590 United Kingdom 1.246

7.4.2 System Approaches

In equation (6.21) we defined the so-called trace statistic devised to test
against multiple cointegration. Let r; denote the individual cointegration
ranks, which are assumed to be identical, r; =r <k, 1= 1, ..., N. Note that
k, the number of variables in each individual system, is assumed to be con-
stant over the sections, too. ROLF LARSSON, JOHAN LYHAGEN and
MICKAEL LOTHGREN (2001) consider trace statistics Tri(r), i =1, ..., N,
computed individually as outlined in Section 6.3.2. Under the null hypoth-
esis that the cointegration rank is r, the authors study the limit of the cross-
sectional average of the trace statistics,

Tr(r) = %ZN: Tr(r),

upon appropriate normalisation. This test parallels the procedure by
KYUNG S. IM, M. HASHEM PESARAN and YONGCHEOL SHIN (2003) dis-
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cussed in Section 7.2, and unfortunately, it also does not allow for cross-
correlation.

Alternatively to the maximum likelihood estimation behind ﬁ(r) , JORG

BREITUNG (2005) considers a two-step procedure. In a first step, all indi-
vidual specific parameters are estimated. The second step assumes homo-
geneous cointegration across the units and estimates the long-run parame-
ters from a pooled regression. In order to account for cross-sectional
dependence, a SUR estimation could modify the first step.

A much simpler route to combine evidence from N units is of course
possible with p values for the Johansen trace test available from JAMES G.
MACKINNON, ALFRED A. HAUG and LEO MICHELIS (1999), in analogy to
the procedures proposed by JOACHIM HARTUNG (1999) or R. JOHN SIMES
(1986) described above.

So far, we did not consider the possibility of cointegration between x;,
and x;; for 1 # j. Such cross-cointegration shows up naturally with certain
economic models. The effect of cross-cointegration on some older panel
methods has been discussed by ANINDYA BANERJEE, MASSIMILIANO
MARCELLINO and CHIARA OSBAT (2004), and massive size distortions
have been reported. Under cross-cointegration, the CADF test by M.
HASHEM PESARAN (2007) suffers from size distortions under the null hy-
pothesis of a unit root, too, because the included common factor in equa-
tion (7.5) will allow p; to differ from one. The combination of p values,
however, will be little affected by cross-cointegration under the null hy-
pothesis, since strong dependence between the units is not ruled out. This
claim is backed in particular for the Hartung test by limited simulation ev-
idence in UWE HASSLER and ADINA I. TARCOLEA (2005). To fully account
for the cross-cointegration effect, one would have to stack N vectors of k-
dimensional time series. JAN J.J. GROEN and FRANK KLEIBERGEN (2003)
discuss the estimation of such systems of dimension N'k, which may be-
come intractable for practical purposes.

7.5 Concluding Remarks

In the leading example of this chapter we investigated monthly data for the
period from 1990 to 2006 from 11 countries. This is a typical situation
where N is small relative to T. In other multi-country studies this is not
necessarily the case. The repudiated Penn World Table from the University
of Pennsylvania, for example, provides annual data from 1950 on, but for
almost 200 countries and territories such that N is about three times as
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large as T. We now briefly discuss, which of the above procedures remain
applicable in such a large N environment.

Looking at the Tables in M. HASHEM PESARAN (2007), critical values
for the CADF test are reported for N, T € {10, 15, 20, ..., 100, 200}. This
allows for large N relative to T. Similarly, the combination of p values is
not restricted to the small N case. Hence, it is possible to combine signifi-
cance from tests for unit roots as well as tests for the null of no cointegra-
tion from single equations for many units even if the time horizon is rela-
tively short. Although it must be stressed that the analysis of trends is not
meaningful without a sufficiently long time span.

More critical is the situation beyond (co)integration testing. When it
comes to investigate cointegration in terms of error correction models, we
adopted a SUR estimation procedure. It not only accounts for correlation
between the errors, but also allows to easily incorporate, for example,
long-run parameter restrictions. This approach, however, breaks down
when N is not much smaller than T. For large values of N one may resort
to pooled mean group estimation or the VAR approach by MICHAEL
BINDER, CHENG HSIAO, and M. HASHEM PESARAN (2005) for short panels.
Further, if we wish to model cross-cointegration, a full panel approach
may be inaccessible. A VAR approach with N very small will be prefera-
ble, see for instance JURGEN WOLTERS (2002) or RALF BRUGGEMANN and
HELMUT LUTKEPOHL (2005) for N = 2 (U.S. and Europe) when reporting
evidence with respect to the uncovered interest rate parity hypothesis and
the expectations hypothesis of the term structure.
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8 Autoregressive Conditional Heteroscedasticity

All models discussed so far use the conditional expectation to describe the
mean development of one or more time series. The optimal forecast, in the
sense that the variance of the forecast errors will be minimised, is given by
the conditional mean of the underlying model. Here, it is assumed that the
residuals are not only uncorrelated but also homoscedastic, i.e. that the un-
explained fluctuations have no dependencies in the second moments.
However, BENOIT MANDELBROT (1963) already showed that financial
market data have more outliers than would be compatible with the (usually
assumed) normal distribution and that there are ‘volatility clusters’: small
(large) shocks are again followed by small (large) shocks. This may lead to
‘leptokurtic distributions‘, which — as compared to a normal distribution —
exhibit more mass at the centre and at the tails of the distribution. This re-
sults in ‘excess kurtosis’, i.e. the values of the kurtosis are above three.

Example 8.1

As an example, we take the German Stock Market Index (DAX). We use daily ob-
servations from 2 January 1996 to 19 May 1999, i.e. we have 842 observations.
Figure 8.1a shows the time series, Figure 8.1b the continuous returns, i.e. the first
differences of the logarithms of this series. ‘Clusters’ for the returns appear. While
the development of this series is relatively quiet at the beginning, i.e. the ampli-
tude is small; more pronounced fluctuations can be observed in the second half of
the observation period. This leads to the excess kurtosis which can be seen in Fig-
ure 8.1c: The kurtosis of the returns is 6.344, i.e. far above the value of 3.0, which
would be expected if the variable were normally distributed. Thus, we get a value
0f'456.051 (p = 0.000) for the Jarque-Bera statistic. The null hypothesis of normal
distribution has to be rejected at any conventional significance level.

The correlogram of the returns indicates second order autocorrelation. If we es-
timate an AR(2) model (with the modulus of t values in parentheses) for this series
we get:

Aln(DAX) = 0.001 — 0.090 Aln(DAX.) + &
(2.07)  (2.62)

t o

R? = 0.007, SE = 0.015, Q(9) = 5.947 (p = 0.745).

G. Kirchgéssner et al., Introduction to Modern Time Series Analysis, Springer Texts in Business 281
and Economics, DOI 10.1007/978-3-642-33436-8 8, © Springer-Verlag Berlin Heidelberg 2013
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Figure 8.1:  German Stock Market Index, 2 January 1996 until 19 May
1999, 842 observations (continued)

Figure 8.1d indicates that the residuals of this model no longer exhibit any signifi-
cant autocorrelation. On the other hand, Figure 8.1e shows highly significant au-
tocorrelation between the squares of these residuals. This indicates dependency in
the second moments of the residuals, which contradicts the assumption of a con-
stant, time-invariant variance. Thus, € is not pure white noise.

In order to capture such problems by extending the models, we first pre-
sent the conditional and unconditional means and variances of an AR(1)
process. As shown in Section 2.1.1, for the process (2.1)
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284
Xy = 0+taxy tu, with |of<I,
holds
2
Elx] = —— and V[x] = —2—.
I-a I-a
Contrary to this, the conditional mean
] = Eulxd = 8 + axu

N

E[Xt | Xt-15 -
is not constant but depends on the observation of the previous period

However, for the conditional variance it holds that
1 = E[(x—Eu[x]) | X1, -

V[X1|Xt_], cee
E[u}| X, ...] = 6.

It is constant, just like the unconditional variance. Thus, phenomena like
volatility clusters cannot be described by this model. We need different

distributional assumptions to allow for ‘fat tails’, i.e. for values of the kur-

tosis above three.

5o
!
1
1
1

Standard
normal distribution

Figure 8.2:  Density functions of a normalised t distribution with 5 degrees of
freedom, variance one and a standard normal distribution

One possibility is to leave the normal distribution and to use, for example,
a t distribution. Figure 8.2 shows a t distribution with five degrees of free-
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dom which is transformed so that it has a variance of one, i.e. the same
variance as the standard normal distribution. Its kurtosis is nine. It can
clearly be seen that the sides are steeper compared to the normal distribu-
tion also presented in Figure 8.2. (In ‘stable distributions’, the density
functions are shaped similarly to the t distribution.)

On the other hand, in his paper on inflation in Great Britain, ROBERT F.
ENGLE (1982) retained the normal distribution assumption but allowed the
conditional variance of the residuals to vary linearly with the lagged
squared residuals. This leads to models with autoregressive conditional
heteroscedastic residuals, the ARCH models. The residuals of these mod-
els are also leptokurtic. The idea behind this approach is that the same
models which are used to represent the conditional mean of a variable, i.e.
AR, MA or ARMA models, can be applied to the squared residuals of
equations. Section 8.1 will present these ARCH models. Generalisations
will be discussed in Section 8.2, and problems of estimation and testing in
Section 8.3. Multivariate models are introduced in Section 8.4. We will
conclude this chapter with examples of the application of ARCH/GARCH
models in financial market analysis (Section 8.5).

8.1 ARCH Models

In the following, we will first discuss dependencies of the squared residu-
als by using autoregressive models. The main properties of such models
will be presented. In addition, we will show that it largely depends on the
frequency of data collection whether autoregressive conditional heterosce-
dasticity occurs.

8.1.1 Definition and Representation

Let us assume that the variable y can be explained in a linear model with
the predetermined variables X and the parameter vector 3,

(8.1) Vi = X B+ .

Along with truly exogenous deterministic and stochastic variables, the vec-
tor X might also contain lagged endogenous variables. The error term € has
zero mean, E[g] = 0, and a constant unconditional variance, E[Sf] =g It
also holds that ¢ is not autocorrelated whereas &’ is allowed to be autocor-

related. It is assumed that this autocorrelation can be captured by an AR(q)
process,
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(82 & = a+ta g, FapE, +..+age, + Vi,

q
were v, is white noise. The information set I, contains all information
which is available at time t (as in Chapter 3), thus I.; = {y.1, Ye2, -..» Xets
X2, -..}. If the parameter vector B is known, this information set also con-

tains all residuals up to time t — 1 because of .; =y, — X't—i B,i=1,2,....
The conditional variance of g, hf , can be written as

(8.3) h! = V[g|L.] = E[g]|l.].

Because of (8.2) we get the ARCH(q) model

(8.4) h = a + Y ogel

withop>0and o; >0 fori=1, ..., q— 1, as well as o4 > 0. These condi-
tions ensure that the conditional variance is always positive.

If a large shock occurs in equation (8.1), i.e. if there is a large positive
or negative value of &, this leads, according to relation (8.4), to a series of
large values for the conditional variance, as the latter is a monotonically
increasing function of lagged squared realised values of €. If the occurring
shock is only small, further small shocks are assumed to occur in the near
future. The higher the value of q, the more extended are the volatility clus-
ters.

ARCH effects can, for example, result from random coefficients, as
shown by ANIL K. BERA and MATTHEW L. HIGGINS (1993). Let € be a
time dependent autoregressive process of order q (in contrast to the as-
sumption above),

q

& = Z(I)itgt—i *ou,
i=1
with
Uy ~ (Oa aO)y (I)it = ¢i + Nit, Mit ~ (Oa G'i): 1 = 1729 .o q,
Cov[ni, i) = 0 for i # j, Cov[ny, uw] = 0 foralliandj.
Then the conditional variance of the residuals leads to

2

2 2
V[8t|It_1] = 09 + oy € + oy €, + ...+ Oqg St_q,

i.e. the residuals do not follow an AR(q) but an ARCH(q) process.
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Example 8.2
Assume that the residuals follow the AR(1) process with random coefficient
& = Q& +ou,
with
O ~ (9, 00) and u, ~ (0, o),

where ¢; and u, are independently generated. Then the conditional mean of the re-
siduals results in

Ele [Tl = e,

and their conditional variance in
— 2
Vigd | la] = ap + one,,

i.e. the residuals do not only follow an AR(1) but also an ARCH(1) process. This
allows, for example, to model time dependent risk premia.

Large values of q demand models with many parameters, which contra-
dicts the parsimony principle of univariate time series analysis. Therefore,
ROBERT F. ENGLE (1982) proposed the following model with distributed
lags where only two parameters have to be estimated:

q
(8.5) ht2 = 0Oy t+ (Xlzwigffi
i=1
with
w; = M, 1i=12,...,q.
a(@+1

These weights decrease linearly and sum up to one.

For estimating and testing, assumptions on the conditional distribution
of € have to be made. Following ROBERT F. ENGLE (1982), it is often as-
sumed that the residuals follow a conditional normal distribution,

(8.6) g |l ~ N, h}).

The assumption of a conditional univariate normal distribution implies that
neither the joint nor the marginal distributions are normal. It is, however,
possible to approximate leptokurtic distributions.
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8.1.2 Unconditional Moments

In the following, we use a special version of the law of iterated expecta-
tions

(8.7) E[Z] = E[E[Z[1]],

where Z is a random variable and I the relevant information as a set of
conditioning random variables.

Due to (8.6), it holds that E[¢, | I,;] = 0. Thus, because of (8.7) E[&] =0
also holds. Due to (8.7) and (8.3), we get

o> = E[¢] = E[E[€}|1.,]] = E[h?]

for the unconditional variance of the residuals.
Because of (8.4) we get

q
o> = E[h}] = o + ZaiE[sz.] = +to Ya.
This leads to

q
(8.8) o = —2 if Yo <1,
i=1

If this condition is violated, this process does not possess a finite variance.
For the kurtosis of an ARCH(1) process, ROBERT F. ENGLE (1982) de-

rived the following expression assuming normally distributed €’s:

Ble!] _ 4 1-o0

8.9 Kle] = —— .
¢ T Ee )y 130
Thus, the kurtosis only exists if 3 < 1. It is larger than three, i.e. than its

value in case of a normal distribution. We get this value if o, tends towards
zero. Compared to a normal distribution with the same variance, the
ARCH(1) process has more mass in the centre of the distribution and fatter
tails. As shown above, these are the properties often exhibited by financial
market data if they are measured in short time distances.

For the autocovariances, we get

Ele e:] = E[E[& &we | L]
= Elew E[& | I4]] = 0

fort>1.
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As the ARCH(q) process has zero mean and is not autocorrelated, it is
weakly stationary if its variance is finite, i.e. if the above shown condition
that the sum of the oy, i =1, ..., g, is smaller than one is fulfilled.

The fact that € is not autocorrelated does, of course, not imply that it is
distributed independently. After all, the autocorrelation of € is modelled in
relation (8.2). This prevents higher moments from disappearing.

Example 8.3

For the time series of the German Stock Market Index used in Example 8.1, we
can estimate the following model:

Aln(DAX) = 0.0012 — 0.072 Aln(DAX.,) + &
(3.41)  (-1.97)

t o

R = 252.10° + 016382, + 0.1508, + 0.1078>, + 0.0638,
(3.96) (3.79) (3.29) (2.11) (1.72)

+ 012082, + 0.13982, + 0.13982. + 0.0858%,,
(2.54) (2.85) (2.62) (2.20)

SE = 0.015, Q(9) = 5.794 (p = 0.760), Q*(9) = 2.838 (p = 0.970)
JB = 65.652.

Looking at the t values given in parentheses, we can conclude that, with one-sided
tests, all estimated parameters prove to be positive significant at least at the 5 per-
cent level. Thus, they satisfy the conditions for a non-negative variance. The sum
of the ARCH coefficients is 0.964 (< 1). Therefore, the unconditional variance ex-
ists and has a value of 7.2 - 10™. The value of the Jarque-Bera statistic indicates
that the null hypothesis of a normal distribution can still be rejected at any conven-
tional significance level, but now it is much smaller than before. The reason for
this is that the kurtosis is now only 3.806 compared with the kurtosis 6.344 of the
data themselves. Thus, the kurtosis of the estimated residuals, standardised with

A

h, , comes quite close to the one of a normal distribution. In addition, as the Q°

statistic shows, the squared standardised residuals do no longer exhibit significant
autocorrelation. (The estimation and testing of such models is discussed in Section
8.3)

8.1.3 Temporal Aggregation

In the following, we will derive the behaviour of the conditional variance
of an ARCH(q) process if the series can only be observed over time inter-
vals that are larger than the frequency of the data generating process. For
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example, only monthly, quarterly or annual data might be available instead
of daily observations. (See for this also Section 2.2.2.) We consider the
case of temporal aggregation where only every m-th observation is taken
into account. This is, for example, the case if, instead of (available) daily
data, only end-of-month or end-of-quarter data are used for interest rate or
exchange rate data.

We consider an ARCH(1) process with a; = a. By repeated substitution
with ¢ =1 in relation (8.2), we get:

2 2
€& = 0y tag, t v,
— 2
= ap + a0+ ag, + vt v,
— 2 .2
= o(l+a)+a €,+ v+ avy,
2
= op(1+0) + o (ap + a &, + Vo) + v+ avy,

= ap (1 +a+a2) + o 83_3 + vt avy + v,

ce s

and, finally, for arbitrary m,

m-1

j

m-1
(8.10) g = o ZocJ +a"e  + Ya V-

j=0 =0
The conditional variance in the original relation leads to
hi = E[&[lu] = a + ag,

fort=1,2,...,T.

If only every second value is observed, i.e. the information set changes
to I = { V2, Vit -+ r Xi2o Xias ...} fort=2,4, ..., T, and due to (8.10) we
get

hiz = E[8t2|lt-2] = a(l+a) + o’ 83_2

for the conditional variance and m = 2.
In the general situation when only every m-th value is observed, we get,

according to relation (8.10):

I-a

(8.11) hi, = E[€&[lm] = + o™ g

l-a

fort=m, 2m, 3m, ..., T.
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The conditional variance of the temporally aggregated data again fol-
lows an ARCH(1) process. Due to 0 < a < 1, however, the ARCH effect
becomes the weaker the longer the observational intervals are. If m in-
creases above all limits we get

A

limh; =

moo l-a
Here, the temporally aggregated process has a constant conditional vari-
ance. Because of (8.8) it coincides with the unconditional variance of the
ARCH(1) process. This effect was detected by FRANCIS X. DIEBOLD
(1988, pp. 12ff.) when modelling temporally aggregated exchange rates. If,
in addition, the distributional assumption (8.6) holds, not only the condi-
tional distribution is normal but also the unconditional one, i.e. the fat tails
disappear.

Example 8.4

Let the following ARCH(1) model be given:
h? = 0.1 + 05¢

t=12

t=12,...,T.

This process has the unconditional variance of

& = 21 g
1 -05
and due to (8.9) the kurtosis of
K = 3 1-025 _ 9
1 - 0.75
If we observe only every second value, i.e. for t = 2, 4, ..., the conditional vari-

ance changes to
h!, = 0.15 + 025¢.,

because of (8.11).

The unconditional variance of the temporally aggregated process is still 0.2,
while the kurtosis is reduced to 3.4615. Thus, ARCH effects can hardly be no-
ticed. If we aggregate once again and consider only every fourth observation, i.e.
ift=4,8, ..., we get the following process:

hl, = 0.1875 + 0.0625¢, , .

The variance is still 0.2, but the kurtosis has become 3.0237. Thus, the ARCH ef-
fect has disappeared almost completely.
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Example 8.5

We consider the first differences of the logarithm of the exchange rate between the
Swiss Franc and the U.S. Dollar, as used in Example 1.3 of Chapter 1. For the pe-
riod from January 1980 to December 2011, with 384 observations, we get a kurto-
sis of 3.451 for the end-of-month data shown in Figure 1.8. The value of the
Jarque-Bera statistic is 3.857 (p = 0.145). Thus, the null hypothesis of a normal
distribution cannot be rejected at any conventional significance level. If we use
daily data for the same period, we have 7900 observations and the value of the
Jarque-Bera statistic is 4772.721. This extremely high value is exclusively deter-
mined by a kurtosis of 6.805, as the value of the skewness of -0.074 is — in abso-
lute terms — even slightly smaller than the value of -0.097 which is based on
monthly data.

8.2 Generalised ARCH Models

Modelling the dependencies between the squared residuals by ARMA
models, we get parsimonious parameterisations. These approaches can be
extended to represent asymmetric effects, i.e. to allow for different impacts
of positive and negative shocks.

8.2.1 GARCH Models

If the maximum lag in ARCH(q) models becomes too large, problems with
the non-negativity constraints might occur if the estimates are not restrict-
ed appropriately. To get more parsimoniously parameterised models in
which such problems occur less frequently but which are nevertheless ca-
pable of dealing with long-lasting volatility clusters, the approach of rela-
tion (8.5) was applied. Its disadvantage is, however, that possible dynam-
ics of ARCH processes are captured only restrictively, i.e. with given,
linearly declining weights.

Independently of each other, TIM BOLLERSLEV (1986) and STEPHEN J.
TAYLOR (1986) developed a generalisation of the ARCH approach, the
Generalised Autoregressive Conditional Heteroscedasticity (GARCH)
model which is more flexible than the approach (8.5). They additionally
included p lagged values of the conditional variance into relation (8.4).
This leads to a GARCH(p,q) process:

2 2 2 2 2
(8.12) hi = ap + g, + ... toge_ + B h, + ...+ B, h
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Sufficient conditions for the non-negativity of the conditional variance of
this process are ap >0, 0, >0,i=1,...,q—-1,0,>0,0; >0,i=1,...,p—
1, B,>0.

Using the lag polynomials

al) =L + ..+ 0l% BL)=pL+..+BL",

(8.12) can be written as

(8.13) h! = a + a(L) & + B(L) h;,
or, if all roots of 1 — B(L) = 0 are outside the unit circle, as
(8 13') h2 — &y + (X(L) 2

* t

g, -
I-p)  1-B(L)

If the rational function of the lag operator is expanded into a series as, for
example, in Section 2.1.2, we get the ARCH( 0 ) process

(8.14) h = o, + >58¢

with OL:; >0and 6;>0,i=1, 2, ...,. Thus, GARCH(p,q) models allow the

parsimonious parameterisation for conditional variances in the same way
as ARMA(p,q) models for conditional means.

The non-negativity conditions of the §; are sufficient for the conditional
variances to be strictly positive. Thus, they are less restrictive than the
conditions placed on «; and B; for equation (8.12).

In the following way we can show that Stz really follows an ARMA pro-
cess: Due to (8.2) and (8.3), v, = &, — h; and
E[vi|L,] = E[e, - h’|L,] = 0.
Thus, v has zero mean and is uncorrelated. It satisfies the conditions of

white noise. If we insert hf = Sf — v into (8.12) we get

2
t—q

+ B (8371 —Ve) o Bp(glz—p —Vep) T V.

2 2
€ = Qo + oy € + ...+ Oq €

It follows that

n p
(8.15) 8? = oo T Z(a‘i +Bi)8t2—i T v - ZB1 Vi
i1 i
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with n = max(p, q). Relation (8.15) shows that the structure of dependence
of the squared residuals &* of a GARCH(p,q) process is given by an
ARMA(n,p) process.

The considerations to calculate the unconditional variance and the auto-
correlation function of € for a GARCH process are the same as for the
ARCH process in Section 8.1.2. Thus, the residuals are uncorrelated. Ac-
cording to (8.13), we get

Xy

(8.16) Vle] = E[g] = m

for the variance.
Thus, it is necessary for the existence of the variance of a GARCH(p,q)
process that

a(l) + B(1) = iai + isi <1

Together with the non-negativity constraints given above this condition is
also sufficient. If the above condition holds, the GARCH(p,q) process is
weakly stationary.

8.2.2 The GARCH(1,1) Process

For the empirical modelling of financial market data, a GARCH(1,1) mod-
el is often sufficient. It is given by

(8.17) h! = ap+ag, +ph

t-1 >
with 09 > 0, a > 0 and > 0. Due to (8.15), the squared residuals follow the
ARMAC(1,1) process
(8.18) g = ap+ (a+P)e, + v — Bv,
which is stable for 0 < o + B < 1. Then, the unconditional variance also ex-
ists:
o

8.19 Vig] = —4—.

(8.19) o] =

According to JURGEN FRANKE, WOLFGANG HARDLE and CHRISTIAN
HAFNER (2004, p. 221), the kurtosis also exists if 30 + 2ap + B> < 1:
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60’

(8.20) Kle] = 3 + 5 —20p T3 -

It is always above three, the value of the normal distribution, since a > 0
holds. Thus, the GARCH(1,1) process can be used to model distributions
with fat tails. If a tends towards zero, the heteroscedasticity disappears and
the value of the kurtosis tends towards three. It depends more strongly on a
than on B. Correspondingly, in order to reach high values of the kurtosis,
high values of a are always more effective than high values of B.

By transforming (8.17), we can show that the GARCH(1,1) model is re-
ally able to represent long-lasting effects:

2

(1-BLy h} = oy + o &,

h2 — (X’O + o 8{271,
- 1-pL

(8.21) - 1%5 +adpler,.
- 2

Duetoa>0,p>0and o+ p <1, the GARCH(1,1) process is transformed

into an ARCH(o0) process with geometrically declining weights. The larg-

er B, the longer is the effect of the shocks. Even if a + 3 =1, i.e. if we have
an Integrated GARCH process (IGARCH), representation (8.21) is still
valid for the conditional variance whereas the unconditional variance does
not exist in this case.

To forecast the conditional variances of a GARCH(1,1) process, we use
the ARMA(1,1) representation in (8.18). Following the considerations in
Section 2.4.1, we get the optimal forecasts for the period t + T with T > 0 as

hZ

t+T|t

= E[el |1].

(8.18) results in

2 2
€ = Ot (atP)e; F Ver — BV

Thus, for the one step ahead forecast we get
h2

t+1]t

= E[e),|L] = ao + (a+P) & — Bv,

2 2
ap + ag + Bh.

For 1 =2 we get



296 8 Autoregressive Conditional Heteroscedasticity

2
ht+2|t

= Ele,|1] = a0 + (a+P)E[e,|1]
and, therefore,

2
ht+2 |t

ap + (a+p) hy

t+1]t
Iteration leads to

1-(a+P)"
) ———
l-a-

h2 =

t+1 |t

+ (@t B b

t+1]t

If the forecast horizon grows above all limits, if a + f < 1 and when taking
(8.19) into account, we have
limh?_ = —% = y[gl.

T—>0 B ‘t 1 - (X, - B
Thus, the conditional variance of € converges towards its unconditional
variance. This is no longer true for an IGARCH process. In this case we
have a + B = 1, implying that the conditional variance grows linearly with
the forecast horizon. The conditional variance for period t, which defines
the information set for the forecasts, has a permanent influence.

Example 8.6

If we apply an AR(2) process for the mean and a GARCH(1,1) process for the
conditional variance of the DAX returns used in Examples 8.1 and 8.3, the AR(2)
parameter is no longer significantly different from zero even at the 10 percent sig-
nificance level. Thus, the correspondingly reduced model is

Aln(DAX,) = 0.0012 + g,
(3.27)

B2 = 3.69-10° + 016482, + 082902,
(3.22) (6.23) (33.35)

SE = 0.015, Q(10) = 5.686 (p = 0.841), QX10) = 3.183 (p = 0.977)
JB = 75.310,

with t values given in parentheses.

The simple as well as the partial autocorrelations of the squared residuals are no
longer significantly different from zero.

Because of a + B = 0.993 the unconditional variance is 0.00053. The high per-
sistence that was already apparent in Example 8.3, where a pure ARCH process
was applied, becomes obvious again if the estimated GARCH(1,1) model is, ac-
cording to (8.21), transformed into an ARCH representation:
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h? = 0.0000215 + 0.164 &, + 0.136 &>, + 0.113 &,

t
+0.093 &2, + 0.077 &2, + 0.064 &>, +....

The significant value of the Jarque-Bera statistic is caused by the still existing ex-
cess kurtosis. Although the kurtosis has been reduced drastically, it is still 3.953.

8.2.3 Nonlinear Extensions

A problem arises especially when estimating higher order ARCH models
without restrictions: the estimated coefficients violate the non-negativity
constraints. To avoid this problem, JOHN GEWEKE (1986) suggested to use
a multiplicative approach for the conditional variance:

2 a, | 20
h; = e -&°

6% e
This expression is always positive, regardless of whether the parameters
are positive or negative. By taking logarithms, we get the estimating equa-

tion
(8.22) In(h{) = oo + oy In(el;) + ... + aqln(el,).

All models discussed so far have the disadvantage that positive and nega-
tive shocks exert the same impact on the conditional variance as the signs
disappear due to squaring. On the other hand, it is well known that the re-
action of volatility of share prices is different if the shocks are negative,
i.e. if they result from bad news, than if they are positive, i.e. if they result
from good news. This leverage effect leads to higher volatility as a result
of negative shocks as compared to positive ones. In the following, two ex-
tensions of the symmetric GARCH(1,1) model are presented which are ca-
pable to treat such asymmetric effects.

The Threshold ARCH model (TARCH), developed by LAWRENCE R.
GLOSTEN, RAVI JAGANNATHAN and DAVID E. RUNKLE (1993) assumes
different GARCH models for positive and negative shocks. Thus, the
TARCH(1,1) model can be written as
(8.23) h! = o +og, +ye,d, +ph’,,

t

with

d =

I if g <0
0 otherwise
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If y > 0, a leverage effect is observed as the impulse a + y of negative
shocks is larger than the impulse a of positive shocks.

By presenting an Exponential GARCH model (EGARCH), DANIEL B.
NELSON (1991) not only captures asymmetries but also ensures that the
conditional variance is always positive. The EGARCH(1,1) model can be
written as

t—1

824)  In(h’) = a +a E

+ 'y}(?—" + BlIn(h2,).

t-1 t—1

Here, the standardised residuals ¢/h are used. The ARCH effect is pro-
duced by the absolute value of the standardised residuals and not by their
squares. The asymmetry is also captured by the standardised residuals. For
vy # 0 we find an ARCH effect of a + y for positive residuals and one of o —
vy for negative residuals. If a leverage effect exists, we expect y to be nega-
tive.

Example 8.7

To investigate whether the leverage effect plays a role for the DAX returns, the
data of Example 8.1 are taken to estimate a TARCH(1,1) as well as an
EGARCH(1,1) model. The results of the TARCH model are:

Aln(DAX)) = 0.0011 + €,
(2.89)

R = 375.10° + 0.1468%, + 0.0328>,d,_, + 0.830h°

t=1 =12

(3.20) (4.34) (0.85) (33.30)

SE = 0.015, Q(10) = 5.911 (p = 0.823), Q%10) = 3.173 (p = 0.977),
JB = 74.492,

where t values are given in parentheses. For the EGARCH model we get:

Aln(DAX;) = 0.0009 + €,

(2.46)
n(h?) = —0.501 + 028112 — 00592 + 0.968In(h2,),
(-578)  (7.00)|h| (-2.99) h,, (120.55)

SE = 0.015, Q(10) = 5.147 (p = 0.881), Q*(10) = 3.639 (p = 0.962),
JB = 75.000,

with t values given in parentheses.
The main difference between these two approaches is that the leverage effect is
significant in the EGARCH but not in the TARCH model. In the former, the short-



8.3 Estimation and Testing 299

run reaction to positive shocks is 0.222 and 0.340 on negative shocks. This differ-
ence is highly significant. In both models, the remaining deviation from a normal
distribution of the residuals is again due to the existing excess kurtosis: The esti-
mated kurtosis is 3.953 in the TARCH and 3.931 in the EGARCH model. In both
approaches the squared standardised residuals are no longer autocorrelated.

Usually, it is assumed that higher returns of a financial asset imply a high-
er risk. Therefore, mean and variance tend to go into the same direction. If
we assume the risk premium to be time-dependent, this can be represented
by applying the ARCH-in-mean (ARCH-M) approach developed by
ROBERT F. ENGLE, DAVID M. LILIEN and RASSEL P. ROBINS (1987). Rela-
tion (8.1) is extended to

(8.25) yo = X,B+3h + g,
with
el ~ N(O, h}),

where the variance ht2 might be generated by an ARCH or GARCH pro-

cess. As this variance is part of model (8.25), the residuals of the original
model (8.1), {,

G =vi—- Xp=238h+g¢,

are now autocorrelated.

8.3 Estimation and Testing

We consider model (8.1)
yr = X't B + &,
and allow for a time-dependent conditional variance of g, i.e. we assume

(8.26) &|la ~ f0, hY),

where f is a distribution function and the conditional variance h; possibly

follows a (G)ARCH process.

If the residuals in (8.1) are independent, as is assumed in the classical
model, autocorrelation appears neither in the estimated residuals nor in
their squares.
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Usually, a model for the mean is regarded as appropriate if the estimated
residuals do not exhibit significant autocorrelation and if the null hypothe-
sis of normally distributed residuals cannot be rejected. If the Jarque-Bera
test (described in Section 1.3) indicates that the normality assumption has
to be rejected because the value of the kurtosis is larger than three, this can
be seen as evidence for the existence of (G)ARCH effects. If such effects
exist, the simple as well as the partial autocorrelation functions of the
squared residuals should have values significantly different from zero.
This can be checked by applying the Q and Q* statistics described in Sec-
tion 1.4 on the squared residuals, denoted as Q* and Q**. Under the null
hypothesis of no autocorrelation these statistics are asymptotically y* dis-
tributed, and the number of degrees of freedom is (as in the linear case)
equal to the considered number of autocorrelation coefficients (of the
squared residuals) minus the number of estimated parameters in the equa-
tion for the mean.

It can also be checked by using Lagrange Multiplier tests whether auto-
regressive conditional heteroscedasticity exists. The squared residuals are
in an auxiliary regression regressed on a constant and their own lagged
values up to order q,

2

A2 A2 A
€ = 0O + oy €4 + ...+ Oq St—q

+ v,

The test statistic is T-R?, i.e. the product of the number of observations, T,
and the multiple correlation coefficient of the auxiliary regression, R>. Un-
der the null hypothesis of homoskedasticity this statistic is * distributed
with q degrees of freedom. Alternatively, an F statistic can be performed
for the combined null hypothesis Hy: o; =, = ... = 0q = 0.

In these tests, it is possible to employ the OLS residuals of equation
(8.1), as they are consistently estimated despite the existence of (G)ARCH
effects. These estimates are, however, not efficient. If such effects exist,
relations (8.1) and (8.2) (or other (G)ARCH specifications) are therefore
usually estimated simultaneously using maximum likelihood methods. For
the conditional distribution in (8.26) a normal distribution is mostly sup-
posed, i.e. it is assumed that the standardised residuals €/h follow a stand-
ard normal distribution. This does, of course, not imply that the uncondi-
tional distribution is normal, too, because h® is also a random variable
under this assumption. The above ARCH(1) and GARCH(1,1) models ex-
emplified that the tails of the unconditional distribution are typically fatter
than those of the normal distribution.

Normally, when estimating such processes, the stationarity conditions
are not imposed as this would be numerically too complex. To avoid the
risk of these conditions being violated, one should choose rather small val-
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ues of p and q. The standard programme systems employ two procedures
with respect to the non-negativity constraints. The first one is to use no re-
strictions at all. If negative values of a; or J; are estimated, it has to be
checked whether all composite parameters o; in (8.14) are positive. The al-
ternative is to impose the sufficient conditions directly on the o; and B;.
This often leads to corner solutions which do not necessarily represent the
maximum of the likelihood function.

Even if the assumption of the normal distribution of standardised resid-
uals does not hold, the maximum likelihood estimator is still providing
consistent results despite the misspecification of the likelihood function, if
at least the first two moments are specified correctly. However, these quasi
maximum likelihood estimates demand corrections for the consistent esti-
mation of the standard errors. Such a procedure is to be found, for exam-
ple, in JAMES D. HAMILTON (1994, p. 663).

For (8.26), TIM BOLLERSLEV (1987) assumes a conditional t distribution
with a small number of degrees of freedom. As shown above, for a finite
number of degrees of freedom the t distribution has fatter tails than the
normal distribution. With an increasing number of degrees of freedom,
however, it converges to the latter. (From 100 degrees of freedom on, there
is practically no longer any difference from the normal distribution.) This
provides the possibility to check whether a conditional normal distribution
is appropriate.

8.4 Multivariate Models

Since many volatilities move together over time across assets and markets,
multivariate models should be valuable tools for decision makers working,
for example, on portfolio selection, risk management or option pricing. In
the case of a volatility spillover, one would like to know, which market is
leading the volatility of the other markets; the transmission channel could
be direct from one conditional variance to the others, or indirect through
the conditional covariances. We now assume that g, is a k-dimensional vec-
tor with zero mean and free of serial correlation. Let I ; denote again the
past information, then the conditional (co)variance matrix is defined as

(8.27) H, = E(gg, |L,) = Eu(gg,).

Several proposals have been made to model H; in terms of past .. For
such a proposal to be sensible it must be guaranteed that H; is positive def-

inite in the whole sample space. Often, the square matrices H, and &g, are
vectorised for modelling purposes. Let vech denote the so-called vector-
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half operator, stacking the lower triangular portion of a (symmetric) square
matrix into a vector of length k(k + 1)/2. For k =2 we have

Vech( ! ‘ZJ = |h,]|.
h12 h22 h

With this notation we define

h; = vech(Hy), m; = vech( Sts't).

8.4.1 VAR-Type Models

At first glance, the most natural way to extend the univariate GARCH(p,
q) model from equation (8.12) to the multivariate case is similar to the
VAR system from equation (4.1). It is often called the VEC model (since it
is vectorised with the vech operator):

(828) ht = c + Alnt—l + ...+ Aqnt—q + Blht—l + ...+ Bpht—pa

where the matrices A;,1=1, ..., q,and B;,j =1, ..., p, are all square of di-
mension k(k+1)/2, and c is a vector of length k(k+1)/2. Without further re-
strictions, equation (8.28) contains a huge number of parameters, the num-
ber growing with k*. Even with q = p = 1 and only k = 3 series, there are
78 parameters. In order to obtain a more parsimonious model, TIM
BOLLERSLEV, ROBERT F. ENGLE, and JEFFREY M. WOOLDRIDGE (1988)
advocated the so-called diagonal VEC model where A; and B; are diagonal
matrices, such that variances depend only on own past squared realiza-
tions, and covariances depend only on own past cross-products. With the
diagonality restriction the number of parameters in (8.28) is reduced to the
order k; for ¢ =p = 1 and k = 3 we have 18 parameters left. For illustra-
tive purposes we spell out an example of the diagonal VEC model for k =
2 series withq=p=1:

2

hiyy = ¢ + ang + bihy .,

hioy = ¢ + apgiriger T bahis v,
_ 2

hyy = ¢35 + as€;, + byhy .

The estimation of a diagonal VEC model is computationally less demand-
ing than the general case since each of the k(k+1)/2 equations can be treat-
ed separately. But the simple diagonal VEC model has two serious draw-
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backs in applied work. First, positive definiteness of H; is not guaranteed,
and second, the exclusion of interaction between different conditional
(co)variances is not reasonable for practical purposes.

A different restriction of the general VEC model is the so-called BEKK
model (named after YOSHI BABA, ROBERT F. ENGLE, DENNIS KRAFT and
KENNETH F. KRONER (1990)) that has been popularized in the paper by
ROBERT F. ENGLE and KENNETH F. KRONER (1995). To ensure positive
definiteness the BEKK model assumes a quadratic form for the parameter
matrices:

* P *1 *

Aj+ 2 B/H_B,

]

q
(8.29) H = C'C+)YAle g
i=1

=l

* . . . . . * *
where C is an upper triangular matrix of dimension k, and A; and B; are

kxk matrices without restrictions. Equation (8.29) produces positive defi-
nite matrices H; for all possible & as long as C or Bj are of full rank. The

link between the BEKK model and the VEC representations is not at all
obvious but spelled out in the paper by ROBERT F. ENGLE and KENNETH F.
KRONER (1995).

For k=2, q=1 and p = 0 the BEKK model reads as

. ) * % )
hll,t = ¢ * allgl,t—l + 231132181,17182,&1 + aZlgz,t—l’

_ * * 2 * * * * * * 2
hipy = ¢ T ajang, +(ay8,%3,2,)8 1€, T 253,8 ,
hp, = ¢ +ang,, +2a,a,8,.,6, +aye, |,

with
Ci = Cjp» € =CpCyy, €3 = Cp + Cypy.

The number of parameters in equation (8.29) is as in the diagonal VEC of
order k*, for example equal to 24 for k = 3 with p = q = 1. Hence, the esti-
mation of BEKK models is still numerically a bit demanding, and algo-
rithms may not converge since (8.29) is nonlinear in the parameters. A

straightforward simplification is to assume diagonal matrices Aj and Bj

in (8.29), but then again the interaction between different conditional
(co)variances is ruled out by assumption.
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8.4.2 Correlation Models

Conditional correlation models rely on a two-step approach. First, one em-
ploys univariate GARCH-type models for each conditional variance.
Based on this, in the second step the conditional correlation matrix is mod-
elled. Such a procedure is less greedy in parameters than a VEC or BEKK
model and hence less troublesome when it comes to estimation.

Define the diagonal matrix Dy as in (4.6),

(8.30) D, = diag(\fh,,,, . \/hy )

such that ¢, = D, ¢, is a standardised vector. Then the conditional correla-
tion matrix of & becomes

R, = E(gg, |1.) = D/HD,,

with typical element pjj; and p;i; = 1, or
(831) Ht = DthDt.

The model of constant conditional correlation (CCC) has been proposed by
TiM BOLLERSLEV (1990). While R, = R is constant with a typical element
pij, the conditional variances and covariances are time-dependent:

hie = pifhyy/hy -

As long as D, contains positive entries, the positive definiteness of H; fol-
lows from that of R. In practice, p;; can be estimated simply by the usual
sample correlations. Such a model is very easy to estimate and very parsi-
monious. Assume k = 3 series with 3 correlation coefficients; if each h;j; is
estimated as univariate GARCH (1, 1), then this amounts to only 12 pa-
rameters. At the same time, the assumption of constant correlation may be
too restrictive for some empirical concerns.

ROBERT F. ENGLE (2002) introduced the dynamic conditional correla-
tion (DCC) model. Again, D, from (8.30) can be estimated from k univari-
ate GARCH-type models. H; is computed from (8.31) with time-varying
R

R = (Q)'Q(Q)"

with the diagonal matrix Q; = diag(, [Gypc5es/Qias ) CONtaining the square
root main diagonal entries of Q,. In order to guarantee positive definiteness
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it is assumed that all conditional correlations obey the same dynamic struc-
ture governed by two scalar parameters a and b only:

(8.32) Q = (1-a-b) Q +ae_e_, + bQ.,

with .= D;'g, and Q= E(e,e,) which is the unconditional covariance ma-
trix of the standardised residuals and hence straightforward to estimate

t=1

As long as a, b> 0 with a + b < 1, the DCC process is stationary producing
positive definite conditional covariance matrices H;.

Note that the DCC model is remarkably parsimonious with only two pa-
rameters accounting for conditional correlation. Hence, the estimation is
not complicated with growing k. At the same time, the assumption of
common dynamics in (8.32) becomes debatable for a large number of se-
ries. For more flexible time-varying correlation approaches we refer to the
literature.

8.5 ARCH/GARCH Models as Instruments of Financial
Market Analysis

To evaluate the risk of different portfolio strategies is one of the basic
tasks of financial market analysis. As mentioned in the introduction of this
chapter, when modelling asset returns, it has long been known that the re-
siduals of the estimated models are not homoscedastic but that their vari-
ances partly show strong variations over time. A possibility to reflect this
in the models is provided by the ARCH and GARCH approaches.

The estimated conditional standard deviations of the residuals can, for
example, be used to construct more precise intervals for the forecasts of
asset returns. Point forecasts of returns modelled according to equation
(8.1) are the same, regardless of whether the residuals follow a (G)ARCH
process or not. In both cases, the conditional expectation given all infor-
mation up to period t is an optimal forecast (compare Section 2.4).

If the residuals are homoscedastic, the forecast error variance only de-
pends on the length of the forecast horizon but not on the elements of the
information set I,. In case of heteroscedastic residuals, we use, according to
(2.57), the information set dependent conditional variances for the con-
struction of forecast error variances. These conditional variances can be
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derived from the ARMA representation (8.15) of the squared residuals
which are assumed to follow a GARCH process.

Moreover, estimates of conditional variances to capture volatilities are,
for example, necessary for the following approaches:

e The approach of FISCHER BLACK and MYRON S. SCHOLES (1973) is of-
ten employed to evaluate options. Besides the basic price, the expiry
date, the share price and the riskless interest rate, an estimate of the vol-
atility is necessary. All of these quantities can usually be observed di-
rectly except for the last one.

e The Value at Risk (VaR) has recently been applied to capture market
risks. It is defined as the maximum loss to be expected over a fixed time
horizon (holding period) with a specified confidence level. Typically, a
normal distribution is assumed to calculate a VaR for holding periods of
one day or ten days and confidence levels of 95 or 99 percent. This im-
plies that the probability that losses are larger than calculated by the
VaR is five or one percent.

Statistically, the VaR is an a-quantile of the left edge of a distribution
for the change of the value of a portfolio. To calculate this quantile, be-
sides other quantities, the conditional standard deviation of the portfolio
returns, which cannot be observed directly, is necessary .

A variety of models exists for estimation VaR (see in particular PHILLIPPE
JORION (2001)). Here, we will focus on approaches which estimate volatil-
ities by time series methods.

Traditionally, ‘historical volatilities’, i.e. the standard deviations of the
last n price changes, are used to estimate this conditional heteroscedastici-
ty. If Ax denotes the change of the logarithm of an asset price, it holds that

n

. 1 —2 . — 13
(8.33) 6, = \/;Z(AX”— Axm) with Ax,, = E;AXH.

i=1

To give current observations a higher weight, exponentially weighted
moving averages are used:

(8.34) 6, = \/11_;; Zn:ki’l(AxH— Km)z, 0<i<l
- i=1

We get (8.33) as the limit of (8.34) for A =1 since

. 1=A 1
lim = —.
ol 1 =" n
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If Ax is a conditionally normal distributed zero mean return, Ax, = r, ~
N(0, o7), we get from (8.34) for n — oo
1-1

ol = (I-M)D A", = mril,or
i=l1 -

(8.35) c. = (1-M)r1), + ro,,.

This approach is recommended by RISK METRICS GROUP (1996). For daily
data A = 0.94 and for monthly data A = 0.97 is suggested. In (8.35), the co-
efficients (1 — A) and A add up to one. Thus, we get an IGARCH(1,1) with
the constant term restricted to zero. ROBERT F. ENGLE (2001) shows for
the example of a GARCH(1,1) model how such models can be used to cal-
culate the VaR.

Two different other applications have already been mentioned. Firstly,
the ARCH approach can be used to model time-dependent risk premia.
Secondly, the ARCH-M model allows to represent the possibility that as-
sets with higher expected returns imply higher risk. At least risk neutral
and risk averse investors will only buy assets with higher risk if they can
expect a higher return.
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